J. of Ramanugjan Society of Math. and Math. Sc. ISSN : 2319-1023

Vol.1, No.1 (2012), pp. 47-52
On Reduction and Product Formulae for g- Series

Ashutosh Singh and Rama Jain*,

Department of Mathematics, T.D.P.G. College,

Jaunpur - 222002,(U.P.) India.

*Department of Mathematics, Mahila P.G. College, Lucknow, India
Address for correspondence: Rama Jain,

Department of Mathematics, Mahila P.G. College, Lucknow, India

Abstract: In this paper we have established certain reduction and product formulae for basic

hypergeometric series.
Keywords: Basic hypergeometric series /Reduction formula /Product formula.

2000 Mathematics Subject Classification: Primary 33E05; Secondary 05A 30, 33D15

1. Introduction, Notations and Definitions
As usual, let for any positive integer n,

[a; qk]n =(1-a)(1- aqk)..,(l _ aqk(n—l))7

[a;qk]o = 17
o0
[0 ¢"oe = [ (1 = ag™),
n=0
and
[a1, a2, ..., ar; ¢"]n = [a1; ¢ |nlaz; ¢ [ar; )

we define a generalized basic or g-hypergeometric series as,

k 0 .k n
A1, 02y s A5 4752 | la, a2, ..., ar; ¢"]n2 _\n kn(n—1)/21(1+s—r)
r¢s |: bl,bg,...,bs :| - Z [qk,b17b2’ "-abs;qk]n [( ) q ] )

n=0

where ¢ # 0 and r < s+ 1.
The series (1.1) converges absolutely for all z, if » < s and for |z| <1if r =s+ 1.
Following Agrawal and Verma [1], we define the bibasic hypergeometric series as,

an)\n(n—l)/Z

(@): (0)z | _ -~ L@);%1nl(b); dln
¢ |: (C) : (d)§q>\ :| o 7;) [(C);QQ}n[(d);q}n )

where (a) stands for the sequence of parameters aq,as, ...,a4.

(1.1)

(1.2)

The series (1.2) converges for all values of x if A > 0 and when A = 0, we require the additional

convergence condition |z| < 1.
We shall make use of the following identity in our analysis

ZZA(n,r) = Z Aln+rr).

n=0r=0 n,r=0
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[2; (2.1.2) p.100]
2. Main Results

(i) Let us consider the following summation formula due to Verma and Jain [3; (3.4) p. 243]
q72n 2 n b2 q -n —ciq 5 90 o
’ b2’ O _ [ELdlnlb% gln[b?c?; g%

°| T o T T R gl a0 @2
=0 T boe, .

(2.1)

Multiplying both sides of the summation formula (2.1) by Q,2", summing over n from 0 to co
and then applying the identity (1.3) we get,

i Qpr 2" 702 P10 [— 5 @lr (025 Plngr (026 @lngr 0% 20l dln (6™ + ¢7)
(42 ¢?)r[—b2¢; 4] [025 Pl ntr[C; dlngr (0% @Pln[b?c; qln (1 4+ qFT)

n,r=0
nz —1,b2, be, —be; q)n
= - 2.2
Z b ¢ e, b, —b;qln (22)
: 6% ¢°]nlc; aln ,
NOW, ChOOSlng QTL = W(l + q ) m (22) we ﬁnd,
b, =b,—c;q;2 b, =b,¢;q; 2q
302 [ g —be } 302 [ g —be
b, —b, —c; q; qz b, c; q;
+3¢2[_q)_bchq } 302 [ q_bzq }
b2,be, —be; q; =
=2 3¢2 |: —b2C, b2e ¢ :| . (23)
(ii) Let us consider the following summation formula [Verma and Jain 3;(3.5) p. 643]
—2n 2nb2qn.2 2 2.2 2.2, 2
ol 4T et _ [FLidnlt?s dla b7 a; qln[b* s 4% (2.4)
R " g 4 " [—b2¢q; qlnlc; )n[b?c?; qln[b?; ¢2]n
b b b2 7 ) C

Multiplying both sides of the summation formula (2.4) by €, 2", summation over n from 0 to oo
and then applying the identity (1.3) we find after some simplifications,

Z O, 0% ¢°)r [—c; gl [0%; Plnle; qln
i 6B AL P al 6% PlalbPeq dln
% [q25 q2]n+r[b2aﬂ Qln+r(q" +q") _ i -1, b?,b2c?q, be, —be; Q]n. (2.5)

