
South East Asian J. of Mathematics and Mathematical Sciences
Vol. 22, No. 2 (2026), pp. 109-122

DOI: 10.56827/SEAJMMS.2026.2202.7 ISSN (Online): 2582-0850

ISSN (Print): 0972-7752

A NEW SUBCLASS OF BI-UNIVALENT FUNCTIONS RELATED
TO q-DIFFERENTIAL OPERATOR AND INVOLUTION NUMBERS

P. Nandini, S. Yalcin* and S. Latha

Department of Mathematics
JSS Academy of Technical Education,

Srinivaspura, Bengaluru - 560060, INDIA

E-mail : pnandinimaths@gmail.com, drlatha@gmail.com

*Department of Mathematics,
University of Bursa Uludag,
Görükle, Bursa, TURKIYE

E-mail : syalcin@uludag.edu.tr

(Received: Oct. 06, 2025 Accepted: Aug. 14, 2026 Published: Aug. 30, 2026)

Abstract: In this work, we employ the Salagean q-differential operator in conjunc-
tion with involution numbers to define a new subclass of bi-univalent functions in
the open unit disk. For this class, we derive coefficient estimates, including bounds
for the general Taylor–Maclaurin coefficients and the Fekete–Szegő functional co-
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1. Introduction

We denote by A the class of functions, that are analytic in the open unit disk

D = {z ∈ C : |z| < 1},
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and have the normalized form

f(z) = z +
∞∑
n=2

anz
n. (1.1)

The subclass of A that consists of univalent (i.e., one-to-one) functions in the open
unit disk D is denoted by S. The image of D under any function f in S contains a
disk of radius 1

4
, under the Koebe one-quarter theorem [9]. Thus, for each function

f ∈ S, there exists an inverse function f−1 , which is defined by

f−1(f(z)) = z (z ∈ D),

and

f(f−1(w)) = w

(
|w| < r0(f), r0(f) ≥

1

4

)
.

The inverse function f−1 has the following series expansion:

g(w) = f−1(w) = w − a2w
2 + (2a22 − a3)w

3 − (5a32 − 5a2a3 + a4)w
4 + ... . (1.2)

A function f ∈ A is said to be bi-univalent in D if both f and its inverse f−1 are
univalent in D. Let Σ stand for the class of bi-univalent functions in D given by
(1.1). For more basic results one may refer Srivastava et al. [21] and references
there in. With a view to recalling the principle of subordination between analytic
functions, let the functions f and g be analytic in D. We say that the function f is
subordinate to g if there exists a Schwarz function w, which is analytic in D with

w(0) = 0 and |w(z)| < 1 (z ∈ D),

such that
f(z) = g(w(z)).

This subordination is denoted by

f ≺ g or f(z) ≺ g(z) (z ∈ D).

It is well known that, if the function g is univalent in D, then (see [16])

f ≺ g (z ∈ D) ⇐⇒ f(0) = g(0) and f(D) ⊂ g(D).

For q ∈ (0, 1), the Jackson q-derivative of a function f ∈ A is given by (see [12,
13])

Dqf(z) =

{
f(z)−f(qz)

(1−q)z
for z ̸= 0,

f ′(0) for z = 0.
(1.3)
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From (1.3), we have

Dqf(z) = 1 +
∞∑
n=2

[n]qanz
n−1 (1.4)

where

[n]q =
1− qn

1− q
,

is sometimes called the basic number n. In particular if q → 1−, [n]q → n.
For f ∈ A, Govindaraj and Sivasubramanian [11] defined the Salagean q-differential
operator as follows :

S0
q f(z) = f(z),

S1
q f(z) = zDqf(z) = z +

∞∑
n=2

[n]qanz
n,

S2
q f(z) = zDq(S1

q f(z)) = z +
∞∑
n=2

[n]2qanz
n,

Sm
q f(z) = zDq(Sm−1

q f(z)) = z +
∞∑
n=2

[n]mq anz
n (m ∈ N0,= N ∪ {0}, z ∈ D).

