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1. Introduction
Takahashi’s research established results on convexity in metric spaces and non-
expansive mappings [45]. Building on this foundation, Kohlenbach [33] explored
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logical metatheorems with applications in functional analysis. By engaging in
proof mining to extract computational information from non-computational proofs,
Kohlenbach’s work aims to quantify the computational content of theorems con-
cerning set-valued operators, aligning them with proof-theoretic notions. This
methodology unifies recent case studies and highlights the quantitative assump-
tions necessary for applying proof mining in functional analysis. Kohlenbach’s
approach underscores the interdisciplinary and practical relevance of these mathe-
matical theories in various applied problems.

A similar paper to Reich and Shafrir’s [41] work on nonexpansive iterations in
hyperbolic spaces could be one by Uddin et al. [46], which focuses on the con-
vergence analysis of M-iteration involving a-Reich-Suzuki nonexpansive mappings
in a hyperbolic metric space, proving strong and A-convergence theorems. Ad-
ditionally, Valappil et al. [48] presented fixed-point results for Reich-Suzuki-type
nonexpansive mappings in uniformly convex W-hyperbolic spaces, introducing a
new iterative scheme that converges faster than existing methods for such map-
pings. Ullah et al. [47] also contributed to this area by proving strong and A
convergence results for Reich-Suzuki-type nonexpansive mappings through an M
iterative process in a uniformly convex hyperbolic metric space. Guran et al. [17]
offered insights into the Picard-Thakur hybrid iterative scheme for generalized a-
nonexpansive mappings in hyperbolic spaces, demonstrating its faster convergence
compared to other methods. Lastly, Xiong and Lan introduce a modified iterative
approximation process for total asymptotically nonexpansive nonself mappings in
hyperbolic spaces, proving A-convergence and strong convergence, thus improving
and generalizing existing results in the field. Kohlenbach et al. [32] proved results
on asymptotically nonexpansive mappings in uniformly convex hyperbolic spaces.
Niazi Asil et al. [38] developed some hyperbolic iterative methods for linear sys-
tems. Zidan et al. [54] investigated new quicker implicit iterations in hyperbolic
spaces.

Markin [35] and Nadler [37] initiated the investigation into fixed point theorems
for multivalued mappings addressing a gap that had existed since Banach’s work in
1922 [3]. These theorems have numerous applications, including nonlinear analysis,
control theory, convex optimization, and differential inclusion. Berinde and Berinde
[7] demonstrated results on a broad class of multivalued weakly Picard mappings.
Khan et al. [31] provided results on common fixed points of two multivalued
nonexpansive maps in Kohlenbach hyperbolic spaces. Bello et al. [6] established an
approximating common fixed point for families of multivalued mean nonexpansive
mappings in hyperbolic spaces. Dewangan [10] explored fixed points of multivalued
Suzuki nonexpansive mappings in hyperbolic spaces.
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Later, Karapinar [20] introduced the result for interpolative Kannan-type con-
traction in metric spaces. The theory is extended to various settings including
metric spaces, partial metric spaces, Branciari distance spaces, and ordered struc-
tures, often using tools such as simulation functions, («a, 3,1, ¢)-frameworks, and
vector-valued (Perov-type) metrics for more details one can see [4, 5, 12, 21, 22,
23, 24, 25, 26, 27, 30] These works progressively unify and generalize multiple
contraction principles, showing that weaker nonlinear contractive conditions are
still sufficient to guarantee fixed points, with applications in nonlinear analysis and
differential equations. Overall, the research establishes a broad and modern frame-
work of interpolative contractions that significantly extends classical fixed point
theory.

Further, Alansari and Ali [1] proved the unified multivalued interpolative Reich-
Rus-Ciri¢-type contractions. Prithvi et al. [39] proved an interpolative operator:
Fractal to multivalued fractal chaos. Konwar et al. [34] proved some new results
for a class of multivalued interpolative Kannan-type contractions. Karapinar et al.
[29] gave the results on interpolative Hardy-Rogers type multivalued contractions
via a simulation function. Debnath et al. [9] proved a set-valued interpolative
Hardy-Rogers and set-valued Reich—Rus—éirié—type contractions in b-metric spaces.
El Bekri et al. [13] proved a cyclic coupled fixed point via interpolative Kannan-
type contractions in metric spaces. For more details, one can refer to [14, 15, 53]
and the references therein. Wangwe [49] demonstrated fixed point theorems for
interpolative Kannan contraction mappings in Busemann spaces and applied these
theorems to matrix equations. Additionally, Wangwe [50] explored fixed point
theorems for interpolative Cirié—type contraction mappings in the convex hull com-
bination of Busemann spaces, with applications to fractional differential equations.
Furthermore, Wangwe’s work on fixed point theorems for interpolative contraction
mappings of the Ciri¢ type in CAT(0) spaces has found applications in hyperbolic
rotation matrices [51]. Fixed point theorems for implicit relations in hyperbolic
metric spaces with practical applications were also provided by Wangwe [52]. Fur-
thermore, Hammad et al. [18], demonstrated hybrid interpolative mappings for
solving fractional Navier-Stokes and functional differential equations.

The novelty of this study can be summarized as follows: Introduction of mul-
tivalued interpolative Cirié—type contraction mappings in the setting of hyperbolic
metric spaces. Extension of classical fixed point results from metric spaces to hy-
perbolic metric spaces, thereby enriching the geometric framework. Development
of new Kannan-type and Reichféirié—type contraction conditions within a multi-
valued interpolative framework. Application of the obtained theoretical results to
functional integral inclusion problems, nonlinear mixed integral equations, and lin-
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ear partial differential equations. Construction of illustrative examples validating
the applicability and correctness of the main results. Unification and generalization
of several earlier works (e.g., Debnath et al. [9], Konowar et al. [34], Salimi et al.
[42], Karapinar and Samet [28], Samet et al. [43]) under a more general framework.

2. Preliminaries

We provide the following definitions, lemmas, and some results that will help
develop our main results.

Alfuraidan and Ansari [2] provided the following proposition.

