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Abstract: In this paper, we present a fuzzy extension of the interpolative Kannan-
Meir-Keeler-type contraction framework of fuzzy metric space and we generalize
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1. Introduction

Fixed point theory has a wide range of applications in mathematics and applied
sciences. Classical fixed point results such as the Banach contraction principle
Banach S. [3] and Kannan contraction Kannan R. [5, 6] have been extensively
studied and generalized in various directions.

In recent years, a significant development in this area is the concept of inter-
polative contractions, initiated and developed by Karapmar E. and collaborators
Aydi H. et al. [1, 2, 4, 7]. These contractions unify and extend several well-known
contractive conditions. Further contributions in this direction include interpola-
tive Hardy—Rogers type contractions Karapmar E. et al. [14], Boyd-Wong and
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Matkowski type contractions Karapmar E. et al. [12] and interpolative Ciri¢—
Reich-Rus type contractions Aydi H. et al. [1, 10].

Moreover, interpolative contraction techniques have also been extended to more
general settings such as partial metric spaces and simulation function frameworks
Karapmar E. et al. [10, 11]. These developments have opened new directions for
studying fixed point problems under weaker and more flexible conditions.

Another important advancement is the incorporation of Meir—Keeler-type con-
ditions Meir A. and Keeler E. [17], which allow further generalization of con-
traction mappings. Combining these ideas, Karapmar E. [8] introduced the no-
tion of interpolative Kannan—Meir-Keeler (KMK) contractions. Subsequent works
have extended these ideas to more generalized frameworks such as (a, 3,1, ¢)-
interpolative contractions Karapmar E. et al. [9], Perov-type interpolative con-
tractions Karapmar E. et al. [13] and interpolative (¢, ¥)-type contractions Khan
M. S. et al. [15].

On the other hand, fuzzy metric spaces, introduced by Kramosil I. and Michalek
J. [16] and based on the concept of fuzzy sets by Zadeh L. A. [18], provide a
suitable framework to deal with uncertainty and vagueness in real-world problems.
These spaces have been widely used to extend classical fixed point results to more
generalized settings.

Motivated by the above developments, in this paper, we generalize the inter-
polative Kannan—Meir—Keeler contraction framework in the setting of fuzzy metric
spaces. We establish a new fixed point theorem under fuzzy Meir—Keeler-type
conditions combined with interpolative techniques. An illustrative example is also
provided to demonstrate the applicability and effectiveness of the obtained results.

2. Preliminaries
Now, we begin with some basic definitions.

Definition 2.1. A binary operation *: [0,1] x [0,1] — [0, 1] is called a continuous
t—norm if it satisfies the following conditions:

(i) * is commutative and associative;
(ii) * is continuous;
(i1i) a*x1=a, Ya €0, 1];
(iv) a*b < cx*xd whenever a < c and b < d Va,b,c,d € [0,1].

Example 2.2. ax b= min{a,b} and a * b = a.b are t—norms.
Kramosil 1. and Michdalek J. [16], introduced by the concept of fuzzy metric
spaces as follows:
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Definition 2.3. A fuzzy metric space is an ordered triple (X, M, x) such that X is
a (nonempty) set, * is a continuous t-norm and M is a fuzzy set on X x X x (0, 00)
satisfying the following conditions, for all x,y,z € X, s,t > 0

(i) M(x,y,0) =0,
(i) M(x,y,t) =1, ¥Vt >0 if and only if x =y,
(iti) M(z,y,t) = M(y,z,t), (Symmetry)
(iv) M(z,y,t)* M(y,z,s) < M(x,z,t+s),
(v) M(z,y,.): (0,00) — (0,1] is continuous.
Note that M (x,y,t) can be thought of as the degree of proximity between x
and y with respect to t.
We can fuzzify examples of metric spaces into fuzzy metric spaces in a natural
way: Let (X, d) be a metric space. Define a xb = a + b for all a,b € X. Define
M(z,y,t) = t+d{§ j for all z,y € X and ¢ > 0. Then (X, M, %) is a fuzzy metric

space and this fuzzy metric induced by a metric d is called the standard fuzzy
metric.

Definition 2.4. Let (X, M, %) be a fuzzy metric space. Then
(a) a sequence {x,} in X is said to

(i) be a Cauchy sequence if

limy, oo M(2psp, Tn,t) =1, VE >0 and n,p € N,
(ii) be convergent to a point x € X

if limy, oo M (2, 2,t) =1, Vt > 0.

(b) X s said to be complete if every Cauchy sequence in X converges to some
point i X.

Example 2.5. Let X = [0,1] and let * be the continuous t—norm defined by
ax*xb=ab, Ya,b € [0,1]. For each t € (0.00) and x,y € X, define

Lt ift>0
Mz,y,1) = { Feom _
0, if t=0.