We note that limq→1− Sm
q f(z) = Smf(z) = z +

∞∑
n=2

nmanz
n (m ∈ N0, z ∈ D),

the familiar Salagean derivative [20]. The usual involution numbers, also known
telephone numbers, are assumed by the recurrence relation

I(n) = I(n− 1) + (n− 1)I(n− 2) for n ≥ 2

with initial conditions I(0) = I(1) = 1. Heinrich August Rothe first noticed con-
nections between these numbers and symmetric groups in 1800. He noted that I(n)
is the number of involutions (self-inverse permutations) in the symmetric group Sn
(see, for example, [6, 15]). Because involutions correspond to standard Young
tableaux, it is clear that the nth involution number is also the number of Young
tableaux on the set 1, 2, ..., n (for details, see [3]). In 2017, Wlochand Wolowiec-
Musial introduced generalized telephone numbers I(l, n) defined for integers n ≥ 0
and l ≥ 1 by the recurrence relation

I(l, n) = lI(l, n− 1) + (n− 1)I(l, n− 2)
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with initial conditions

I(l, 0) = 1 and I(l, 1) = l.

In 2019 Bednarz and Wolowiec-Musial [2] considered a new generalization of
telephone numbers by

Il(n) = Il(n− 1) + l(n− 1)Il(n− 2),

where n ≥ 2 and l ≥ 1 with initial conditions

Il(0) = Il(1) = 1.

In 2021, Deniz [8], investigated the exponential-generating function for Il(n) as
follows:

e

(
x+l x

2

2

)
=

∞∑
n=0

Il(n)
xn

n!
(l ≥ 1).

Clearly, when l = 1, we have Il(n) ≡ I(n). Il(n) for some values of n are as follows:

1. Il(0) = Il = 1,

2. Il(2) = 1 + l,

3. Il(3) = 1 + 3l

4. Il(4) = 1 + 6l + 3l2

5. Il(5) = 1 + 10l + 15l2

6. Il(6) = 1 + 15l + 45l2 + 15l3

with the domain of the open unit disc D, we consider the function

F (z) = e

(
z+l z

2

2

)
= 1+z+

1 + l

2
z2+

1 + 3l

6
z3+

3l2 + 6l + 1

24
z4+

1 + 10l + 15l2

120
z5+...(z ∈ D).

Motivated by earlier studies on bi-univalent functions [10, 24, 25] and recent
investigations involving special number sequences and q-calculus in geometric func-
tion theory, particularly generalized Involution numbers [1, 14, 17-19, 22, 23, 26],
several researchers have studied analytic and bi-univalent function classes, Hankel
determinants, and related coefficient problems using generalized telephone num-
bers and Salagean-type q-difference operators. These developments demonstrate
the growing interest in combining special number sequences with q-calculus in the
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study of analytic and bi-univalent functions. Motivated by these investigations, we
introduce a new subclass Wm

Σ (α, β, F, q) of the function class Σ, defined by means
of the Salagean q-differential operator associated with involution numbers. For
the proposed class, we obtain general Taylor-Maclaurin coefficient estimates and
corresponding bounds for the Fekete-Szegö functional.

2. Main Results
We now introduce the subclass of bi-univalent functions that is the main object

of investigation in this paper.

Definition 2.1. For α ≥ 0, 0 ≤ β ≤ 1, and 1 ≤ l < 2 , a function f ∈ Σ is said
to be in the class Wm

Σ (α, β, F, q) if it satisfies the subordinations:

(1− α)

[
(1− β)

Sm+1
q f(z)

Sm
q f(z)

+ β
Sm+2
q f(z)

Sm+1
q f(z)

]
+ α

[
(1− β)Sm+1

q f(z) + βSm+2
q f(z)

(1− β)Sm
q f(z) + βSm+1

q f(z)

]
≺ F (z) = e

(
z+l z

2

2

)

and

(1− α)

[
(1− β)

Sm+1
q g(w)

Sm
q g(w)

+ β
Sm+2
q g(w)

Sm+1
q g(w)

]
+ α

[
(1− β)Sm+1

q g(w) + βSm+2
q g(w)

