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1. Introduction, Notations and Definitions
As usual, let for any positive integer n,

[α; qk]n = (1− α)(1− αqk)...(1− αqk(n−1)),

[α; qk]0 = 1,

[α; qk]∞ =

∞∏
n=0

(1− αqnk),

and
[a1, a2, ..., ar; q

k]n = [a1; qk]n[a2; qk]n...[ar; q
k]n.

we define a generalized basic or q-hypergeometric series as,

rφs

[
a1, a2, ..., ar; q

k; z
b1, b2, ..., bs

]
=

∞∑
n=0

[a1, a2, ..., ar; q
k]nz

n

[qk, b1, b2, ..., bs; qk]n
[(−)nqkn(n−1)/2](1+s−r), (1.1)

where q 6= 0 and r ≤ s+ 1.
The series (1.1) converges absolutely for all z, if r ≤ s and for |z| < 1 if r = s+ 1.
Following Agrawal and Verma [1], we define the bibasic hypergeometric series as,

φ

[
(a) : (b);x
(c) : (d); qλ

]
=

∞∑
n=0

[(a); q2]n[(b); q]nx
nqλn(n−1)/2

[(c); q2]n[(d); q]n
, (1.2)

where (a) stands for the sequence of parameters a1, a2, ..., aA.
The series (1.2) converges for all values of x if λ > 0 and when λ = 0, we require the additional
convergence condition |x| < 1.
We shall make use of the following identity in our analysis

∞∑
n=0

n∑
r=0

A(n, r) =

∞∑
n,r=0

A(n+ r, r). (1.3)
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[2; (2.1.2) p.100]
2. Main Results

(i) Let us consider the following summation formula due to Verma and Jain [3; (3.4) p. 243]

φ

 q−2n,−q2−n, b2;
q1−n

b2c
,−c; q

q2,−q−n, q
2−2n

b2
: −b2c, q

1−n

c

 =
[−1; q]n[b2; q]n[b2c2; q2]n
[−b2c; q]n[c; q]n[b2; q2]n

. (2.1)

Multiplying both sides of the summation formula (2.1) by Ωnz
n, summing over n from 0 to ∞

and then applying the identity (1.3) we get,

∞∑
n,r=0

Ωn+rz
n+r[b2; q2]r[−c; q]r[q2; q2]n+r[b

2c; q]n+r[b
2; q2]n[c; q]n(qn + qr)

[q2; q2]r[−b2c; q]r[b2; q2]n+r[c; q]n+r[q2; q2]n[b2c; q]n(1 + qn+r)

=

∞∑
n=0

Ωnz
n[−1, b2, bc,−bc; q]n

[−b2c, c, b,−b; q]n
. (2.2)

Now, choosing Ωn =
[b2; q2]n[c; q]n

[q2; q2]n[b2c; q]n
(1 + qn) in (2.2) we find,

3φ2

[
b,−b,−c; q; z
−q,−b2c

]
3φ2

[
b,−b, c; q; zq
−q,−b2c

]

+ 3φ2

[
b,−b,−c; q; qz
−q,−b2c

]
3φ2

[
b,−b, c; q; z
−q,−b2c

]
= 2 3φ2

[
b2, bc,−bc; q; z
−b2c, b2c

]
. (2.3)

(ii) Let us consider the following summation formula [Verma and Jain 3;(3.5) p. 643]

φ

 q−2n,−q2−n, b2;
q−n

b2c
, c; q2

q2,−q−n, q
2−2n

b2
;−b2cq, q

1−n

c

 =
[−1; q]n[b2; q]n[b2c2q; q]n[b2c2; q2]n
[−b2cq; q]n[c; q]n[b2c2; q]n[b2; q2]n

. (2.4)

Multiplying both sides of the summation formula (2.4) by Ωnz
n, summation over n from 0 to ∞

and then applying the identity (1.3) we find after some simplifications,

∞∑
n,r=0

Ωn+rz
n+r [b2; q2]r[−c; q]r[b2; q2]n[c; q]n

[q2; q2]r[−b2cq; q]r[q2; q2]n[b2cq; q]n
×

× [q2; q2]n+r[b
2cq; q]n+r(q

n + qr)

[b2; q2]n+r[c; q]n+r(1 + qn+r)
=

∞∑
n=0

[−1, b2, b2c2q, bc,−bc; q]n
[−b2cq, c, b2c2, b,−b; q]n

. (2.5)

Now, taking Ωn =
[b2; q2]n[c; q]n(1 + qn)

[q2; q2]n[b2cq; q]n
in (2.5) we get

3φ2

[
b,−b,−c; q; z
−q,−b2cq

]
3φ2

[
b,−b, c; q; zq
−q,−b2cq

]
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+ 3φ2

[
b,−b,−c; q; zq
−q,−b2cq

]
3φ2

[
b,−b, c; q; z
−q,−b2cq

]
= 2 4φ3

[
b2, b2c2q, bc,−bc; q; z
−b2cq, b2c2, b2cq

]
. (2.6)

(iii) Taking the following summation formula [Verma and Jain 3;(3.6) p. 643]