Proposition 2.1. [2] Let (X, d) be a metric space of hyperbolic type. Let x,y € X
for each (i, By € [0,1] and By = 1 — (31, there is a unique point z € [z,y| this
point will be denoted by z = Box @ Pry such that d(x, z) = [id(z,y) and d(z,v) =
Pod(u,v). If x # vy, we have

d(z,z) +d(z,y) = d(z,y).

Kohlenbach [33] established the following definition in relation to convex concepts
raised by Takahashi [45].
Definition 2.1. [33] Let (X, d, W) be a hyperbolic metric space. Assume that d is
a metric and W : X x X x [0,1] — X is a mapping satisfying the following:

(Z) d(Z, W(Z', Y, ﬁl)) S ﬁ2d(2? u) + Bld<za y)a

(i) d(W (x,y, Br), W(x,y, B2)) < |B1 — Bold(z,y),

(’L’LZ) W($7y>ﬁl) (1’ ya )
(iv) Ei(VV](u,z,Bl) W(v,w, 1)) < Pod(z,y) + f1d(z,w), ¥ u,v € X and ¥p1, 52 €
0,1].

The above axioms can be converted by using the following notion:

Wi(z,y,61) = Bz ® Pay.

For By = = in above we obtain

1 1 1
W(fﬁ’y’é) = TOgy

With this notion (i), (ii) and (iv) become, respectively,
(i) d(z, iz © Boy) < fud(z,2) + fad(2,y).



Some Fized Point Theorems for Multivalued Interpolative Mapping ... 5

(it) d(Br1z @ Poy, o x ® b1 y) < |51 — Bold(x,y).
(iii) d(Brx @ Boz, fry @ fow) < Bod(w,y) + frd(z, w).

If z = w, we have
d(Bi1z @ Poz, By @ Poz) <Pod(x,y). (2.1)

If only condition (7) is satisfied, then (X,d, W) is a convex metric space by Taka-
hashi’s concepts [45].

Lemma 2.1. Let (X, d, W) be a convez hyperbolic metric space. Then the following
18 true:

d(“a U) :d(U,W(U,’U,Bl)) +d(U,W(UJ,U,51)) (2'2)

for all (u,v,p;) € X x X x I.
Nadler [37] introduced the following definition for the Hausdorff concept of the
distance between two arbitrary sets as follows.

Definition 2.2. Let H be a Pompeiu-Hausdorff metric in a complete metric space
(X,d) and CB(X) denote the class of all non-empty closed and bounded subsets of
X, then for A, B € CB(X), we define

H(A, B) = max{3(A, B),5(B, A)}, (2.3)
where
5(A, B) = supd(z, B), (2.4)
d(x, B) = inf d(u,v) (2.5)
and
(B, A) = supd(y. ). (2.6)
d(y, A) = inf d(y, z). (2.7)

(CB(X), H) is called the Pompeiu-Hausdorff metric space induced by 6.

Theorem 2.1. [37] Let (X,d) be a complete metric space and K : X — X be a
mapping such that

H(Kz,Ky) < Bd(z,vy),
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where 0 < B < 1. Then K has a fixed point in X.

Remark 2.1. [37] If A, B € CB(X) and x € A, then for o > 0, there exists y € B
such that

d(z,y) < H(A,B) + a. (2.8)

However, there may not be a point y € B such that
d(z,y) < H(A, B). (2.9)

If B is compact, then such a point y does exist, i.e.,
d(z,y) < H(A, B). (2.10)

Example 2.1. Let X = R and define the sets A and B as follows:
A={0}, B={1|neN}.

(i) Hausdorff distance H(A, B): The Hausdorff distance between sets A and B
is given by

H(A, B) = max {sup inlg d(x,y),sup in£ d(x,y)} ,

z€A YE yeB TE€

for]f—OEAandyEB,

(as y can be arbitrarily small).

However, sup,cpinf,c4 d(z,y) = sup,cp y| = 1. Therefore,

H(A,B) = 1.

(ii) Existence of y € B such that d(z,y) < H(A, B) + a: For any a > 0, we can
choose y = % for sufficiently large n, such that % < «a. Hence,

d@%)z%éa

which implies d(0,y) < H(A, B) + «a.



Some Fized Point Theorems for Multivalued Interpolative Mapping ... 7

(i) Non-existence of y € B such that d(x,y) < H(A, B): Since H(A, B) = 1,
there is no y € B such that d(0,y) = 1. The elements of B are all of the form
% for n € N, and these distances are always less than 1 but can get arbitrarily
close to 0.

(iv) Suppose B is a compact subset of R. For example, let B = {% |neN,n< N}
U{0} for some large N. Now B includes 0, making d(0, y) = 0, which is clearly
less than or equal to H(A, B).

Compactness of B and Existence of y € B such that d(z,y) < H(A, B): If
B is compact, every sequence in B has a convergent subsequence, ensuring
that the infimum distance is achieved.

In this case, for any x € A, there exists y € B such that d(x,y) < H(A, B).
Therefore, the sets A = {0} and B = {% |n e N} provide an example where
for any a > 0, there exists a y € B such that d(z,y) < H(A, B)+«. However,
there is no point y € B such that d(x,y) < H(A, B) unless B is compact.

Let us consider an example to illustrate this remark involving the Hausdorff
distance in the context of compact metric spaces.
Example 2.2. Let X = R with the standard metric d(z,y) = | — y|. Consider
the following two compact subsets of X: A ={0,1,2,3}, B ={0.5,2.5}

(i) Compute the Hausdorff distance H(A, B): The Hausdorff distance H(A, B)
is defined as:

H(A, B) = max {sup inf d(z,y),sup inf d(y, SL‘)}

zcA YEB yEB €A

SUp,c4 infyep d(z, y):

For x = 0, inf,c5 d(0,0.5) = 0.5
For x =1, inf 5 d(1,0.5) = 0.5
For x = 2, inf 5 d(2,2.5) = 0.5
For x = 3, inf,cp5 d(3,2.5) = 0.5
For y = 0.5, inf,ec 4 d(0.5,2) = 0.5
For y = 2.5, inf,ec 4 d(2.5,2) = 0.5
Thus, H(A, B) = 0.5.
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(ii) Existence of y € B such that d(x,y) < H(A, B): Consider z =1 € A.
d(1,0.5) = 0.5, which is exactly H(A, B).
Therefore, y = 0.5 € B satisfies d(1,y) = 0.5 = H(A, B).

