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Abstract: This article presents a detailed analysis of the spectral and fine spectral
properties of the second-order (p,§)—difference operator A%’q, where (0 < ¢ <
p < 1). The operator extends the classical §—difference operator and is examined
within the Banach space £, (1 < p < o0). In this setting, A%@ admits a matrix
representation characterized by a lower triangular structure with three nonzero
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1. Introduction

Spectral theory is a fundamental area of modern functional analysis with nu-
merous applications. Mainly, it focuses on certain inverse operators, their essential
characteristics, and how they relate to the original operators. These inverse opera-
tors often appear naturally when solving various types of equations, such as systems
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of linear equations, differential equations or integral equations. The spectrum of a
bounded linear operator is a generalization of eigen values of matrix related with
that operator. The fundamental principle of the modern spectral theorem is that
certain linear operators on infinite dimensional spaces can be represented in a “di-
agonal” matrix form. From this diagonal form, we can determine the spectrum of
the operator. The spectrum of an operator can be classified into three parts: the
point spectrum, the continuous spectrum and the residual spectrum. These three
disjoint parts together are refereed to as the “fine spectrum”.

Spectral analysis of bounded linear operators like the Cesaro, Toeplitz, and
difference operators has been a rich area of research in functional analysis and op-
erator theory. The spectrum of these operators and their different forms on various
sequence spaces have been comprehensively studied. The calculation of spectrum
of the difference operator A (Ayy = yx, — yr+1) were initially investigated by Altay
and Basar [6], Kayaduman and Furkan [27], and Akhmedov and Basgar [1, 2] in the
sequence spaces ¢,, ¢; {1, bv and ¢, bv, respectively. Moreover, the spectrum of var-
ious kinds of difference operators like A? [15], B(r, s) [7, 10, 16, 19], B(r, s, t) [11, 20,
21]7 A, [3a 36, 37]7 A [47 17, 18]7 A?w [33]7 Azzww [34]7 and A(phpQ; 41, q2; T177"2) [21]
were determined by many researchers over different sequence spaces. Yesilkayagil
and Basar [46, 47] determined the fine spectrum of the Lambda matrix over the se-
quence spaces ¢y and ¢. Diindar and Bagar [14] calculated the fine spectrum of the
upper triangular double band matrix A* on the sequence space ¢y. Yesilkayagil and
Basar [48] wrote a research paper on the survey for the spectrum of upper triangle
over sequence spaces. Ayman-Mursaleen [29] studied about the Quadratic function
preserving wavelet type Baskakov operators for enhanced function approximation.
This work introduces advanced operator constructions that could inspire further
spectral studies of generalized difference operator. Hon et al [23] studied about
the spectral distribution of symmetrized Toeplitz sequences. It deals with spectral
distributions of structured matrices, directly complementing our spectral analysis
of banded infinite matrices. Subsequently, considerable attention has been devoted
to the computation of the spectrum of quantum versions of different matrix opera-
tors. The spectrum of §—Cesaro matrix was calculated by Yildirim [49], Durna and
Turkay [39], Kalita and Dutta [25] over the sequence spaces cg, ¢ and £, respectively.
Spectral study of second order g—difference operator was done by Yaying et al. [5,
43], Kalita and Dutta [26]. Yaying et al. [44] determined the spectrum of weighted
g—difference operator over the sequence space c¢y. Recently, the spectral analysis
of §—analog of well-known operators, such as the difference operator, has attracted
growing attention. However, to the best of our knowledge, no attempt has been
made to analysis the spectrum of a second order (p, §)—difference operator. Thus,
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the aim of this paper is to investigates the spectral properties of a second order
(p, §)— difference operator in the space £, (1 < p < 00).

The concept of the (p, §)—analog is a two parameter generalization of the clas-
sical §—analog and ¢—analog is a one parameter generalization of classical math-
ematical objects like numbers, functions, and operators. The (p, §)—analog of an
expression reduces to its g—analog when p = 1 and the g—analog further converges
to the original expression as ¢ — 1. In recent mathematical research across diverse
areas such as combinatorics, approximation theory, difference and integral equa-
tions, quantum algebra, operator theory etc., both (p, ¢) and §—calculus have been
used extensively. The paper written by Ayman-Mursaleen and Serra-Capizzano [30]
connects ¢— calculus with approximation theory and convergence methods, pro-
viding a broader context for ¢-difference and (p, ¢)— difference operators. Ayman-
Mursaleen et al. [31] studied about the shape preserving approximation properties
to family of a— Bernstein shifted knot operators. This article demonstrates the
utility of parameter-dependent difference operators in approximation theory, rele-
vant to the (p, §)— framework.

