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Abstract: Fuzzy [-open set is introduced in [6]. Using this concept as a basic
tool, in [2] we have introduced and studied fuzzy [*-closure operator and fuzzy
[*-closed set. Here we introduce fuzzy S¢-closure operator and fuzzy [°-closed set.
This newly defined operator is coarser than fuzzy (-closure operator [6] and fuzzy
[*-closure operator. Also fuzzy [°-closure operator is an idempotent operator.
Then some mutual relationship of this operator with the operators defined in [2,
3,4, 5,6, 7, 8] are established. With the help of this operator a new type of fuzzy
separation axiom is introduced. Lastly we characterize this operator via fuzzy net.
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1. Introduction

Many mathematicians have engaged themselves to introduce and study different
types of fuzzy closure-like operators in fuzzy setting. In this context we have to
mention [2, 3, 4, 5, 7, 8|. Using fuzzy [-open set, here we introduce and study
fuzzy [°-closed set and show that for any fuzzy set, fuzzy (-closure is weaker than
fuzzy p°-closure of this set and for a fuzzy open set these two operators coincide.
2. Preliminaries

Throughout the paper, by (X, 7) or simply by X we mean a fuzzy topological
space (fts, for short) in the sense of Chang [5]. A fuzzy set A is a function from a
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non-empty set X into a closed interval I = [0,1], i.e., A € I’ [11]. The support
of a fuzzy set A in X will be denoted by suppA [11] and is defined by suppA =
{z € X : A(z) # 0}. A fuzzy point [10] with the singleton support € X and the
value t (0 < t < 1) at « will be denoted by z;. Ox and 1x are the constant fuzzy
sets taking values 0 and 1 in X respectively. The complement of a fuzzy set A in
X will be denoted by 1x \ A and is defined by (1x\ A)(x) =1—A(x), for all x € X
[11]. For two fuzzy sets A and B in X, we write A < B if and only if A(z) < B(x),
for each z € X, and AgB means A is quasi-coincident (g-coincident, for short) with
B if A(x) + B(x) > 1, for some z € X [10]. The negation of these two statements
will be denoted by A £ B and A 4B respectively. clA and intA of a fuzzy set A
in X respectively stand for the fuzzy closure [5] and fuzzy interior [5] of A in X.
A fuzzy set A in X is called fuzzy regular open [1] (resp., fuzzy preopen [9], fuzzy
p-open [6]) if A = intclA (resp., A <intclA, A < clintclA). The complement of a
fuzzy preopen (resp., fuzzy f-open) set is called a fuzzy preclosed [9] (resp., fuzzy
p-closed [6]) set. The smallest fuzzy preclosed (resp., fuzzy -closed) set containing
a fuzzy set A is called fuzzy preclosure [9] (resp., fuzzy [-closure [6]) of A and is
denoted by pclA (resp., BclA). The collection of all fuzzy regular open (resp., fuzzy
preopen, fuzzy f-open) sets in an fts X is denoted by FRO(X) (resp., FPO(X),
FBO(X)) and that of fuzzy preclosed (resp., fuzzy [-closed) sets is denoted by
FPC(X) (resp., FBC(X)).

3. Fuzzy [°-Closure Operator: Some Properties

In this section we first introduce fuzzy [°-closure operator which is coarser than
fuzzy [-closure operator. Then we characterize this operator via fuzzy open set
and show that this operator is distributed over union but not on intersection.

Definition 3.1. A fuzzy point x; in an fts (X, 7) is called a fuzzy 5°-cluster point
of a fuzzy set A in an fts X if clUqA for every U € FBO(X) with xqU.

The union of all fuzzy B¢-cluster points of A is called fuzzy p°-closure of A, to be
denoted by [A]§. A is called fuzzy (°-closed set if A = [A]§ and the complement
of a fuzzy [°-closed set in an fts X is called fuzzy 5°-open set in X.

Note 3.2. It is clear from definition that for any A € I, BelA < [A]§. But the
converse is not necessarily true, follows from the following example.