(iii) Fora > 0: Let « = 0.1. Forz =1 € A, we have d(1,y) = 0.5 fory = 0.5 € B,
which satisfies d(x,y) < H(A, B) + a = 0.6.

This example demonstrates that when B is compact, it is possible to find a
point y € B such that d(z,y) < H(A, B), validating the statement of the
remark.

Kannan [19] extended the Banach contraction principle by proving the following
theorem:

Theorem 2.2. [19] Let (X,d) be a complete metric space and K : X — X be a
self-mapping such that

d(Kz, Ky) < ANd(z, Kz) + d(y, Ky)], (2.11)

forallx,y € X and 0 < \ < % Then IC has a unique fixed point z € X and for
any x € X the sequence of iterate {K"x} converges to z.

Karapinar [20] introduced the following results by extending Kannan [19] for
interpolative Kannan-type contraction as follows:

Definition 2.3. [20] Let (X,d) be a metric space, a mapping K : X — X is said
to an interpolative Kannan contraction if

d(Kax, Ky) <Nd(z, Kz))’.[d(y, Ky)]'°, (2.12)

for all x,y € X with x # Kx, where A € [0,1) and 6 € (0,1).

Theorem 2.3. [20] Let (X, d) be a complete metric space and K be an interpolative
Kannan-type contraction. Then KC has a unique fized point in X.

Konowar et al. [34] proved the multivalued interpolative Kannan-type contrac-
tion as below:

Definition 2.4. [34] Suppose that (X,d) is a metric space. A map K : X —
CB(X) is called a multivalued interpolative Kannan-type contraction if there exist
A€0,1) and a € (0,1) such that

-«

H(sz, Ky) < A [d(m, /cx)} ° [d(y, ;cy)] , (2.13)
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for all z,y € X\ Fiz(K).

Using the above Definition Konowar et al. [34] proved the following theorem:
Theorem 2.4. [34] Suppose that (X,d) is a complete metric space and K is a
multivalued interpolative Kannan-type contraction such that K is compact for each
x € X. Then, Fiz(K) # 0 in X.

Debnath et al. [9] proved the multivalued version of interpolative Hardy-Rogers-
type contraction in b-metric spaces as below:

Definition 2.5. [9] Let (X,d,s) be a b-metric space. A maping K : X — CB(X)
is called a multi-valued interpolative Hardy-Rogers-type contraction if there exist
A€ [0,1) and a,b,c € (0,1) with a + b+ ¢ < 1 such that

H(Kz,Ky) < )\[d(w,y)r : [d<:v,iCx>}b - [d(y,’Cy)r'
1 l—a—b—c
|

|5 (Al Ky) + d(y. Ky))

2.14
- , (214)

for all z,y € X\ Fiz(K).
Debnath et al. [9] proved the following theorem:

Theorem 2.5. [9] Let (X,d,s) be a complete b-metric space whose all closed and
bounded subsets are compact and IC be a multi-valued interpolative Hardy-Rogers-
type contraction. Then K has a fized point.

Definition 2.6. [43] Let K be a self-mapping on a metric space (X,d) and let
a: X x X —[0,00) be a function. We say that K is an a-admissible mapping if
r,y€ X, a(z,y) >1 = a(Kz,Ky) > 1.

Definition 2.7. [42] If ¢ € U, denote ¥ the family of nondecreasing functions:
¥ 0,00) = [0,00) satisfying the following conditions:

(1) ¥(t) <t forallt >0,

(2) D207 " (t) < oo, for all t > 0,
where Y" is the n'" iteration of 1.

Definition 2.8. [43] Let K be a self-mapping on a metric space (X, d). We say that
K is an a--contractive mapping if there exist two functions o : X x X — [0, +00)
and ) € U such that

afz,y)d(Kz, Ky) < &(d(z,y)),
forall z,y € X.
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Definition 2.9. [42] Let K be a self-mapping on a metric space(X,d) and let
a,n: X xX — [0,00) be two functions. We say that K is an a-admissible mapping
with respect to n if

z,y € X,o(z,y) 2 n(z,y) = o(Kz,Ky) 2 n(Kz, Ky).

Theorem 2.6. [42] Let (X, d) be a complete metric space and K : X — X be an
a-admissible mapping with respect to n. Assume that

z,y € X,a(z,y) 2 n(z,y) = d(Kz,Ky) < P(Mp(z,y)),
where ) € ¥ and

Mp(z,y) = max {d(m,y), d(z, Kz) ‘2" d(y, ’C?J)’ d(z, Ky) —g d(y, Kz) }

Also, suppose that the following assertions hold:
(i) there exists xo € X such that a(xy, Kzo) > n(xg, Kzo),
(i1) either IC is continuous or for a sequence {x,} in X with o(z,,Tni1) >
(T, Tns1) and x, — T as n — 00, we have a(x,,x) > n(r,,x) for all
n € NU{0}.
Then KC has a fized point.

3. Main results
We prove the following theorem.

Theorem 3.1. Let (X, d) be a complete hyperbolic metric space and define the sets
A and B whose all closed and bounded subsets are compact. The map K : X —
2% € OB(X) is called an a--multivalued interpolative Ciri¢ type contraction. If
there exists a € (0,1) satisfying the following conditions.

(i) K is a-ip-admissible,
(ii) there exists xy € X such that a(xg, Kzg) > 1,

(iii) K is continuous and satisfies
a(z, y)H(Kz, Ky) < O(Nu(z,y)), (3.1)

where
d(z,Kz) + d(y,Ky)11-

. , (3.2)

Nia(a, ) = ld(z, )"
for each z,y € X Fiz(K).
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Then K has a fized point, that s, there exists z € X such that Kz = z.
Proof. Let g € X be such that a(zg, Kzo) > 1. Define a sequences {z,} in X by

n IC n
Tpi1 = Tn D Redn @2 * ,Vn € NU{0}.