The (p, ¢§)—analog [m]z 5 of m for 0 < ¢ < p <1 can be determined as

P =@ 193
[mlp.q = pP—q
0, m = 0.
One might observe that [m;5 = [m]s; whenever p = 1 and [m|; = m whenever
¢ — 17. The (p, §)—analog ) of binomial coefficient (Tg) can be determined

as

(Z)MZ [m [Z]T![k]ﬁ,q!’ mzh

Where, the (p, §)—analog of the factorial, i.e. (p,§)—factorial, is defined as

[m]ﬁq! _ { lel[k} N

For an in-depth study of quantum calculus, we refer to the book [24] and the
articles [13, 40, 41, 45]. The (p, §)—analog of the second-order difference operator
is defined as

<A§,é“)k = pur — (P + §)ur—1 + Gug—o, forall ke N
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and any term with negative indices are zero. The matrix representation of this
operator is given by

TRy o o @

We note that the (p, §)— difference operator reduces to the G— difference operator
when p = 1, and the additional parameter p introduces genuinely new behavior
in the spectrum and fine spectrum of the operator. This two-parameter freedom
allows finer control over the spectral geometry than is possible in the one-parameter
setting, which is the main novelty of the present work.

The ny, order (p,q)— difference operator for any function f(x) is defined as

n—1

Afanf (@) = [H(ﬁth - dj)] f(z),

J=0

where E is the shift operator which was introduced by Bustoz and Gordillo [12].

2. Definitions and Preliminaries

Let U and V' be two Banach spaces and M : U — V a linear operator. The
operator M is said to be bounded if for all w € U there is a real number r such
that ||Mu|| < r||lul|. Again, the collections, R(M) ={v eV :v = Mu, ue U}
and B(U,V) ={M : U — V : M is continuous and linear}, are termed as the
range of the operator M and the set of all bounded linear operators from U to V
respectively.

The operator M* : V* — U~ is called as the adjoint operator of M, where U*
and V* are the dual spaces of U and V' and the operator is defined as (M*g)(u) =
g(Mu) for all g € V* and u € U.

Again consider M : D(M) — U where D(M) denotes the domain of the
operator M, i.e. the subset of U on which M is defined. From M we can construct
a new operator, My = M — &I, where £ € C and [ is the identity operator. If M,
has an inverse, then the inverse will be My ! = (M — £1)7".

Definition 2.1. A regular value £ € C of M is such that Mgl exists, bounded and
defined on a set which is dense in U. The collection of such & is called the resolvent
set and is denoted by p(M,U).
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Definition 2.2. The spectrum of M denoted o(M) is the collection of all £ € C
which belong to complement of the resolvent set, i.e. (M) = C — p(M).

Further, o(M) is classified into three disjoint subsets, namely, the point spec-
trum o,(M), the continuous spectrum o.(M), and the residual spectrum o, (M)
which are defined as follows:

o 0,(M)={¢eC: Mgl does not exist},
e 0. (M)={eC: ]\4{1 exist, unbounded and defined on a set that is dense in U},
e 0. (M)={¢e€C: M{lexist, may or may not be bounded and is not dense in U}.

There are more subdivision of the spectrum of a bounded operator such as approx-
imate point spectrum o,,(M), defect spectrum o5(M) and compression spectrum
0co(M), which are defined as follows:

o 0, (M)={(€C:(M—¢I) is not bounded below},
o o5(M)={(€C:(M—EI) is not surjective},
o 0, (M)={¢e€C:R(M—-EI)#U}.

To know more about the fundamental Theorems on functional analysis, sequence
space, summability theory and spectrum of linear operators we refer to the books
9, 32].
3. Goldberg’s Classification of Spectrum
Based on the nature of the set R(M) and the operator M, Goldberg [22]
gave a detailed classification of the spectrum of an operator which is discussed.
For the set R(M¢) and the operator M, ! there are various possibilities:

P:R(M)=U 1: ]\/[g1 exist and is continuous.
Q:R(Mg)=U, but R(M) #U 2: M{l exist but is not continuous.
R:R(M) #U 3: Mg " doesn’t exist.