Example 3.3. Let X = {a,b}, 7 = {0x,1x, A} where A(a) = 0.5, A(b) = 0.4.
Then (X, 7) is an fts. Here every fuzzy set is fuzzy [-open as well as fuzzy S-closed.
Consider the fuzzy set B defined by B(a) = B(b) = 0.45 and the fuzzy point ags.
Then ag5qU € FFO(X) with U(a) > 0.5,U(b) = 0. then clU = 1xqB = ag; €
[B]. But U 4B where U(a) = 0.51,U(b) = 0 = ags & BelB.
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The following theorem shows that under which condition fuzzy [-closure and
fuzzy [°-closure operators coincide.

Theorem 3.4. For a fuzzy open set A in an fts X, BclA = [A]§.
Proof. By Note 3.2, it suffices to show that [A]§ < BclA for every fuzzy open set A
in X. Let x; € BclA. Then there exists V € FFO(X), z,qV,V JA=V <1x\ A
where 1x \ A is fuzzy closed set in X. Therefore, clV < cl(lx \ A) =1x \ A =
V' fA = x; ¢ [A]5. Hence the proof.

The next theorem characterizes fuzzy [°-closure operator of a fuzzy set in an
fts X.

Theorem 3.5. For any fuzzy set A in an fts (X, 1),

[Al5 = (W[U]G : U is fuzzy open set in X with A < U},

Proof. Clearly L.H.S. < R.H.S.

If possible, let z; € R.H.S, but x; ¢ L.H.S. Then there exists V € FFO(X) with
z:qV and clV gA = A < 1x\ V(€ 7). By hypothesis, 7; € [1x \ clV]5. But as
cdV g(1x \elV), vy & [1x \ clV]G, a contradiction.

Note 3.6. By Theorem 3.4 and Theorem 3.5, we conclude that [A]§ is fuzzy B-
closed set in X for any A € IX.

Theorem 3.7. In an fts (X, 1), the following statements are true :

(a) Ox and 1x are fuzzy B¢-closed sets in X,

(b) for any two fuzzy sets A, B € X, A< B = [A]§ < [Bl§,

(c) for any two A, B € I, [AUJBl5 = [Al5U[BIS,

(d) for any two A, B € I*, [ANB|§ < [A]5N[BlS, the equality does not hold, in
general, follows from the next example,

(e) union of any two fuzzy B-closed sets in X is also so,

(f) intersection of any two fuzzy ¢-closed sets in X is also so.

Proof. (a) and (b) are obvious.

(c) By (b), we can write, [A]5U[B]5 < [AU B§.

To prove the converse, let z; € [AJ B]3. Then for any U € FBO(X) with z,qU,
clUq(A|J B). Then there exists y € X such that (clU)(y) + maz{A(y), B(y)} >
1 = either (clU)(y)+A(y) > 1 or (clU)(y)+ B(y) > 1 = either clUqA or clUgB =
either x; € [A]§ or z; € [B]§ = x; € [A]°U[B]5.

(d) Follows from (b).

(e) Follows from (c).

(f) From (d), we have [A( B]§ < [A]5([B]§ for any two fuzzy sets A, B € X.
Conversely, let A, B be two fuzzy S°closed sets in X. Then [A]§ = A, [B|§ = B.
Let , € [AJ3 N[B)5 = AN B < [A Bl = [Al5 N[Bl5 < [AN B,
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Example 3.8. Let X = {a,b}, 7 = {Ox, 1x,A, B} where A(a) = 0.5, A(b) =
0.6, B(a) = 0.3, B(b) = 0.5. Then (X, 7) is an fts. Here FSO(X) = {0x, 1x,U,V,W}
where U > A, 0.3 < V(a) < 0.7,04 < V(b) < 0.5,W £ 1x \ A. Consider two
fuzzy sets C' and D defined by C(a) = 0.4,C(b) = 0.1,D(a) = 0.1, D(b) = 0.55
and the fuzzy point apg. We claim that ags € [C]S([D]S, but ags & [C() D]
The fuzzy [-open sets ¢-coincident with agg are of the form U, Vi, Vs, V3 where
0.4 < Vi(a) < 0.5,0.4 < Vi(b) < 0.5, Va(a) > 0.5, Va(b) < 0.5, Vi(a) > 0.4, Vi(b) >
0.5. Then clU = clV3 = 1x and so clU = clV3qC and clU = clVzqD. Also
cdViy = eV = 1x \ B and so clV; = clVoqC and clV) = clVogD. As a re-
sult ags € [C]5 and aps € [D]§ = aos € [C]5N[D]5. Let £ = C(D. Then
E(a) = E(b) = 0.1. Then clV; = (1x \ B) 4E = aos & [E]5.