If z, = x,41 for some n € NU {0}, then z = z,, is a unique fixed point of K.
Assume that x,, # x,,1 for all n € NU{0}. Since K is a-admissible we have
a(Tp, Tpr1) > 1 = a(Kzy, Kryeq) > 1

Let z,,z,41 € X and fy, B2 € [0,1] satisfying ) + S = 1, assume that z =
B1, @ Porxnyq denote the unique point of X, by proposition (2.1) we have

d(xna len ©® 62“71—&—1) S /Bld($n7 In) + 52d($n7 $n+1)7
S ﬂQd(xm xn+1)7
= 62d<xna anrl) (33)

and

d(Tnt1, Sr1, @ 52$n+1) < Brd(xn, Tny1) + Bod(Tpgr, Trgr),
S Bld(xna mn-‘,—l)a
= ﬁld(xru un+1)' (34)

Let X be a hyperbolic metric space.
For zy € X, we construct a sequence {z,} such that

Ty = W<xn> L, 61)
Tn41 = W(an, Kxnv 51)7 (35)

for n € NU {0}.
Applying Definition 2.1 and (2.1), we have

W<xna Kxna 51) = ﬁlxn % 52’an (36)
Using (3.5) and (3.6), we obtain
Tpt+1 = Blﬁn ¥ 52’C$n (37)

Taking 8, = 5 and 8, =1 — ; = 5 in (3.7), gives

z, ® Kz,

Tnt1 = 9
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From (3.7), leads to
Lptl = ﬁlxn S /BQICITL (39)

Which follows that
T, O Kz,
Tpi1 = T = Bl*xn D ﬁZ’Cfxna (310)

where n =0,1,2,3...
Suppose « = x,, and y = 2,41, using (3.3) and (3.4) to calculate the metric in
(3.1) we obtains

d(x,y) = d(@y, Tpp1) = d(xn, b1z, ® BoKay,) = Prd(xy, ) + Bod(xy, Kuy,)
= Bod(xp, Tni1).
dz,Kx) = d(z,, Kzx,) =d(xn, ni1) = d(Tn, P12, B BaTni1),
= [rd(xn, x,) + Pod(xy, Tpi1) = Bod(Ty, Unyq)-
d(y, Ky) = d(@n1,Kzni1) = d(Tni1, Tnya)
= d(Tny1, B1Tny1 © Bolnyia),
= Bid(Tns1, Tng1) + Bod(Tnin, Tnya),

= ﬁZd($n+1> xn+2)7

and
d(z, Kx) 4+ d(y, Ky) Bad(n, Tnt1) + Bod(Tpi1, Tnyo)
2 2 ’
_ ﬁg [d(Ina xn—l—l) +2d(xn+17 xn+2)] .

Using =, € X and z,,1 € S12, ® fo2Kx,, Remark 2.1 and inequality (2.1), there
must exists x,10 € f12,11 P f2Kx,11 such that

d(ﬁlxn ¥ BQICITL’ 61xn+1 % 62Kxn+1) < BQd(xn—l-la xn+2) S HUany K$n+1). (311>

From inequality (2.10), we get
Bod(@ns1, Tnv2) < H(Kan, Kapyr). (3.12)
Let x =z, and y = 2,41 in (3.1), we have

H(Kz,Ky) = HKxp, Kpir) < @@, Tpng1) H(K2y, K2pi)
< Y(Nu(Tn, Tni1)), (3.13)
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where

ﬁ2d<xn> anrl) + 52d(xn+17 xn+2)] 1=a

Nia(n, 2ns1) < [Bad(n, 2an))" |

2
d Ty Tn +d(x, y Ly I=a
NH(ZE’mxn—i—l) S [d(znaxn+l>]a~ |:ﬁ2< ( +1) 9 ( = +2)>] . (314)
Suppose that
d Tpy Ty + d Tp+1y Ln
( +1) 5 (Tn i1, Tnsa) < d(Tng1, Tnsa). (3.15)
Using (3.15) in (3.14), we get
l—a
NH(xnyxn+1) S [Bgd({L‘n,fL‘n+1)]a. ﬂQd($n+17xn+2) ;
< [Bod (T, ng1)]* [Bod (Tt Tg2)] (3.16)

By applying (3.16) in (3.13), gives

Oé(l’n, fL’n+1)H(’Cl’n7 ICIn—l—l) S ¢([B2d(xn7 $n+1>]a[52d(l’n+1, xn+2)]1_a)- (317)
From (3.12), we obtain

(T, Lng1) Bod(Tng1, Tnsa) < O([Bad(n, Tngr)]*[Bad(Tnsr, Tni2)] ™). (3.18)

Consequently, for a(x,,x,.1) > 1 using Definition 2.6, we obtain

Bod(Tni1, Tny2) < V([Bad (T, Tng1)]*[Bad(Ts1, Tnia)] ). (3.19)

By the property of ¢ using Definition 2.7, we get

62d<xn+1a xn+2) [ (xna anrl)] [ (anrl? xn+2)]1ia7
( )

—(1—a)
[ﬁ2d($n+1a $n+2)] o < p3ld(zn, zni1)]" (3.20)
Bgd<$n+1axn+2) < 52[d(x xn-i-l)]

52d($n+1;$n+2) < 52 (xmxn-&-l)?

l1—a

d<xn+17 xn+2) < /82 ¢ d(fEn, xn+1)-

l=a
Letting ,* < 1, we have

d(xn+17xn+2) < d(xnaxn-‘rl)-
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which implies that

d(xn+17 xn+2) S ¢(d(xn7 xn-&-l))‘

Repeating the above argument several times, we get

d(@nt1, Tnt2) < " (d(2o, 21)). (3.21)

Since n — oo, we conclude that

d(xn—f—h xn+2) = 0.

Hence {u,} is a Cauchy sequence.