By combining these possibilities, we get nine various states and they can be iden-
tified as Py, Py, P3, Qq, Q2, Qs3, Ry, Ry and Rs. If Mg € P, or Mg € Qq, then
£ € p(M,U). If Mg € Ry then Mgl exist and unbounded and R(M;) # U and
we get & € Roo(M,U). These classifications can be summarized in the following
Table-[1].
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1 2 3
P e p(M,U) — £ €ao,(MU)
€€ 04p(M,U)
Q Eep(M,U) E€a.(M,U) £ €o,(M,U)

fGUg(M,U) 6605(M,U)
€€ 04p(M,U) €€ 04p(M,U)
R € (MU) Ee€o.(MU) £ €o0,(M,U)
feag(M,U) fEUg(M,U) fEU(s(M,U)
£ € 0.,(M,U) £ € 0.(M,U) € a,(M,U)

€ € 0,(M,U) € € 04(M,U)

Table 1: Goldberg’s classification of spectrum of linear operator

We use this classification for the proof of the Theorems 4.11, 4.12 and 4.13.

Proposition 3.1. ([8], page 28) Spectral and sub-spectral relationships of an op-
erator M and its adjoint operator M* are provided below.

(a) o(M*, V") =o(M,V),

( ) Uap(M*7V*) = Jé(Mv V)7

(¢) os(M*,V*) = 04p(M, V),

(d) o, (M*,V*) = 00o(M, V),

(e) (M, V) = 04p(M, V) U0, (M*, V") = 0p(M, V) U 0ap(M*, V7).

Lemma 3.2. ([22], p. 60) The adjoint operator M* of M is onto if and only if M
has a bounded inverse.

Lemma 3.3. ([22], p. 59) The bounded linear operator M : U — V has dense
range if and only if M* is one to one.

Before going to the main results we state a remark, “if z is a complex number
then /2 means the square root of z with non-negative real part. If Rey/z = 0,
then y/z means the square root of z with Im(z) > 07.

4. Spectrum of A2 .(p, —(p + §),q) on £, (1 < p < o)

Theorem 4.1. A%,q € B(t,) with (p* + (p + q)P + dp)l/p < HA%@H% <2(p+4q) for
O<g<p<l.

Proof. The linearity of A%q is straightforward to prove, so it is omitted. Now,

consider e = (1,0,0,...) in £,. Then (A%yq)e(o) = (p,—(P+4q),qG,0,0,...) and it
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is obtained that
1(A2 e,

foq, = @+ @)

From this, we get, (5 + (p+q)? +¢°)"/*< [|(A2 ;)e||. Again, for any u = (uy) € £,
and using the Minkowaski inequality we get
1/p
123 zulle, = <Z ‘Quk—l + (=P + @) ur + pugs p)
' 1/p 1/p
< <Z ‘@kal p) + (Z ‘(15 + q)ux P) + <Z ‘ﬁuk+1
2 2 k

=@+ @+ a) +p)lulle, =22 + Dlfulle,

1/p
p)

As a result we get, (5 + (+ )7 + ¢@)'" < [|AZ,]l,, <205 +4).
Theorem 4.2. 0,(A%.¢,) = 0.

D,q°
Proof. We prove this theorem by the method of contradiction. Consider,
ap(A]%,q,ﬁp) # ¢. Then for any 0 # u € ¢, with (A%q-)u = &u, we get the following
equalities;

puy = Eug

—(p+ Quo + pur = &y
quo — (p+ q)us + pus = Euy

qum—Q - (ﬁ + CDum—l + ﬁum = €um

Since u is assumed nonzero, some u,, is the first non zero entry; substituting
into the recurrence forces £ = p. Putting the value of £ = p in the proceeding
equation for u,, forces w,, = 0, contradicting the choice of u,, as nonzero entry.
The contradiction establishes that no such nonzero u exist. Thus ap(Aqu, 0,) = 0.

Lemma 4.3. ([42], p.126) The matriz A = (anx) defines a bounded linear operator
T € B(ty), mapping ¢, to itself, if and only if the supremum of {1 norms of the
columns of A is bounded.

Lemma 4.4. ([42], p.126) The matric A = (anx) defines a bounded linear operator
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T € B(l), mapping s to itself, if and only if the supremum of {1 norms of the
rows of A is bounded.