Note 3.9. So we can conclude that fuzzy B°-open sets in an fts (X, ) form a fuzzy
topology Tge (say) which is coarser than fuzzy topology T of (X, T).

Result 3.10. We conclude that x; € [yv]§ does not imply yy € [24]5 where @y, yy
(0 < t,t' < 1) are fuzzy points in X as shown from the following example.

Example 3.11. Let X = {a,b}, 7 = {0x,1x, A, B} where A(a) = 0.5, A(b) =
0.2,B(a) = 0.7, B(b) = 0.2. Then (X, 7) is an fts. Here FSO(X) = {0x,1x,U}
where U £ 1x \ B. Now consider two fuzzy points ags and bgg. We claim that
a2 € [boe1]G, but bog1 & [ao2]3. Now any fuzzy -open set g-coincident with ag .y is
of the form U; where Ui (a) > 0.8,U(b) > 0. So clU; = 1xqbos1 = ao2 € [bo.61]5-
Now bog1qUs € FBO(X) where Us(a) = 0.31,Us(b) = 0.4, but clUs = (1x \ A)
hao2 = boer & [aoa2]s-

The next theorem shows that fuzzy (°-closure operator is an idempotent oper-
ator.

Theorem 3.12. For any fuzzy set A in an fts (X, 1), [A]§ = [[A]5]5-

Proof. we first show that A C [A]§. Let z; € A be arbitrary. If possible, let
xy € [A]5. Then there exists U € FBO(X) with 2,qU, clU A = A < 1x \ clU.
Since ; € A, xp € 1x \ clU = 1 — (clU)(z) > t = x; fclU which contradicts the
fact that ,qU. So A C [A]§. Then by Theorem 3.7(b), [A]§ C [[A]§]5....(1).
Conversely, let z; € [[A]5]5. We have to show that x; € [A]§. Let U € FBO(X)
with 2,qU. By hypothesis, clUqB where B = [A]5. Then there exists y € X
such that (clU)(y) + B(y) > 1. Let B(y) = k. Then y, € B = [A]§ and
ypqclU. Since U € FBO(X) = clU € FBO(X), then for y, € [A]§, we have
c(clU) = clUqA = z; € [A]§ = [[A]§]5 C [A]5 .... (2). Combining (1) and (2), we
have [A]§ = [[A]5]5-
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4. Mutual Relationship and Fuzzy S°-Regular Space

In this section we first recall several types of fuzzy closure-like operators from
2, 3, 4, 7, 8] and then establish the mutual relationship between these closure op-
erators with fuzzy [°-closure operator. Next we introduce a new separation axiom
in which fuzzy (-closure operator and fuzzy (°-closure operator coincide.

Definition 4.1. A fuzzy point x; in an fts (X, 7) is called fuzzy p*-cluster point [3]
(resp., fuzzy B*-cluster point [2]) of a fuzzy set A in X if for every U € FPO(X)
(resp., U € FBO(X)) with x,qU, pclUqA (resp., BclUgA).