(1− β)Sm
q g(w) + βSm+1

q g(w)

]
≺ F (w) = e

(
w+lw

2

2

)

where the function g = f−1 is given by (1.2).
Suitably fixing the parameter α = 0 we state the following new subclass :

Example 1. For 0 ≤ β ≤ 1 and 1 ≤ l < 2 , a function f ∈ Σ is said to be in the
class Wm

Σ (β, F, q) if it satisfies the subordinations

(1− β)
Sm+1
q f(z)

Sm
q f(z)

+ β
Sm+2
q f(z)

Sm+1
q f(z)

≺ F (z) = e

(
z+l z

2

2

)

and

(1− β)
Sm+1
q g(w)

Sm
q g(w)

+ β
Sm+2
q g(w)

Sm+1
q g(w)

≺ F (w) = e

(
w+lw

2

2

)

where the function g = f−1 is given by (1.2).

Remark 2.2. It should be remarked that the class Wm
Σ (α, β, F, q) is a generaliza-

tion of well-known classes considered earlier. These classes are:
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(i) For α = 1 the class Wm
Σ (α, β, F, q) reduces to the class PΣm

q (β, F ) which was
studied by Breaz et.al. [4].

(ii) For q → 1 andm = 0 the class Wm
Σ (α, β, F, q) reduces to the class Wσ(α, β, F ),

which was introduced and studied by Breaz et.al. [5].

(iii) For α = 0, β = 0,m = 0 and q → 1, the class Wm
Σ (α, β, F, q) reduces to the

class S∗
Σ(F ) which was introduced by Cotirla and Wanas [7].

(iv) For α = 0, β = 1, m = 0 and q → 1, the class Wm
Σ (α, β, F, q) reduces to the

class CΣ(F ), which was studied by Cotirla and Wanas [7].

We need the following lemma to prove our results.

Lemma 2.3. [9] Let P be the class of all analytic functions p(z) of the form

p(z) = 1 +
∞∑
n=1

pnz
n

satisfying Re{p(z)} > 0, (z ∈ D). Then

|pn| ≤ 2 (n = 1, 2, 3, ...).

Lemma 2.4. [27] Let r, s ∈ R and z1, z2 ∈ C. If |z1| < R and |z2| < R, then

|(r + s)z1 + (r − s)z2| ≤

{
2|r|R, |r| ≥ |s|,
2|s|R, |r| ≤ |s|.

Next, we investigate the optimal bounds for the Taylor- Maclaurin coefficients |a2|
and |a3|. Furthermore we establish Fekete-Szegö inequality for the classWm

Σ (α, β, F, q).

Theorem 2.5. For α ≥ 0, 0 ≤ β ≤ 1, and 0 < q < 1, let f ∈ A be in the class
Wm

Σ (α, β, F, q). Then

|a2| ≤
√√√√ 2∣∣∣2{q [1 + β(q + q2)] [2]q [3]mq − q

(
(1− α) [1 + β(q2 + 2q)] + α [1 + βq]2

)
[2]2mq

}
+ (1− l)q2(1 + βq)2[2]2mq

∣∣∣
and

|a3| ≤
1

q

(
1

q(1 + βq)2[2]2mq
+

1

{1 + β(q + q2)}[2]q[3]mq

)
.

Proof. Let f ∈ Wm
Σ (α, β, F, q). Then there are two analytic functions u, v : D → D

given by
u(z) = u1z + u2z

2 + u3z
3 + ... . (z ∈ D) (2.1)
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and
v(w) = v1w + v2w

2 + v3w
3 + ... (w ∈ D), (2.2)

with u(0) = v(0) = 0 and max{|u(z)|, |v(w)|} < 1 (z, w ∈ D), such that

(1− α)

[
(1− β)

Sm+1
q f(z)

Sm
q f(z)

+ β
Sm+2
q f(z)

Sm+1
q f(z)

]
+ α

[
(1− β)Sm+1

q f(z) + βSm+2
q f(z)

(1− β)Sm
q f(z) + βSm+1

q f(z)

]
= F (u(z))

(2.3)
and

(1− α)

[
(1− β)

Sm+1
q g(w)

Sm
q g(w)

+ β
Sm+2
q g(w)

Sm+1
q g(w)

]
+ α

[
(1− β)Sm+1

q g(w) + βSm+2
q g(w)

(1− β)Sm
q g(w) + βSm+1

q g(w)

]
= F (v(w)).