Lemma 4.5. ([28], p.174, Theorem 9) If 1 < p < 0o and A € ({1,41) N (oo, o).
Then A € (€,,0,).

Theorem 4.6.
o825 6) ={eeC: 26 -9 < |G+ + VGE+D? — 45—}
Proof. Let us consider the set
s={eeC:RG-9I< |G+ +vVE+a7—4G-9i|}.

At the first part of this proof we will show that (A2 . —&1)™" € (£, () for £ € C\S
and at the second part we will establish that (A;jq — &I)7! fails to be bounded on
l, for £ € 5.

Now, we proceed to first part. let £ ¢ S. So, we get £ # p and this implies
(AZ. — &I) has an inverse and it is a lower triangular matrix, its inverse can be
obtained easily which is as follows

(A;g—ff)’l: m3 mo myp 0

Where o oy e
SN (O )k (kY
p—§ (P —¢&)?* P-9*
Here the sequence (my,) satisfies the following recurrence relation

mq =

—_— (D + @)mp—1 — Gmp—2 for k> 3.

p—E§

From this recurrence relation, we get the characteristic equation as

(p—&uw* = (P+uw+¢=0,
whose solutions are

P+ +Vo+’-46-97 0+ -+ -4 -9d
) i 26— ) |

w, =
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From elementary calculations on recurrence sequence, we get
k k
wy — Wy

VE+3)? -4 -9q

Now, we can proceed in two cases.

mp —

Case 1: If (p+q)? = 4¢(p — £), then we get

e (ﬁ2f6> L%ﬁ)ﬁ

It can be easily proved that (my) € ¢, iff ’%’ < 1. So, £ ¢ S implies that

(mk) S fp.

Case 2: If (p+ q)? # 4G(p — £), here we analyze two sub-cases.
Sub-case 1: If (p + §)* < 4¢(p — &) i.e. the discriminant is negative.

We now note that w; and ws are complex conjugates, so |wi| = |ws|. Since
€ ¢S, we have |w| < 1 and it implies |wq| < 1.
Sub-case 2: If (p + ¢) > 4q(p — €) i.e. the discriminant is positive.

Since £ ¢ S, we have |w;| < 1. Again using the inequality |1 — /2| < |1+ /7]
for any z € C we get,

B+q) | VOE+D>—4(—9q
2(p — ) 2(p — €)

G+d)  VE+D*—46—-9q

2(p—¢) 2(p—¢)

— |w2| < |w1| < 1.

IN

So, for both the sub-cases we have |w;| < 1, |wy| < 1 and using this in equality (1),
it is obtained that lim m; = 0. Now, we determine the ¢; norms of the inverse

. k—o0
matrix :
o [e’e]
1(AZ ;= €D o) = 2}6152 il = |mal
i=k i=1

L IS  CTA W
Vot -10-01 (;'w1| +i21‘ 2|>< |
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is finite. This lead us to the consequence (A2, — &I)™" € (lo, loo) ([42], p.126).
Now, using Lemma 4.5 we get

(A =& e (6L b) N (o b)) = (A5 =617 € (6, 0).
This proves that
o(AZ . 0,) CS. (2)

p,q’

Now, we proceed to the second part. Let £ € S. If £ = p then, we get

[0 0 0 0 0 i
—(p+9q) 0 0 0 0
, VU B (R ) B 0 0
(A5 =€) = (85— 1) = 0 i —(G+q 0 0
0 0 i —(+q 0

Now (A2, —Iu=60 = u=40. So, we get (A2, —1):{, — {, is one-one
but not onto. This implies (AZ . — I) is not invertible.

If we take £ from S other p then from Case 1, it is obtained that >1

(P +4) ‘
25— &)
It implies that (AZ. — &)~ ¢ B({,). Again, from Case 2, it is obtained that
|wi| > 1 and the inequality |w;| > |ws|, which directly implies that (wy) - 0 and
50 ooy |w;|P diverges. Consider v = (1,0,0,...) € £,. Then (A2, —&I)" o =
(m1,mg,ms, . ..), which doesn’t belong to £,. Therefore (A2, —£&I)~! ¢ B((,), as
a result we get

S Co(Agb). (3)

D,q’