Next, we verify that {z,} is a Cauchy sequence. Fix ¢ > 0 and n(e) € N such
that >, ) ¥"(d(zo, 21)) < €. Consider n,m € Ny, for m > n > n(e), p > 2, using
hyperbolic inequality (3.21), Definition 2.1 and Lemma 2.1, we have

d<xn+17 xm-i—p) < d(In+1, W('In—‘rla Tni2, 61)) +...,
< Brd(Tns1, Tng1) + Bod(Tpg1, Tmya),

< Bod(Tpi1, Tnyo) < d(Tps1, Tpao) + .-

m—1

< Z d($k+1> $k+2)7

Z w" 3307351

< > Wt(d(zo, 1)) <€, (3.22)

n>n(e)

| /\

taking limits of n,m — oo, we get
d(unJrla um+p) < €

Thus, this prove that {x,} is a Cauchy sequence.
For completeness of X, there is z € X such that

lim z, = =z.
n—oo
Since K is continuous, we have
lim Kz, = Kz =z,

n—oo
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Also K is a-admissible, we have

Tp+1, 2 € X,CX(ZU”+1,Z) >1 = a<,C$n>}CZ> > 1.
And K is a-1y-contractive , we have
Oé<xn+1a Z)d(lcanrla ICZ) < ¢(d(xn+17 Z))>
now, we show that z is a fixed point of L. From Definition 2.1, it follows that

d(Z7ICZ) S d(Z, W(Za ,szﬂl)) S 51(1(2, un+2) + ﬁgd(un+2,ICZ),
S B1d<Z7 Kjxn—&—l) + ﬁgH(ICJZ,H_l, KZ) (323)

Let = x,41 and y = 2z in (3.1), we obtains
a(zpy1, 2)H(Kzpyi1, K2) < ANy (2041, 2), (3.24)

where

d n 7IC n d ’K: l—a
./\/H(In+1,z) = [d(an?Z)]a'[ (x +1, AT +21) + (Z z)] 7

= [d(z, 2)]" [d(z, Kz) 42— d(z, /Cz)} 1—a7
N (tni1,2) = 0. (3.25)

Using (3.25) in (3.24) gives

Ty, 2)H(Kupi1,Kz) = 0. (3.26)

Consequently, using (3.26) in (3.23), leads to

=0, (3.27)

which shows that z = Kz. Hence, z is a fixed point of K.
The following results extend Theorem 2.6 to a-n-1-set valued interpolative map-
ping concerning 7 in hyperbolic metric space.

Theorem 3.2. Let (X, d) be a complete hyperbolic metric space and define the sets
A and B whose all closed and bounded subsets are compact and IC : X — X be
an a-n-P-admissible set-valued interpolative mapping with constant a,b such that
a+ b < 1. Suppose that the following assertions hold:
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(1) there exists xg € X such that a(xg, Kxo) > n(xo, Kxo),

(i) either IC is continuous or for a sequence {x,} in X with o(Tn, Tpy1) >
N(Tp, Tny1) and x, — x as n — oo, we have a(x,,x) > n(x,,z) for all
n € NU{0} and satisfy

z,y € X,a(x,y) > n(z,y) = H(Kz,Ky) <¢(Mpu(z,y)), (3.28)

where Y € U and

(z,Kz) + d(y, /Cy)]b_ [d(% Ky) +d(y, /Cl‘)] et

. [d
forall x,y € X.

Then KC has a fized point.
Proof. Let zy be a randomly point in X and K be a-admissible with respect to n
such that

a(xo, Kzo) > n(xo, Kxo).

Define a sequence {x,} in X by
Tn = K"2o = Kxp_q

and
Tn @ Kz,
Ln+l = 9
for all n € N. If x,,; = z,, for some n € N, then z = z,, is a fixed point of K.
It completes the proof. Otherwise, assume x,.1 # x,. For continuity of X with

respect to a-n, we have
a(xo, Kxo) > n(z0, Kao),

leads to
O{('rla l’g) = Oé(lCl'O,ICQ.IO) Z U(IC$O7IC21'O) = 77(531; 1:2)'

Repeating this procedure, we get

Oé(l'n, xn-{—l) Z n($n7 xn—i—l)a

for all n € NU{0}. Let 2 = x,, y = 21 = x”@zm” = Bix, ® PKx, using
inequality (3.28) we get

a(xnaxn-l—l) Z n(‘rnaxn—i—l) — H(K$n,IC$n+1) S ¢(MH($naxn+l)); (329)
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where

d(xn, Kz,) + d(x,11, K2y, b
My (Tn, Tpi1) =[d(n, Tri)]" [ ( ) 2( +1 +1)} ‘
|:d(xn7 ’an+1) + d($n+17 ’C$n>:| 1—a—b
2 )
b
S[d(l‘na xn+1)]a~ |:d({lfn, xn—&-l) +2d(il,‘n+1, xn+2)] '
|:d(l'n, fl'n+2) + d($n+1, xn+1)] 1—a—b
2 )

<[ad (o))" |

62d('rna xn—i—l) + 62d(xn+17 xn+2) ] b
5 .

[5152d($m $n+1) +25152d(%+1, $n+2)] 1_“_b. (3_30)
Suppose that d(xn’x”+1)+2d(x"+l’x”+2) < d(®pi1, Togo)-
Using (3.30), gives
b
MH(xna xn—l—l) S[ﬁgd(fﬂn, xn-{—l)]a- |:62d($n+17 xn+2)} .
1—a—b
[5152d(95n+17 $n+2)} )
1—a
—Bo. B (2, 1 )] [d(xm,xw)} . (3.31)

Applying (3.31) in (3.29), we obtain

Oé(l'n,l'n+1) Z n($n7$n+1) —

H(Ky, Kant) < 0 (ﬁzﬂ%_a_b[d(wm Tpi1)] | d(Tnyn, xn+2)] 1—a>.