(6?5 @*lntrlC @lntr (1 + g™ F7)
_ D5 a%alegln(1+47)
(425 ¢2]n[b%cq; qln

é b,=b,—c;q; 2 é b, —b, c; q; 2q
321 —q, —b%cq B2 —q, —b%cq

—0 [_bQan ¢, b2027 ba _b7 Q]n

Now, taking €2,

n (2.5) we get
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bv _bv —C 45 2q :l |: bv _b, ¢ q;z :|
302

T 32 [ —q,—b?cq —q,—b?cq

— 9.6 b2, b%c2q, be, —be; q; 2
T AT _p2eq, b2, b2 eq '

(iii) Taking the following summation formula [Verma and Jain 3;(3.6) p. 643]

2—n d2 d2
= d ;bi2 4 ) [q;Q} [qz;qz] [~1:d]n
¢ 2w q2—2n ’_ql—n é = d d2 ) ) ’
74 T Ty 29 |z [0%¢; ¢*]n[—d; q]n

and doing all as above we get,

i Lt (0% Plnr[—d/ @ lnrr 0% P [d; 0] (V%5 Pl [—ds qln @™ + 4"
T 0% @l [ ds g la% @20 [d/ ¢ ) (025 42n[—d/ g5 ln L+ g

n,r=0

_ iQ n [=1,d/q,6%q,d%/g; q)n
= [d2/q?, —d; 4] [b%; 6%
[?%; ¢*]n[—d; gl
(4% ¢®]n[—d/q; q]n
p { —d,b,—b;q;zq} s [ b,—b,d;q; 2 ]
3721 —q,—d/q 372 —q.d/q
—d,b,—b;q; 2 d, b, —b; q; 2q ]
a2 { —¢,—d/q } 32 [ —q,d/q
b2q,d*/q,b,—b;q; 2 ]
d2/q27b\/§7_b\/a

(iv) Let us consider the summation formula [Verma and Jain 3;(3.8) p. 643]

(14 4¢") in (2.8) we find,

Now, choosing §2,, =

=24¢3[

Y NN e } _ e dnal=diglns1 — [=C alns1[ds @lnta

193 | g2 odg. cdg? (d — ¢)[~1; qln+1lcdg; qln

(2.6)

(2.10)

Multiplying both sides of the summation formula (2.10) by €,2", summing over n from 0 to co

and then applying the identity,

o n/2 00
Z ZA(n,r) = Z A(n + 2r,71).
n=0r=0 n,r=0

(2.11)

[2; (2.1.4) p.101]

we get
o0

2
S () Qg 5 AJntorla®; Plngrlc®, d? ¢%lrg” T2
n T
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_ (I-¢)(1+4d) iQ [cq, —dg; glnz"  (14+c)(1—d) ig [—cq, dg; q)nz" (2.12)
20c—d) =" [~q,cdg;q]n 20c—d) = " [~q,cdg;gln
Now, choosing Q,, = [—¢; q]n+2r in (2.12) we get the following reduction formula,
i (=)"[4% Pt [ 42 g™ H2 2t
oo [4; ]n(q?, cdq, cdg?; ¢,
_ (=9 +d) | cq-dgqqz
T 2(c—d) "% cdg,0
(490 -4 —cq,dq, q;¢; 2
2c—d) 302 cdq, 0 . (2.13)
(v) Let us consider the following summation formula [Verma and Jain 3;(3.12) p. 644]
e [ ,ql_Q" &, d% a5 q? ] _ [6dlania[=d; glant1 — [=¢i qlan+1(d; glania (2.14)
", edg, cdg? (d = ©)[~1; ql2n+1[cdg; gl2n

Multiplying both sides of the summation formula (2.14) by Q,2", summing over n from 0 to co
and then applying the identity (1.3) we get

I il S . e
= " (@ dlzal— G dlzrronld?, cdg, cdg?; g7,
1—¢)(1 = —dg; (1 ;
_ ( C)( + d) Z ann [Cq, dQ1 Q}Z + C Z Qn —cq, dQ7 q]?n ) (215)
2(d —¢) (—q, cdg; glan —q, cdg; ql2n
Now, choosing Q,, = [—¢; ¢]an in (2.15) we get the following reduction formula,
i (4% ¢*]rsanlc?, 45 g%, (=) g )
oo [4; dl2nlq?, cdq, cdg?; ¢2],
_(=oU+d) | —dg,—dg’ cq,cq,¢% % 2
2d—c) | cdgcdg? 0,0
(1+c)(1—d) dq,dg®, —cq, —cq?, 4% ¢%;
 2(d—o) 504 cdg, cdg®, 0,0 ' (2.16)
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