From (2) and (3), it is obtained that o(AZ2 ;,(,) = S.
Lemma 4.7. ([38], p. 215) For any A € B({,) (1 < p < 00), the adjoint operator
A* € B({,) , where Il? + % =1,1< g < oo and can be represented by the transpose

of the matrixz A.
Theorem 4.8.

o((A2) 62 t) = {eeC: G- < |G+ +VE+D? 46— |}
Proof. Let us consider the set
Si={¢eC:26-9)<|G+a)+vVE+?—4G-07}-
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We first show that
S1 C Up((Aﬁ,q)*ag;; = Kq)-
Let £ € S1. Now solving (A2 ) u = Eu, for 6 # u € £} = {,, we get the following
linear equations
ﬁUO — (]5 + Q)Ul + (jUQ = SUO
pur — (P + qJuas + qus = Euy

Pur — (P + @)up+1 + quisa = Suy

Now, if we take & = p then we get an eigenvector (1,0,0,...) corresponding to
& = p. We consider ¢ € S; other than p. The above linear equations can also be
expressed in terms of u; and ug as

(G+a), D¢

= 11— ——= U
q q
p+4)?*—qp— pP—8){P+4q
VA e SR TSI R
q q
S ek Y
U = mk<~p271 6) uy — mk71~(]<:])71 5) Up; k’ Z 2 (4)
b q
Here (my) comes from equality (1). Now, we can find the eigenvector (uy) for
¢ # p. Here we can make a choice for ug and u;. Let, ug = 1 and u; =

20— ¢)
(b+q) + /(b +d)? 445 — €
roots of the characteristic equation (p — &)w? — (p + QJw + ¢ = 0. So, we get

. Already, we have obtained that w; and wy are

- e
W1. Wy = — q and Wy — Wy = \/(p+ Q>~ Q(p f)
P p—¢
It can also be seen that u; = le Using, these facts in the relation of the

sequence (uy), we get

_mp = mea(p -9 (p;é“)k i
q

g1 U1 Gh—1 (p - 5)(—mk—1uo + mkul)

—wb k! wh — wh _Q
w

= 1?79 <\/(ﬁ+ P —16-9 Vo119
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1 p—£ k—1 k—1 k—1 k. —1
= —— — (—wi™ +wy  +w —wswy )
wi ™t ws ™ /(p+ ¢)2 — 44(p — €)

B 1 1 = wp) 11 1
= Th 1 k1 Wy - = %1, F_ Y
Wy "Wy w1 — We w1 Wy W1 wy

Finally, we obtained that the sequence u, = u]f for all £ > 2. If we consider w; = wy
i.e. for the case (p+ q)? = 4¢(p — &), we get the same result. Here, it is clearly
seen that the sequence u = (u;) € £} since |ui| < 1. As a result, we get

S1C 0,((AZ)" ). (5)

p.q

Now we consider £ ¢ S ie. |2(p —&)| > ‘(1 +q)++/(P+ 9?2 —4(p—&q|. It
implies |1/w;| > 1, or |wy| < 1. Here, we have to show that
¢ ¢ 0p((855)" o)
From equality (4) it is obtained that
M1
uk+1:(ﬁ—§>(mk) ot my o
U (j mp—1 —ug + Mk U1

Mig—1

Based on the roots w; and ws, we will consider three cases.

Case 1: |wy| < |w;| < 1. For this case, we get (p+ §)? # 4G(p — &) and

. oy wi T — gt
lim = lim = lim ——F— =w;.
k—00 ME_1 k—oo TNy k—o0 w7y — Wy
Again, from equality (4) we get
. k—1
_(p—¢ .
w= " (P — &) (=my—1up + myuy). (6)

w

If —up + wyu; = 0, then from equality (6) we get, (ug) = (%) which doesn’t
1

belong to ¢, since |w;| < 1. Otherwise,

1 1

 Jwi |9 wal

1
Uk11 o |? = —— > 1
ug, |ws |7

lim

k—o0
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Case 2: |wy| = |w;| < 1. For this case, we get (p+ ¢)* = 4G(p — £) and using the

formula
2%k g 1"
my = ( > { p+d } Cforall k> 1.
p+q) [2(p—¢)
we get that
: mp [T | p+q T g
lim = |—= |w,|
k=00 | M1 2(p —§)
which leads to
q
1
lim |51 — w1 > 1
k—oo | U |w1’qyw2‘q ’ ‘q

This implies (uy) doesn’t belongs to ¢,.