The union of all fuzzy p*-cluster (resp., fuzzy f*-cluster) points of a fuzzy set A is
called fuzzy p*-closure [4] (resp., fuzzy [*-closure [2]) of A, denoted by [A], (resp.,
[Als)-

Definition 4.2. A fuzzy point x, in an fts (X, 1) is called a fuzzy 0-cluster point
[8] (resp., fuzzy o-cluster point [7], fuzzy 6*-cluster point [4]) of a fuzzy set A in X
if clUqA (resp., UqA, clUqA) for every fuzzy open (resp., fuzzy regular open, fuzzy
reqular open) set Uin X with x,qU.

The union of all fuzzy #-cluster (resp., fuzzy J-cluster, fuzzy 6*-cluster) points of a

fuzzy set A in an fts X is called fuzzy #-closure [8] (resp., fuzzy d-closure [7], fuzzy
d*-closure [4]) of A, denoted by [Alg (resp., [A]s, [A]s)-

Note 4.3. [t is clear from above discussion that for any fuzzy set A in an fts
(X,7),

(i) [Alp C [A]§ C [Alo, [Als-. But the reverse implications are not true, in general,
follow from the following examples.

(ii) [Al§ is an independent concept of [A],, [Als, clA follow from the following ex-
amples.

Example 4.4. z; € [A]§, but z; € [A]g, [A], [A]s-

Consider Example 3.3. Here pclU = U fgB = aps ¢ [B]sg. Now FPO(X) =
{0x,1x, W, T} where W < A, T £ 1x\ A. Now consider the fuzzy set S defined by
S(a) = 0.51,5(b) = 0. Then ag5¢S € FPO(X). But pclS =S 4B = aos & [B],.
Again consider the fuzzy set C' defined by C'(a) = C(b) = 0.3 and the fuzzy point
bos.- We claim that bys € [Cls., but bos ¢ [C]5. As 1x € FRO(X) only with
bosqly, clearly bys € [Clsi. Now bg5qS € FLO(X) where S(a) = 0.5, S(b) = 0.51.
But ¢S = (1x \ A) which is not g-coincident with C' = b5 ¢ [C]5.

Example 4.5. z; € [A]g, [A]5, [A]p, clA, but x; € [A]5

Let X = {a,b}, 7 = {0x,1x,A, B} where A(a) = 0.5,A(b) = 0.2,B(a) =
0.7,B(b) = 0.2. Then (X,7) is an fts. Here FPO(X) = {Ox,1x,U} where
U £ 1x \ B. Consider the fuzzy set C defined by C(a) = C(b) = 0.2 and the
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fuzzy pOiIlt b0.61. We claim that 60.61 € CZO, [0]97 [0]5, but b0461 g [C]% Now
clC =1x\B 2 bs1- Again 1x is the only fuzzy open (resp., fuzzy regular open) set
in X with b0.61q1X and so byg1 € [C]g (resp., bo.e1 € [0]5) Now bo,mqv S FﬁO(X)
where V(a) = 0.31,V(b) = 0.4. But clV = (1x \ A) 4C = by ¢ [C]5. Again
FPO(X) = {0x,1x,5,T} where 0.3 < S(a) < 0.5,5(b) < 02,7 £ 1x \ A. So
FPC(X) = {Ox, 1)(, 1X \ S, 1X \ T} where 0.5 S <1X \ S)((l) < 07, <1X \ S)(b) Z
0.8, 1x \ T Z A. Now bo_@qul € FPO(X) with Tl(a) > 05,T1(b) > 0.39. Then
pcdT = Sy or 1x according as Si(a) > 0.5,51(b) = 0.8 and so pclTqD where
D(a) = 0.5,D(b) = 0 = b1 € [D],. But as clV = (1x \ 4) /D, we write
bo.e1 & [D]j-

Example 4.6. z; € [A]§, but z; & clA, [A],, [A]s

Consider example 3.3. Consider the fuzzy set B defined by B(a) = 0.4, B(b) = 0.5
and the fuzzy point agg. Here FRO(X) = 7. Here apeqA € FRO(X), but A
4B = ag¢ & [Bls. Here every fuzzy set is fuzzy S-open set in X. Now ag¢qU where
U(a) > 0.4,U(b) > 0. Then clU = (1x \ A)orly and so clUqB = ag¢ € [B]§. Now
apsqV € FPO(X) where V(a) = 0.6,V (b) = 0. ThenpclV =V 4B = aps & [B],-
Also clB =1x\ A % aps.