Clearly, (X, M, *) is a complete fuzzy metric space.
Definition 2.6. Let (X, M, %) be a complete fuzzy metric space. A mapping
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T: X — X is said to be a fuzzy Kannan type contraction on X if there exist
ke0,1),v€(0,1) and t > 0 such that

M(Tx, Ty, t) > k[M(x, Tz, t) * M(y, Ty, t)*],

Vo, y € X\ fix(T), where fiz(T) ={x € X: Tx = x}.

Definition 2.7. Let (X, M,*) be a complete fuzzy metric space. A mapping
T: X — X is said to be a fuzzy Meir-Keeler contraction (or FMK-contraction), if
for any € € (0,1), there exists 6 € (0,1), and t > 0 such that

l—e<M(z,y,t)<1l—€e+d = M(Tz,Ty,t)>1—¢

3. Main results
We start this section with the definition of a fuzzy interpolative Kannan-Meir-
Keeler-type contraction (or FIMK-contraction).

Definition 3.1. Let (X, M, %) be a complete fuzzy metric space. A mapping
T: X — X is said to be a fuzzy interpolative Meir-Keeler-type contraction if there
exists v € (0,1) such that for all z,y € X\ fiz(T) and t > 0 we have

(i) for any € > 0, there exists 6 > 0, such that

l—e< M(x,Ta, t)"« M(y, Ty,t)' 7" <1—e+6 = M(Tx,Ty,t) >1—e

(i) M(Tx,Ty,t) > M(x,Tx,t)? * M(y, Ty, t)' .

Theorem 3.2. Let (X, M, *) be a complete fuzzy metric space. A mappingT: X —
X is said to be a fuzzy interpolative Meir-Keeler-type contraction. Then T has a
unique fized point in X.

Proof. Pick an arbitrary starting point zo € X and define a sequence {z,} by
Tni1 = Tx,. Thus the sequence becomes:

1 =Txg, vo =T24,..., ©, =Tx,_1, Vn € N.
Thus, by assumption (ii), we have

M(xpi1, Tpio,t) = M(Txp, Ty, t)
M (2, Tan, t) * M(2ps1, TTny1, )

= M(l’n, Tn+1, t)'y * M($n+17 Tnt2, t)li’y,

V

and then equivalently,
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M(ZL‘n+1, Tn+2, t),y > M(xn7 Tn+1, t)’yu

which means
M(In—‘rla Tn+2, t) > M(xn7 Tn+1, t)a

this shows that the sequence of fuzzy distance between consecutive terms is strictly
increasing toward 1. Since M (41, %ni2,t) € [0,1], the increasing sequence is
bounded above by 1. Therefore, it converges to some limit

lim M(xpi1, Tpao,t) =w < 1.
n—oo
Suppose w < 1. We will derive a contradiction using condition (i). Let € > 0 be
small. Since lim,, oo M (Zp41,Tnie, t) — w < 1, for large n, we can find n such
that
1 —w < M(zpi1, Tpiot) <1 —w+d(w),

Thus, condition (i) doesn’t apply and we can not conclude that 1 —w < M (41,
Tna2,t), which is contradicts the assumption that the sequence is increasing and
that’s way we get w = 1.

In order to show that {x,} is a Cauchy sequence, let € > 0 be fixed and we can
consider that § > 0. Since lim,, oo M (2,41, Tpie, t) = 1, so we can find [ € N such
that M (z,, zp41,t) > 1 — € for n > [ and we claim that

M (2, Tpip, t) > 1 —¢, (3.1)

for any p € N. Of course, the above inequality holds for p = 1. Supposing that for
some p, (3.1) holds, we will prove it for p+ 1. Indeed, using the triangle inequality
properties of fuzzy metric space and recursively applying it, we can show

M(.flfn,.fljn_i_p_i_l,t) >1—ce.

Therefore, the sequence {z,} is Cauchy and by the completeness of the space
(X, M, ) it follows that there exists * € X such that

lim z, = 2% = Tx".
n—oo

We shall show that x* = Tz*. Supposing on the contrary, that x* # Tz*, by
assumption (ii) we get

M(x*, Tz*,t) > M(x,, Tz,,t)" * M(z*, Ta* 1) 7.
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But again since x,, — z* and z, 1 = Tz,, both
M (2, Ty, t)  M(2*, Ta*, )77 — 1,

so the inequality leads to M (z*, T'z*,t) = 1, * = Tx* so x* is a fixed point of the
mapping 7.