Case 3: |w| = |wy| = 1. For this case, we get (p+G)* = 4G(p—&) and b4 + 7= 1.

Assume that & € 0,((A2;)*,£,). This implies there exist § # u € £,. Now, rewriting
equality (4) we get

~ ~\ k—1 ~ ~

2q

Since limy_ oot = 0 = limp_ o0 [kul — (k- 1)p2+f1u } = 0 and we must have

ug = u; = 0. Consequently, it implies © = 6, a contradiction.
So, we get £ ¢ 0,((A2 )%, ,) and it implies

ap((A34)" L) C S (7)
From (5) and (7) it is obtained that o,((AZ )", €) = Si.
Theorem 4.9.
or(A20) = {€ € Crl2(5 - €)| <

Proof. From Lemma (3.3), we get 0,(AZ 5, 0,) = 0,((AZ2 ), £)\op(AZ 4, 0p). Now

X
applying the Theorems 4.2 and 4.8 we get the required result.

Theorem 4.10.
0Dl = {€ € C 2= = |5+ 0 + Vi + 7 — 4G - )

G+ D) +V+7” =46 -9d|} -

b
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Proof. We have J(A%q,é ) = 0p(A2.,0,) U o, (A2, 0,) Uoo(A2; L) and the
corresponding sets are pair-wise disjoint. Now applying Theorems 4.6, 4.8 and 4.9,

we get the required result.

Theorem 4.11. P30 (A2, 0,) = 5.3 P,
Proof. From Table-[1], o (qu, P3o(AZ ., 0,) UQaa(AZ 4, 6p) URo (A2 4, 4y).
Again, from Theorem 4.2, we get 0,(A%.,¢,) = () and consequently obtain the

. D,q’
required result.

(Q:J,O'(A2~ 5 ) 1%30'(A2~ - L ) — @
tp) =

Theorem 4.12. The operator Afm satisfies the following relations

(a) Qeo(A2,,6) = {€ € C: 26— )| = [+ 0 + VG + 2 — 4G - 5ﬂ
(b) Roo(A2,,6,) 2 {e € C1 12— )] < |5+ @) + V(5 + 0 — 46 - )4
(©) Rao(A2,,,) € {1},
Proof. We have from Table-[1] that o.(AZ. () = Quo(AZ.,¢,). Now using
Theorem 4.10, we get the result (a).

Again, from Theorem Theorem 4.6, if for any & € ar( pq, 2,)\{1} then the op-

erator (A2, — &)~ ¢ A2 .((,). From this, we get 0,(AZ 5, £,)\{1} C Rao (A2, ¢,)
and Ryo(AZ ., 0,) C {1}.

Theorem 4.13. For the operator Afm the following results hold.

H/—’W—’

1}

2) up(D20, ) 2 {E € T2 W) < |G+ @) + VG + a7 — 46— O3 }\ 1),
b)a<Uﬁ»,@>:{5ec:u@—fﬂg}@+qw+¢@+qy—4@—sm},
0) 05835 4) = {€ € C: 26— O < |+ + VG +3” — 4G - )a|}

®a<pm> {eecipi-al<|G+d+vGE+i7—1G-9a|}-

(
(
(
(

Proof. From Table-[1], we get 04,(A2 ., 6,) = o(A2 ., 6,)\Rio (A2 £,). Now ap-
plying the Theorems 4.6 and 4.12 we get the result (a). The result (b) is obtained
from the relation (e) in Proposition 3.1. The result (c) is obtained from the re-
lation (b) in Proposition 3.1. The result (d) is obtained from the relation (d) in

Proposition 3.1.

5. Conclusion
In this article, we have carried out a detailed spectral and fine spectral analysis
of the second order (p, §)— difference operator A ; over the sequence £, (1 <p <
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00). We showed that Ag ; is bounded on ¢, with explicit norm bounds. Applying
Goldberg’s cla851ﬁcat10n We obtained the precise sub-classification of the spectrum
of the operator Ap,q. Since Az%,é reduces to the well-studied ¢— difference operator
when p = 1, our results recover and generalize the existing one-parameter theory
to a genuinely two-parameter setting.

Future scope: The spectral and fine-spectral behavior of A%q could be studied
over bv,, co, c and other sequence spaces. The analysis could be extended to the
" order (p,G)— difference operator A% ., defined in the introduction.
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