Let us now introduce the following separation axiom.

Definition 4.7. An fts (X, 7) is called fuzzy 5°-regular space if for each fuzzy point
xy and each fuzzy B-open set U in X with x,qU, then there exists V € T such that
gV <clV <U.

Theorem 4.8. For an fts (X, 7), the following statements are equivalent :

(a) X is fuzzy BC-regular space,

(b) for any A € I, BelA = [A]§,

(c) for each fuzzy point x; and each U € FPC(X) with x; & U, there exists V € T
such that x; & clV and U <V,

(d) for each fuzzy point x; and each U € FEC(X) with x; € U, there exist V,W € T
such that x.,qV, U < W and V' 4W,

(e) for any A € I’ and any U € FBC(X) with A £ U, there exist V,W € T such
that AqV,U < W and V" 4W,

(f) for any A € I and any U € FBO(X) with AqU, there exists V € T such that
AqV <V <U.

Proof. (a) = (b) By Note 3.2, it suffices to show that [A]§ C sclA, for any
A e I*. Let z; € [A]§ be arbitrary and V' € FSO(X) with z,qV. By (a), there
exists U € 7 such that z,qU < clU < V. Since U € 7 = U € FFO(X), by
hypothesis, clUgA = VqA = x; € BclA = [A]§ C BelA.

(b) = (a) Let z; be a fuzzy point in X and U € FSO(X) with z,qU. Then
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Ulx)+t>1=x & 1x\U(e FEC(X)) = p(lx \U) = [1x \ UJ5 (by (b)).
Then there exists V € FFO(X) with gV, clV 4(1x\U) = clV < U. Therefore,
rqV <V < U = X is fuzzy [°regular space.

(a) = (c) Let z; be a fuzzy point in X and U € FPC(X) with z; ¢ U. Then
rq(1x\U) € FBO(X). By (a), there exists V' € 7 such that z,qV < clV < 1x\U.
Therefore, U < 1x\clV (= W,say). Then W € 7. Now x,qV = intV = z;qintV <
V <intcdV = xq(intclV) = (intcdV)(x) +t > 1= 1— (intclV)(z) <t = x; &
1x \intcdV =cl(1x \ V) = cW.

(¢c) = (d) Let z; be a fuzzy point in X and U € FpC(X) with z; ¢ U. By (c),
there exists V' € 7 such that U <V and x; € clV = there exists W € 7 such that
e qgW, W 4V.

(d) = (e) Let A € I* and U € FBC(X) with A £ U. Then there exists z € X
such that A(x) > U(z). Let A(x) =t. Then x; ¢ U. By (d), there exist VW € 71
such that x,qV,U < W and V' gW. Again V(z) +t > 1 = V(z) + A(x) >
1—t+t=1= AqV.

(e) = (f) Let A € IX and U € FBO(X) with AqU. Then A £ 1x\ U € FBC(X).
By (e), there exist VW € 7 such that A <V, 1x \U < W and V gW =V <
Ix\Wert=dcV <c(lx \W)=1x \W < U. Therefore, A<V <clV <U.
(f) = (a) Obvious.

Corollary 4.9. An fts (X, 7) is fuzzy B°-regular if and only if fuzzy B-closed set
in X is fuzzy B-closed set in X.

Proof. Let (X, 7) be fuzzy °regular space and A € FSC(X). Then by Theorem
4.8 (a)= (b), A = BclA = [A]§ = A is fuzzy B°closed set in X.

Conversely, let A = [A] for any A € FSC(X). Let B € I*. Then clB € FFC(X)
and so by hypothesis, 3clB = [3clB|§. Then [B]§ < [BclB]§ = BclB. By Note 3.2,
BelB < [B]5. Combining these two, we get [B]§ = SclB for any B € I*. Then by
Theorem 4.8 (b)= (a), X is fuzzy f°regular space.