(2.4)

Define the functions ϕ and ψ by

ϕ(z) =
1 + u(z)

1− u(z)
= 1 + c1z + c2z

2 + ...

and

ψ(z) =
1 + v(z)

1− v(z)
= 1 + d1z + d2z

2 + ... .

Or, equivalently,

u(z) =
ϕ(z)− 1

ϕ(z) + 1
=

1

2

[
c1z +

(
c2 −

c21
2

)
z2 + ...

]
(2.5)

v(z) =
ψ(z)− 1

ψ(z) + 1
=

1

2

[
d1z +

(
d2 −

d21
2

)
z2 + ...

]
. (2.6)

Then ϕ(z) and ψ(z) are analytic in D, where ϕ(0) = 1 = ψ(0). Since u, v : D → D,
we say that ϕ(z) and ψ(z) have a positive real part in D, and

|ϕi| ≤ 2 and |ψi| ≤ 2, (i = 1, 2, 3...).

Further we have

F (u(z)) = e

(
u(z)+l

u(z)2

2

)
= e

ϕ(z)−1
ϕ(z)+1

+l
(ϕ(z)−1
ϕ(z)+1)

2

2



= 1 +
c1
2
z +

(
c2
2
+

(l − 1)

8
c21

)
z2

+

(
c3
2
+ (l − 1)

c1c2
4

+
(1− 3l)

48
c31

)
z3 + ...

(2.7)
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F (v(w)) = e

(
v(w)+l

v(w)2

2

)
= e

ψ(w)−1
ψ(w)+1

+l
(ψ(w)−1
ψ(w)+1)

2

2



= 1 +
d1
2
w +

(
d2
2

+
(l − 1)

8
d21

)
w2

+

(
d3
2

+ (l − 1)
d1d2
4

+
(1− 3l)

48
d31

)
w3 + ... .

(2.8)

Using (2.7) and (2.8) in (2.3) and (2.4) respectively, we have

(1− α)

[
(1− β)

Sm+1
q f(z)

Sm
q f(z)

+ β
Sm+2
q f(z)

Sm+1
q f(z)

]
+ α

[
(1− β)Sm+1

q f(z) + βSm+2
q f(z)

(1− β)Sm
q f(z) + βSm+1

q f(z)

]

= F (u(z)) = 1 +
c1
2
z +

(
c2
2

+
(l − 1)

8
c21

)
z2 + ...

(2.9)

and

(1− α)

[
(1− β)

Sm+1
q g(w)

Sm
q g(w)

+ β
Sm+2
q g(w)

Sm+1
q g(w)

]
+ α

[
(1− β)Sm+1

q g(w) + βSm+2
q g(w)

(1− β)Sm
q g(w) + βSm+1

q g(w)

]

= F (v(w)) = 1 +
d1
2
w +

(
d2
2

+
(l − 1)

8
d21

)
w2 + ... .

(2.10)

Equating the coefficients in (2.9) and (2.10), we get

q(1 + βq)[2]mq a2 =
c1
2
, (2.11)

q
{
1 + β(q + q2)

}
[2]q[3]

m
q a3 − q

{
(1− α)(1 + β(q2 + 2q)) + α(1 + βq)2

}
[2]2mq a22

=
c2
2

+
(l − 1)

8
c21,

(2.12)

−q(1 + βq)[2]mq a2 =
d1
2

(2.13)

and

q
{
1 + β(q + q2)

}
[2]q[3]

m
q (2a22 − a3)− q

{
(1− α)(1 + β(q2 + 2q)) + α(1 + βq)2

}
[2]2mq

=
d2
2

+
(l − 1)

8
d21.