By Remark 2.1 and Definition 2.7, there must exists x, 12 € Kx,.1 such that

Bod(xpi1, Tpro) < H(Kwy, Kopyq).
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For the property of ¢ implies

l—a

1_a_b[d(xm In-i-l)]a‘ d(xn+1a xn+2) )

52d(ivn+1,$n+2) < a5

1—(1—a)
|:d<xn+1) xn+2)} %_a_b[d(xna xn+1)]a7

|:d<xn+17 xn+2>] ' < ﬁll_a_b[d(xTH $n+1>]a’

A ans2) < (B7°7) @, vai0)]

1

Letting ( %_a_b> * <1 and the property of 9, leads to

d(Tpg1, Tny2) < U(d(2n, Tng1)).
By induction, we get
A(Tpy1, Tny2) < Y"(d(z0,71)).
Taking a limt of n — oo, leads to
d(Tpi1, Tus2) = 0.

Next, to show that {x,} is a Cauchy sequence. If not, fix € > 0 and there exists
integers n; and my with ng > mj; > k such that

d(ng, my) > €.
Let © = ny and y = my, in (3.28), we get
a(ng, my) > n(ng, my) = H(Kny, Kmy) < (Mg (ng, my)),

where

Mg (ng,myg) = [d(ng, my)]" [d<nk, Kny) —I—Zd(mk, ]ka)]b.
d(ng, Kmy) + d(my,, Kny)q1-a-b

| 2 I

< [d(nk,mk)]a.[dmk’nk“)zd(mkamkﬂ)r
[d(nk, M) + d(my, nk“)} 1—a—b

0+O}b |:2€+(—ji|1—a—b 7

— |- —0.

- Ha‘[ 2 2
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Consequently, we have

d(ng,my) < H(Kng, Kmy) < 9(0),
d(nk,mk) = O,

which is a contradiction. Hence {xz,} is a Cauchy sequence.

The proof for existence of fixed point of K follow similar steps of Theorem 3.1.
This complete the proof.

We provide the following example for the demonstration of Theorem 3.1.

Example 3.1. Let X = [0, 00] with hyperbolic metric d(z,y) = |z — y|. Set A:

Let A= {%,5} and Set B = {7, x2;“2} . Define a mapping K : X — 2% by

Also, define o : X x X — [0, +00) and ¥ : [0, +00) — [0, 4+00) by
4, =,y € [0,1],
alz,y) = et iy >1.
0, otherwise.

where x is an arbitrary point in X and K is a multivalued map. Since K is a-1)-
contractive mapping, there exists xq € X such that

a(zo, Kzo) > 1,

and so for g = 1, we have

That is, K is a-admissible.
To show that the mapping K defined on X = [0, co] with the hyperbolic metric d
satisfies the a-y-interpolative multivalued contraction condition of inequality (3.1),

follow these steps:
Calculate Kz and Ky
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For z,y € X: -
A=k = 5.5]
pra= [ 20

Calculate H(Kxz, Ky). Define the Hausdorff Metric H, for two sets A and B in a
metric space (X, d), the Hausdorff metric H is defined as: The Hausdorff metric is
defined by

H(A, B) = max {Sup d(z, B), supd(y, A)}

acA yeB

where

d(z,B) = ggg |z — 0|

We begin by calculating the following Hausdorff metric. Specifically, for any
x=1¢€ A, we can choose y = 2 € B such that:

d(z,y) =1 -2| =1
d(w, Kx) :d(l [1 1]) :mf{du,%),d(l,%)},
{ll— sl
=t {21 ]3]} =
dty sey) =a(2 [52]) = me {a02. 5).a(2.2) }.
a1

=0. (3.33)

(3.32)

1
2
inf

B o
3 2 2

1 1 1 1
supd(a,B) =supla— =| == — - = =,
acA acA 2 2 3 6

1 1 3
supd(b, A) = sup |b — _‘ =2--==:
beB beB 2 2 2
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13

3
H(A,B) = S G
( 9 ) max{672} 27

() )

Existence of y € B: For any x € A and any « > 0, there exists a point y € B
such that
d(x,y) < H(A,B) +a.

1<15+ a.

However, for certain points z € A, there may not be a y € B such that
d(z,y) < H(A, B).

For example, for z = 1 € A, the closest point in B is 3, but d(1,3) = 2, which is
greater than H(A, B) = 1.5.

Compact Set B: Now, if we modify B to be a compact set, the situation changes.
Existence of y € B: For any z € A, there always exists a point y € B such that

d(x,y) < H(A, B).

Since B is compact, every x € A will have a corresponding y € B that meets this
condition.

This example demonstrates how the properties change based on the compact-
ness of set B.

Applying all of the above equalities in inequality (3.1), we obtain

a(1,2)1.5 < Y(Nu(x,y)), (3.34)

where
Ny(x,y) = [1]%.[0.25)' . (3.35)
implies that

0 < (0.25').

Suppose a = 0.25, n =1 and 9 (t) = % in the above inequality, we get

(0.25"7),
W

(0.35),
1
0.

IA A

IN

20.35°
0

o o O O

IN

785.
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This shows that the conditions in Theorem 3.1 are satisfied. Since K has two fixed
points 0 and 2. If the above steps hold, the mapping K satisfies the a-y-multivalued
contraction condition.

We give the following corollary as a generalization of Theorem 3.1.

Corollary 3.1. Let (X, d) be a complete compact hyperbolic metric space. Consider
two compact sets A and B in X with a mapping K : X — X called an a-y
multivalued interpolative Reich-Chatterjea such that

(e, ) H (K, Ky) < v [ate.)] e Kyl Ko ), (336)

forallz,y € X and a+b < 1. Then IC has a fixed point z € X and for any x € X
the sequence of iterate {KC"x} converges to z.
Proof. Let xq be an arbitrary point in X and K be a-admissible such that

a(xg, Kxg) > 1.
Consider the sequence {z,} C X defined by
Ty, =K'z =Kz,

and

T, O Kz,
xn—i—l — 2 P

for all n € N.

We prove that d(z,,z,11) — 0 as n — oo.

If for some n we have d(x,,x,+1) = 0, implies that x,,; = x, for some n € N,
then x = z,, will be a fixed point of .