Corollary 3.3. If T is an interpolative fuzzy Kannan—Meir—Keeler-type contrac-
tion on a compact fuzzy metric space (X, M,x*), then T has a unique fized point.
Proof. Since every compact fuzzy metric space is complete, (X, M, *) is a com-
plete fuzzy metric space. Hence all the hypotheses of Theorem 3.2 are satisfied.
Therefore, T has a unique fixed point in X.

Corollary 3.4. If T is an interpolative fuzzy Kannan—Meir—Keeler-type contrac-
tion on a compact fuzzy metric space (X, M, ), then T has a unique fized point.
Proof. Since every compact fuzzy metric space is complete, (X, M, x) is a com-
plete fuzzy metric space. Hence all the hypotheses of Theorem 3.2 are satisfied.
Therefore, T" has a unique fixed point in X.

4. Examples
Example 4.1. Let X = [0, 1] and define a fuzzy metric M : X x X x (0, 00) — [0, 1]

by
t

Tt le—y|

Let the t-norm x: [0,1] x [0,1] — [0,1] be the product, i.e., a * b = ab. Then
(X, M, ) is a complete fuzzy metric space [16]. Define a mapping T: X — X by

M(z,y,t) for all z,y € X, t > 0.

Twﬁ:g,VxeX

We now verify that 7' is a fuzzy interpolative Meir-Keeler-type contraction.
(i) Fix vy = 3. For any z,y € X \ {0} and ¢ > 0, we compute

t

M(z,Tx,t) = . My, Ty,t) =

t+2

so that

N po\ 12
M(x,Tx,tw-M(y,Ty,t)“:( ) ( ) .
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If this value lies in the interval (1 —¢,1 — e + ¢) for some € > 0, then z,y
must be sufficiently small. In such a case,

M(Tz, Ty, t) = >1—e

R
Thus, condition (i) is satisfied.
(ii) Next, we show
M(Tz,Ty,t) > M(x,Tz,t)" - M(y, Ty, t)' 7.
For example, let x = 0.6,y = 0.2 and ¢ = 10, then

10
Mz, Tz t) = —— ~0.9709, M(y.Ty.t) = —— ~ 0.9901
(@ T2, = 15703 M@, Ty.t) = 157757 ’
and
M(z, Ta,t) - M(y, Ty, )"~ ~ v/0.9709 - 0.9901 ~ 0.9804.
Meanwhile,
10 10
M(Tz. Ty.t) = - ~ 0.9804.
(T2, Ty t) = 102 = 102 ~ 0980

For larger ¢, the inequality becomes strict, so condition (ii) holds.

Since T' satisfies both conditions of a fuzzy interpolative Meir-Keeler-type con-
traction and (X, M, x) is a complete fuzzy metric space, it follows from the Theorem
3.2 T has a unique fixed point in X. It is easy to verify that x* = 0 is the unique
fixed point since 7'(0) = 0.

Example 4.2. Let X = [0, 1] and define a fuzzy metric M : X x X x (0, 00) — [0, 1]
by

M(z,y,t) = Ve,y e X, t> 0.

lz—y|’
L+ 55
Let the Lukasiewicz t-norm: axb = max{0,a+b—1}. Then (X, M, %) is a complete
fuzzy metric space.

Now define a mapping T: X — X by

1 1
z+—, ifxe |0,=],
)2 4 2
I(x) = 11—z 1
2 s 1fl'€(§,1

Claim: 7T is a fuzzy interpolative Meir-Keeler-type contraction with parameter
1
7= 3



102 South FEast Asian J. of Mathematics and Mathematical Sciences

(i) Fix z,y € X \ Fix(T') and t > 0. Then

1 1
- My Tyt)=——

e TG LY T
1+ =Tl L+ 555

M(z, Tz, t) =

Let y= M(x, Tz, t)" * M(y,Ty,t)'~7. Suppose 1 —€ < u <1 —¢€+ 4. Then
x,y are close to their respective fixed points. One can check that for such

x?y’
M(Tx,Ty,t) >1—c¢,

due to the Lipschitz-like behavior of T" and continuity of M. So (i) is satisfied.
(ii) For all z,y € X \ Fix(7T'), we claim
M(Txz, Ty, t) > M(x, Tz, t)" * M(y, Ty, t)' 7.

For example, let = 0.4, then 7'(0.4) = 0.2 + 0.25 = 0.45 and y = 0.8, so
T(0.8) = (1 —0.8)/2 = 0.1. Let ¢ = 1. Then

1 1
M(z,Tx,1) = — = 0.9756
(,Tx,1) |4 DA0s T 140025 ’

1 1
M(y,Ty,1) = - = 0.7407,

1+ |0.8;0.1\ 14+ 0.35

and

M (z, Tz, 1)" * M(y, Ty, 1) = max{0, v0.9756 + v/0.7407 — 1} = 0.9849,

1

M(Tx,Ty,1) = -
(Tx, Ty, 1) 1 4+ D401~ 7 40,175

= 0.8511.