(2.14)

From (2.11) and (2.12), we have

c1 = −d1 (2.15)

and
8q2(1 + βq)2[2]2mq a22 = (c21 + d21). (2.16)
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From (2.12), (2.14) and (2.16), we get

a22 =
(c2 + d2)

2
{
2
(
q [1 + β(q + q2)] [2]q [3]mq − q

(
(1− α) [1 + β(q2 + 2q)] + α [1 + βq]2

)
[2]2mq

)
+ (1− l)q2(1 + βq)2[2]2mq

} .

(2.17)

Applying Lemma 2.3 for the coefficients c2 and d2 in (2.17), we obtain

|a2| ≤
√√√√ 2∣∣∣2{q [1 + β(q + q2)] [2]q [3]mq − q

(
(1− α) [1 + β(q2 + 2q)] + α [1 + βq]2

)
[2]2mq

}
+ (1− l)q2(1 + βq)2[2]2mq

∣∣∣ .
By subtracting (2.14) from (2.12) and using (2.15) and, we have

2q{1 + β(q + q2)}[2]q[3]mq (a3 − a22) =
1

2
(c2 − d2). (2.18)

If we use (2.16) in (2.18), we will obtain

a3 =
c21 + d21

8q2(1 + βq)2[2]2mq
+

c2 − d2
4q{1 + β(q + q2)}[2]q[3]mq

. (2.19)

If we apply Lemma 2.3 for the coefficients c1, c2, d1 and d2 in (2.19), we obtain

|a3| ≤
1

q

(
1

q[1 + βq]2[2]2mq
+

1

[1 + β(q + q2)][2]q[3]mq

)
.

Theorem 2.6. For α ≥ 0, 0 ≤ β ≤ 1, 0 < q < 1 and µ ∈ R, let f ∈ A be in the
class Wm

Σ (α, β, F, q). Then

|a3−µa22| ≤



1
q{1+β(q+q2)}[2]q [3]mq

,

for |µ− 1| ≤
∣∣∣1− [(1−α)[1+β(q2+2q)]+α(1+βq)2][2]2m−1

q

[1+β(q+q2)][3]mq
+

q(1−l)[1+βq]2[2]2m−1
q

2[1+β(q+q2)][3]q

∣∣∣
2|µ−1|

|2
{
q[1 + β(q + q2)][2]q[3]

m
q − q

[
(1− α)[1 + β(q2 + 2q)] + α[1 + βq]2

]}
+ (1− l)q2[1 + βq]2[2]2mq |

,

for |µ− 1| ≥
∣∣∣1− [(1−α)[1+β(q2+2q)]+α(1+βq)2][2]2m−1

q

[1+β(q+q2)][3]mq
+

q(1−l)[1+βq]2[2]2m−1
q

2[1+β(q+q2)][3]q

∣∣∣ .
Proof. It follows from (2.17) and (2.18) that

a3 − µa22 =
c2 − d2

4q[1 + β(q + q2)][2]q[3]mq
+ (1− µ)a22

=
c2 − d2

4q[1 + β(q + q2)][2]q [3]mq
+

 (c2 + d2)(1− µ)

4
{
q[1 + β(q + q2)][2]q [3]mq − q

[
(1− α)[1 + β(q2 + 2q)] + α[1 + βq]2

]}
+ 2(1− l)q2[1 + βq]2[2]2mq


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=
1

2

[(
η(µ, l) +

1

2q[1 + β(q + q2)][2]q[3]mq

)
c2 +

(
η(µ, l)− 1

2q[1 + β(q + q2)][2]q[3]mq

)
d2

]
,

where

η(µ, l) =

 1− µ

2
{
q[1 + β(q + q2)][2]q[3]

m
q − q

[
(1− α)[1 + β(q2 + 2q)] + α[1 + βq]2

]}
+ (1− l)q2[1 + βq]2[2]2mq

 .

Then, applying the above Lemma 2.3 and Lemma 2.4, we get

|a3 − µa22| ≤

{
1

q[1+β(q+q2)][2]q [3]mq
, if |η(µ, l)| ≤ 1

q[1+β(q+q2)][2]q [3]mq

2|η(µ, l)|, if |η(µ, l)| ≥ 1
q[1+β(q+q2)][2]q [3]mq

.