So, we suppose that d(x,,z,+1) >0,V n > 1. Using (3.36), we get

(T, Tps1) H(Kn, Ktnyr) < ¢<[d<xn,xn+1>1a.[§d<xn,fcxn+1>]b.
[d(xn-i-la chn)]l—a—b)'

Since a(x,, Tpe1) > 1, we have

1

H(K2p, Kznir) < 4 (d(xn, Tni1)]" bd@m $n+2>} b'[d(xn—i-h xn+1)]1_a_b>,
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Applying Remark 2.1 and Definition 2.1, 2.7, we get

B2d<xna CCn—i-l) + 62d(xn+17 CCn—i-Q):| b

Bad(@ns1, wsz) < 0 ([Bad(@n )" | ;

[d(ny1, xnﬂ)}ka*b) )

/82d<wn+1axn+2) S ¢(0)7
d(Tpi1, Tng2) <0,

implies that d(z,11,2Z,+2) = 0, which is a contradiction. Hence {z,} is a Cauchy

sequence. The other steps of the proof of this corollary follows a similar proof to

Theorem 3.1. It completes the proofs.
The following corollary is provided due to the usefulness of Theorem 3.2.

Corollary 3.2. Let (X,d) be a complete compact hyperbolic metric space with
A and B closed compact subsets in X and K : X — X be an a- multivalued
rational interpolative Reich-Kannan type mapping concerning n. Assume that

z,y € X,Oé(iL‘,y) 2 77(515,9) — H(KxJCy) S w(MH(xay»? (337)

where Y € VU and

d(y, Ky)(1 + d(z, Kx))] -

My(z,y) = [dz,y)]" 1+ d(z, Kz)

Also, suppose that the following assertions hold:
(1) there exists xg € X such that a(xy, Kxg) > n(xe, Kxg),

(i1) either IC is continuous or for a sequence {x,} in X with a(x,,Tpi1) >
N(Zn, Tny1) and x, — x as n — oo, we have a(x,,x) > n(r,,x) for all

n € NU{0}.

Then IC has a fized point.
Proof. The proof of this corollary follows a similar proof to Theorem 3.2. This
completes the proofs.

4. Some Applications
This section addresses the application of functional integral inclusion and non-
linear mixed integral equations in hyperbolic metric spaces.
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4.1. Existence of the Solution for Functional Integral Inclusion in Hy-
perbolic metric Space
In this subsection, we investigate the existence of a solution to the functional
integral inclusion for demonstration of Theorem 3.1 in a hyperbolic metric space.
Consider the following functional integral inclusion from Dhage [8, 11, 36].

s(t) o(t)
z(t) € q(t) +/0 ki(t,s)F(s,x(0(s)))ds —i—/o ko(t, s)G(s,v(n(s)))ds, (4.1)

t,s € J, where J = [0, 1] is the closed and bounded interval in R. ¢ : J — R,
kike: JxJ—R, F,G:JxR— LY JR)and,0,0,n:J— J.
Equation (4.1) can be transformed as a function z € C'(J,R) that satisfies:

s(t) o(t)
z(t) = q(t) + /0 ki(t, s)x1(s)ds + /0 ko(t, s)y1(s)ds, (4.2)

for some z1,y; € L'(J,R), z1(t) € F(s,2(0(s))) and y; € G(s,y(n(s))) and t,s € J.

Definition 4.1. [11] A measurable multivalued function F : J — L'(J,R) is said
to be integrable bounded if there exists a function h € L*(J,R) such that ||v]| < h(t)
andt € J for allv € F(t).

Definition 4.2. [11] Let X be a Banach space with norm ||.|. A multivalued
function 8 : J x X — LY(J,R) is called Caratheodory if

(i) t — B(t,x) is measurable for each x € X, and

(i) x — B(t,x) is an upper semi-continuous almost every where for t € J.

Definition 4.3. [11] A Caratheodory multivalued function B : J x X — X is called
L'-Caratheodory if for every real number r > there exists a function hr € L*(J,R)
such that

[E(tx)] = supflle]: 2 € F(t,2) < hr(t)},

forte X and u € X with |u| <r.
Now, we formulate the following theorem.

Theorem 4.1. Assume that the following hypotheses hold:
(i) The functions s,0,0,n,( : JJ — J are continuous.

(ii) The function q : J — R is continuous.
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(11i) The functions ki, ko are continuous on J x J with \y = max; sc; |k1(t, s)| and
Ay = max; ey |ka(t, 5)|.

(iv) There exists a function X € L*(J,R) such that
H(F(t,u), F(t,ug)) < Ai|ug — ugl,
H(G(t,v1),G(t,v2)) < Xa|vg — val,
forallu,v € X, t € J and A = \is(t) + Ao (t) < 1, a(z,y) > 1,
where

a(x,y)H(Kz, Ky) =H(F(t,x1), F(t, 22)) + H(G(t,y1), G(t,y2))
<\d(z,y) (4.3)

Nia(9) = d(z.y) = (NG, ). | 22T L A DTy

2
Then, K has a fized point.

Proof. We prove that K is a contraction in X. By using the hypotheses imposed
in Theorem 4.1.
Let K : J — L'(J,R) be a multivalued mapping. Denoted by

s(t) o(t)
Kx(t) = q(t) + /0 ki(t, s)xq(s)ds + /0 ko(t, s)y1(s)ds. (4.4)

We have

[Kz(t) — Ky(t)]

IN

o(t)
—i—/ 1(t,s)z1(s)ds +/ ka(t, s)yi(s)ds —
0 0
€(t) o(t)
+/ 1(t, 8)zo(s ds—l—/ ka(t, s)ya(s)ds,

0

[e=]

IN

o(t)
/ ki(t, s)|x1 — z2|(s)ds —i—/o ka(t, s)|ly1 — yo|(s)ds

0

<(t) o(t)
/ )\1|.’L’1 — l‘2|d8 +/ )\2|y1 - y2|d5

Al\ml—xg\/ ds + Aa|y1 — y2’/

Atlz1 = z2[(t) + Alyr — y2lo(2),
Ats(t)[z1 — 22| + 2o () y1 — v,
A1s(t) + Ao (t) ]z — gy,

Alz —yl.

|z —yl.