5. Fuzzy (°-Closure Operator : More characterizations Via Fuzzy Net

In this section we first introduce fuzzy S°-cluster point and fuzzy [°-convergence
of a fuzzy net and then fuzzy (°-closure operator of a fuzzy set is characterized in
terms of these concepts.

Definition 5.1. A fuzzy point x; in an fts (X, 1) is called a fuzzy [5°-cluster point
of a fuzzy met {S; : m € (D,>)} if for every fuzzy B-open set U in X with x,qU
and for any n € D, there exists m € D with m > n such that S,,qclU.

Definition 5.2. A fuzzy net {S, : n € (D,>)} in an fts (X, 1) is said to B°-
converge to a fuzzy point x; if for every fuzzy B-open set U in X, x,qU, there exists
m € D such that S,qclU, for alln > m (n € D). This is denoted by S, 3°x;.
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Theorem 5.3. A fuzzy point x, is a fuzzy B°-cluster point of a fuzzy net {S, :n €
(D,>)} in an fts (X, ) iff there exists a fuzzy subset of {S, : n € (D,>)} which
B¢-converges to x;.

Proof. Let z; be a fuzzy S°-cluster point of the fuzzy net {S, : n € (D,>)}. Let
C(Q.,) denote the set of fuzzy closures of all fuzzy [-open sets of X ¢-coincident
with ;. Then for any A € C(Qy,), there exits n € D such that S,,gA. Let E denote
the set of all ordered pairs (n, A) such that n € D, A € C(Q,,) and S,,¢gA. Then
(E,>) is a directed set, where (m,A) > (n,B) ((m,A),(n,B) € E)iff m > n
in D and A < B. Then T : (E,>) — (X, 7) given by T'(m,A) = S,, is clearly
a fuzzy subnet of {S, : n € (D,>)}. We claim that TEC)xt. Let V be any fuzzy
p-open set in X with z;¢V. Then there exists n € D such that (n,clV) € E and so
SnqclV. Now for any (m, A) > (n,clV), T(m,A) = S;,,qA <V = T(m, A)qclV.
Consequently, T?wt.

Conversely, let x; be not a fuzzy [°cluster point of the fuzzy net {S, : n €
(D,>)}. Then there exists U € FFO(X) with z,qU and an n € D such that
Sm 4clU, for all m > n. Then clearly no fuzzy subnet of the net {S,, : n € (D,>)}
can [°converge to z;.

Theorem 5.4. Let A be a fuzzy set in an fts (X, 7). A fuzzy point x; € [A]§ iff a
fuzzy net {S,, :n € (D,>)} in A, which B°-converges to x.

Proof. Let z; € [A]§. Then for any U € FBO(X) with x,qU, clUqA, i.e., there
exists yY € suppA and a real number sy with 0 < sy < A(yY) such that the fuzzy
point ygU with support ¥ and the value sy belong to A and ygjqclU . We choose
and fix one such ySUU for each U. Let D denote the set of all fuzzy [-open set in
X g-coincident with z;. Then (D, ») is a directed set under inclusion relation, i.e.,
B,CeD, Bx»Ciff B<SC. Then {y € A:yl qclU,U € D} is a fuzzy net in
A such that it G°-converges to x;. Indeed, for any fuzzy (-open set U in X with
xqU, if VeDand V = U (ie.,, V < U) then yX/qclV <cU = yX/qclU.

Conversely, let {S,, : n € (D,>)} be a fuzzy net in A such that S,ﬁéxt. Then
for any U € FO(X) with z,qU, there exists m € D such that n > m = S, qclU =
AqclU (since S, € A). Hence x; € [A]5.

Remark 5.5. [t is clear that an improved version of the converse of the last
theorem can be written as “r, € [A]§ if there exists a fuzzy net in A with x; as a
fuzzy B-cluster point”.
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