After some computations, we obtain

|a3−µa22| ≤



1
q[1+β(q+q2)][2]q [3]mq

,

for |µ− 1| ≤
∣∣∣1− [(1−α)[1+β(q2+2q)]+α(1+βq)2][2]2m−1

q

[1+β(q+q2)][3]mq
+

q(1−l)[1+βq]2[2]2m−1
q

2[1+β(q+q2)][3]q

∣∣∣
2|µ−1|

|2
{
q[1 + β(q + q2)][2]q[3]

m
q − q

[
(1− α)[1 + β(q2 + 2q)] + α[1 + βq]2

]}
+ (1− l)q2[1 + βq]2[2]2mq |

,

for |µ− 1| ≥
∣∣∣1− [(1−α)[1+β(q2+2q)]+α(1+βq)2][2]2m−1

q

[1+β(q+q2)][3]mq
+

q(1−l)[1+βq]2[2]2m−1
q

2[1+β(q+q2)][3]q

∣∣∣ .
Taking µ = 1 in the Theorem 2.6, we led to the following corollary.

Corollary 2.7. For α ≥ 0, 0 ≤ β ≤ 1, 0 < q < 1 and let f ∈ A be in the class
Wm

Σ (α, β, F, q). Then

|a3 − a22| ≤
1

q [1 + β(q + q2)] [2]q[3]mq
.

Remark 2.8. We can state the estimates for f in the class Wm
Σ (β, F, q) defined

in Example 1 by taking α = 0 in Theorems 2.5 and 2.6.

Remark 2.9. Theorems 2.5 and 2.6 provide the established results for the classes
mentioned in Remark 2.2.

3. Applications of the Obtained Results
The coefficient estimates obtained in the preceding sections have several direct

consequences for functions belonging to the class Wm
Σ (α, β, F, q). In particular, the

general Taylor–Maclaurin coefficient estimates can be used to obtain bounds for
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the deviation of the functions from the identity mapping. Moreover, the Fekete-
Szegö estimate yields bounds for several related coefficient functionals by assigning
suitable values to the parameter involved.

4. Conclusion
In this paper, we introduced a new subclass Wm

Σ (α, β, F, q). of bi-univalent
functions using the Salagean q-differential operator and involution numbers. We
obtained estimates for the general Taylor–Maclaurin coefficients and the Fekete-
Szegö functional. These results contribute to the study of bi-univalent functions
associated with q-calculus and special number sequences. Future research may
consider other q-differential operators, special number sequences, and related coef-
ficient problems such as Hankel determinants and other functionals.
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inequalities for new classes of bi-Starlike and bi-convex functions, Symmetry,
14(11), (2022), 1-9.



120 South East Asian J. of Mathematics and Mathematical Sciences

[8] Deniz E., Sharp coefficient bounds for starlike functions associated with gen-
eralized telephone numbers, The Bulletin of the Malaysian Mathematical
Sciences Society, 44(4), (2021), 1-18.

[9] Duren P. L., Univalent functions, Grundlehren der Mathematischen Wissen
chaften, Springer- Verlag, New York, 259 (1983), 41.

[10] Frasin B. A., and Aouf M. K., New subclasses of bi-univalent functions,
Applied Mathematics Letters, 24(9), (2011), 1569-1573.

[11] Govindaraj M. and Sivasubramanian S., On a class of analytic function re-
lated to conic domains involving q-calculus, Analysis Mathematica, 43(3),
(2017), 1-13.

[12] Jackson F. H., On q-functions and a certain difference operator, Transactions
of The Royal Society of Edinburgh, 46(2), (1909), 253-281.

[13] Jackson F. H., On q-definite integrals, Quarterly Journal of Pure and Applied
Mathematics, 41 (1910), 193-203.

[14] Karthikeyan K. R., Vijaya K., Uma K., and Senguttuvan A., Non-Bazilevič
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