IN

H(Kx, Ky)
H(Kz,Ky)

VAN VAN VANSN VANRN VAN VAN
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Consequently, we have

d(x,Kz) + d(y, ICy)] 1*0‘

H(Ke,Ky) < [dw, )" ;

For the a-1y property, we have

d(u,su) + d(v, cv)] 1a>. (4.5)

a(w,y)H(Kz, Ky) < v (ld(u, v))". [ F=25

Thus, the functional integral equation (4.2) has a fixed point which is also a
solution to equation (4.1). Hence, our proof is completed.

4.2. Existence of the Solution for Linear First-order Partial Differential
Equation on Hyperbolic metric space

In this subsection, we apply Theorem 3.2 to establish the existence of multi-
valued solutions for a class of first-order hyperbolic partial differential equations
in conservative form and show that the associated multivalued solution operator
satisfies the assumptions of Theorem 3.2 in the framework of a hyperbolic metric
space.

Consider the first-order hyperbolic partial differential equations (PDEs) from
40, 44] using fixed point theory approaches. Let X = R¢ x R* be the space-time
domain and let v : X — R be a classical solution of the linear first-order partial
differential equation in conservative form

Ou(z,t) + V- (v(z, t)u(z,t)) =0, (z,t) € X. (4.6)

Let v € [CY(U)]? be a continuously differentiable vector field and assume the
initial condition

u(z,0) = ug(x).

where

u(x,t): A scalar field (unknown function) depending on space z € R? and time
t > 0, interpreted as density, temperature, or concentration.

X (t;€): Characteristic curve (trajectory in space), satisfying

dX
where ¢ is the initial position of a particle.
Lu(X(t;€),t): Total derivative of u along the trajectory X (¢;&), measuring
change of u along the flow.
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Oru(X (t;€),t): Partial derivative with respect to time, describing variation at
a fixed spatial point.
Vu(X(t;€),t): Spatial gradient of u,

Vi = (a“ %) . (4.8)

Oxy  Oxy

v(z,t): Velocity vector field governing motion of particles in the medium.

v(X(t€),t)- Vu(X(t;€),t): Advection term representing directional derivative
of u along the flow.

V - v(z,t): Divergence of velocity field,

d
V.U_Z(%i

- 9
i=1 Oz;

(4.9)

measuring expansion or compression of the flow.

—(V - v)u: Reaction term describing compression/expansion effects; positive
divergence leads to decay, negative divergence leads to growth.

This identity represents the chain rule along characteristics for transport equa-
tions: change of u = local time change + transport by velocity field + modification
by divergence of the flow.

Then u(z,t) is given by

ulalts€).0) = (@ e (- [ V(). 9) ). (4.10)

along the characteristic curves X (¢;€), X : R* x R? — R, defined by

ij_)t((t;g):v()((t;g),t), E>0,  X(0:6) =€ (4.11)

We establish the following theorem.

Theorem 4.2. Let X = R?x R* be the space-time domain and let u: X — R be a
classical solution of the linear first-order partial differential equation in conservative
form (4.6) the following conditions hold:

(i) Let v € [CH(U)] be a continuously differentiable vector field,

(i1) for each x,y € X, we have

V- v((s:€),8) = Ve uly(s;€),s)] < e Mo —yl,
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forallz,y e X, t>0,

where

My (z,y) =d(z,y) = [d(x,y)]* [d($7 Kx) —2f- d(y, ICy)] b.
d(z, Ky) + d(y, /Cx)] 1ot

2

(4.12)

(7ii) there exists

lalloo
- < 1.
S

Then, K has a fived point which is a solution of the linear first-order partial
differential equation (4.6).

Proof. Let £ : X — CB(X) be a multivalued mapping given by

t
Kula(t:9).0) = wl€) exp (= [ V- vlals9).9)as).
0
We consider the evolution along the characteristic curve x(t;€) and define

alt) = V- v(a(t;€), 1)
Then the transport equation reduces to the linear ODE

d
—ult) = —a(u(t),  u(0) = uo(§). (4.13)

Define the operator K on X = C([0,T]) by
(u)(t) = un(6) ~ [ als)uts) ds

Then: £ : X — X is well-defined. For u,v € X,

t

@~ [ atu s~ (e~ [ ateyets)as)

[(Ku = Ko)(#)] = o i
[(Ku = Ko)(®)] < /0 la(s)| [u(s) — v(s)| ds.

Using weighted norm ||ul[y = sup, e |u(t)], we get
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|l
i — Koy <12
|Ku — Ko|| S%e‘””u—v“. (4.14)

Choosing A > ||a||e, K becomes a contraction. Hence, by Banach fixed point
theorem, K has a unique fixed point u, i.e.

Ku = u.

Taking u = x,v = vy, it follows that

H(Kz,Ky) < [d(m,y)]“.[d(x’lcx) ;d(y”cy)]b.

[d(a:, Ky) + d(y, ICx)} 1*11*5'
2

By the property of ¢ as a non-decreasing sequence, we have

Ak (e [ AR

[d(x, Ky) —;— d(y, ICa:)} 1ab)

(4.15)

Thus, the integral equation (4.10) has a solution which is a solution to the linear
first-order partial differential equation (4.6). Hence, our proof is completed.

5. Conclusion

This paper establishes new multivalued fixed point theorems for éirié—type con-
traction mappings in hyperbolic metric spaces. The obtained results extend and
generalize several existing works, including those of Debnath et al. [9] and Konwar
et al. [34] by incorporating multivalued and interpolative structures within a hy-
perbolic setting. In addition, the study develops Kannan-type and Reich—(jirié—type
contraction frameworks under multivalued interpolative mappings, thereby broad-
ening classical fixed point theory. Illustrative examples are provided to validate
the theoretical results, and applications to functional integral inclusions and lin-
ear partial differential equations, demonstrate the applicability and effectiveness of
the proposed results. Furthermore, this work extends earlier results from standard
metric spaces (e.g., Salimi et al. [42]) to the more general framework of hyperbolic
metric spaces.
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