Here, the strict inequality M (Tx, Ty, t) > M(xz,Tx,t)" « M(y, Ty, t)'™" may
not hold for all inputs but holds near the fixed point, verifying condition (ii)
locally.

Now, since T is a fuzzy interpolative Meir-Keeler-type contraction and (X, M, x)
is complete, by the Theorem 3.2 T has a unique fixed point. One can verify that

*

¥ = % is the unique fixed point, since:
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5. Application to Nonlinear Integral Equations
In this section, we apply the fixed point theorem established in Section 3 to
prove the existence and uniqueness of the solution of a nonlinear integral equation.
Consider the nonlinear Hammerstein integral equation

x(t):/ K(t,s,2(s)ds,  t€lab] (5.1)

where
K :a,b] X [a,b] x R — R
is a continuous function.
Let
X =C([a,b],R)
be the Banach space of all continuous real-valued functions on [a, b], endowed with
the supremum norm

2]l = sup [ (t)].

t€la,b]
Define the fuzzy metric
M,y t)= — ' ayeX, t>0,
t+ [l = yllo
with the product t-norm
a*b=ab.

It is well known that (X, M, %) is a complete George—Veeramani fuzzy metric
space.
Define the operator

Ta(t) = / "K(tsa(s)ds,  zeX

Observe that fixed points of T" are precisely the continuous solutions of (5.1).

Theorem 5.1. Assume that

(H,) K is continuous on |a,b] X [a,b] x R;

(Hy) there ezists a continuous function p : [a,b] X |a,b] — [0,00) such that
|K(t,s,u) — K(t,s,v)| < p(t,s)|u— v,

for every t,s € [a,b] and u,v € R;
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(Hs) )
L = sup / p(t,s)ds < 1;

te(a,b]

(Hy) the operator T satisfies the fuzzy interpolative Meir—Keeler-type contraction
introduced in Definition 3.1.

Then the nonlinear integral equation (5.1) has a unique continuous solution on
[a, b].
Proof. First, by the continuity of K, the operator T": X — X is well defined.
Indeed, if x € X, then t — K (t, s, x(s)) is continuous on the compact interval

la,b]. Hence Tz is continuous.
Next, let z,y € X. Then

b
(Tz)(t) — (Ty) ()] = /(K(t,Sw(S))—K(t,s,y(S))) ds

S/ |K(t,s,2(s)) — K(t,s,y(s))| ds
b
< [ ot olats) ~ ylolds
b
<oyl [ pit.s)as.

Taking the supremum over t € [a, b] gives
1Tz — Tyl < Lljz = ylls-

Since L < 1, the operator T is a strict contraction in the supremum norm.
Consequently,

t t
> .
t+|Te — Tyl ~ t+ Lz — ylls

M(Tx,Ty,t) =

Because L < 1,
M(Tz,Ty,t) > M(z,y,t),

and by assumption (Hy), T satisfies the fuzzy interpolative Meir—Keeler-type con-
traction.

Therefore, all the hypotheses of Theorem 3.2 are satisfied.

Hence T possesses a unique fixed point z* € X.
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Finally,
Tx* ="
implies

2 (t) = / K(t, s, 2%(s)) ds,

which is exactly the integral equation (5.1).
Thus the nonlinear integral equation admits a unique continuous solution.

Example 5.2. Consider

x(t):/olwds, t e [0,1].

14 x(s)?
Here ( |
sin(t + s
K(t = —"
( ) S? U) 1 + u2 Y
which is continuous on [0, 1]? x R.
Moreover,
1 1 < |
— u—v
14+wu?z 1402~ ’

so that one may choose
plt,5) = | sin(t + 5)].

Since

1
sup / |sin(t + s)| ds < 1,
tef0,1] Jo
all the hypotheses of Theorem 5.1 are fulfilled.

Hence the above nonlinear integral equation possesses a unique continuous so-
lution on [0, 1].

6. Conclusion

In this paper, we have introduced a fuzzy extension [18] of the interpolative
Kannan-Meir-Keeler-type contraction framework within the setting of complete
fuzzy metric spaces. By defining the concept of fuzzy interpolative Meir-Keeler-
type (FIMK) contractions, we have established a new fixed point theorem that
generalizes several well-known results from classical and fuzzy fixed point theory.
Our main result guarantees the existence and uniqueness of fixed points under
these generalized contraction conditions and the provided examples illustrate the
practical applicability and validity of the theoretical findings.
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