φ

 q−2n,−q2−n, b2 : d,−q
2−n

d
;

1

b2

q2,−q−n, q
2−2n

b2
: −q

1−n

d
,
d

q

 =

[b2q; q]n

[
d2

q
; q

]
n

[
d2

q2
; q2
]
n

[−1; q]n[
d

q
; q

]
n

[
d2

q2
; q

]
n

[b2q; q2]n[−d; q]n

. (2.7)

and doing all as above we get,

∞∑
n,r=0

Ωn+rz
n+r [q2; q2]n+r[−d/q; q]n+r[b2; q2]r[d; q]r[b

2; q2]n[−d; q]n
[b2; q2]n+r[−d; q]n+r[q2; q2]r[d/q; q]r[q2; q2]n[−d/q; q]n

qn + qr

1 + qn+r

=

∞∑
n=0

Ωnz
n [−1, d/q, b2q, d2/q; q]n

[d2/q2,−d; q]n[b2q; q2]n
. (2.8)

Now, choosing Ωn =
[b2; q2]n[−d; q]n

[q2; q2]n[−d/q; q]n
(1 + qn) in (2.8) we find,

3φ2

[
−d, b,−b; q; zq
−q,−d/q

]
3φ2

[
b,−b, d; q; z
−q, d/q

]

+ 3φ2

[
−d, b,−b; q; z
−q,−d/q

]
3φ2

[
d, b,−b; q; zq
−q, d/q

]
= 2 4φ3

[
b2q, d2/q, b,−b; q; z
d2/q2, b

√
q,−b√q

]
. (2.9)

(iv) Let us consider the summation formula [Verma and Jain 3;(3.8) p. 643]

4φ3

[
q−n, q1−n, c2, d2; q2; q2

q−2n, cdq, cdq2

]
=

[c; q]n+1[−d; q]n+1 − [−c; q]n+1[d; q]n+1

(d− c)[−1; q]n+1[cdq; q]n
. (2.10)

Multiplying both sides of the summation formula (2.10) by Ωnz
n, summing over n from 0 to ∞

and then applying the identity,

∞∑
n=0

n/2∑
r=0

A(n, r) =

∞∑
n,r=0

A(n+ 2r, r). (2.11)

[2; (2.1.4) p.101]
we get

∞∑
n,r=0

(−)rΩn+2rz
n+2r [q; q]n+2r[q

2; q2]n+r[c
2, d2; q2]rq

r2+2r

[q2; q2]n+2r[q; q]n[q2; q2]r[cdq, cdq2; q2]r
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=
(1− c)(1 + d)

2(c− d)

∞∑
n=0

Ωn
[cq,−dq; q]nzn

[−q, cdq; q]n
− (1 + c)(1− d)

2(c− d)

∞∑
n=0

Ωn
[−cq, dq; q]nzn

[−q, cdq; q]n
(2.12)

Now, choosing Ωn = [−q; q]n+2r in (2.12) we get the following reduction formula,

∞∑
n,r=0

(−)n[q2; q2]n+r[c
2, d2, q2]rq

r2+2rzn+2r

[q; q]n[q2, cdq, cdq2; q2]r

=
(1− c)(1 + d)

2(c− d)
3φ2

[
cq,−dq, q; q; z
cdq, 0

]
− (1 + c)(1− d)

2(c− d)
3φ2

[
−cq, dq, q; q; z
cdq, 0

]
. (2.13)

(v) Let us consider the following summation formula [Verma and Jain 3;(3.12) p. 644]

4φ3

[
q−2n, q1−2n, c2, d2; q2; q2

q−4n, cdq, cdq2

]
=

[c; q]2n+1[−d; q]2n+1 − [−c; q]2n+1[d; q]2n+1

(d− c)[−1; q]2n+1[cdq; q]2n
. (2.14)

Multiplying both sides of the summation formula (2.14) by Ωnz
n, summing over n from 0 to ∞

and then applying the identity (1.3) we get

∞∑
n,r=0

Ωn+rz
n+r [q2; q2]r+2n[c2, d2; q2]r(−)rqr(r+2)

[q; q]2n[−q; q]2r+2n[q2, cdq, cdq2; q2]r

=
(1− c)(1 + d)

2(d− c)

∞∑
n=0

Ωnz
n [cq,−dq; q]2n

[−q, cdq; q]2n
− (1 + c)(1− d)

2(d− c)

∞∑
n=0

Ωnz
n [−cq, dq; q]2n

[−q, cdq; q]2n
. (2.15)

Now, choosing Ωn = [−q; q]2n in (2.15) we get the following reduction formula,

∞∑
n,r=0

[q2; q2]r+2n[c2, d2; q2]r(−)rqr(r+2)

[q; q]2n[q2, cdq, cdq2; q2]r

=
(1− c)(1 + d)

2(d− c) 5φ4

[
−dq,−dq2, cq, cq2, q2; q2; z
cdq, cdq2, 0, 0

]
− (1 + c)(1− d)

2(d− c) 5φ4

[
dq, dq2,−cq,−cq2, q2; q2; z
cdq, cdq2, 0, 0

]
. (2.16)
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