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1. Introduction
Let A stand for the family of functions of the form

f(z) = z +
∞∑
k=2

akz
k, (1.1)

which are analytic within the open unit disc U = {z : z ∈ C and |z| < 1} and S
denote the subclass of A which are univalent in U.
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A function f(z) ∈ A is said to be starlike functions of order α if it satisfies the
condition

ℜ
(
zf ′(z)

f(z)

)
> α, z ∈ U.

A function f(z) ∈ A is said to be convex of order α if it satisfies the criteria

ℜ
(
1 +

zf ′′(z)

f ′(z)

)
> α, z ∈ U.

The classes of starlike and convex functions of order α are denoted by S∗(α) and
K(α), respectively. In particular, for α = 0, these classes are simply denoted as
S∗(0) ≡ S∗ and K(0) ≡ K.

The families of starlike and convex functions of order α were extensively studied
by Robertson [25] and Silverman [26].

A function f ∈ A is termed close-to-convex with respect to a fixed starlike
function g ∈ S∗ if and only if

ℜ
(
zf ′(z)

g(z)

)
> 0, for z ∈ U.

Further, we denote by P be the family of all analytic functions ℘(z), satisfying the
condition ℘(0) = 0 and ℜ(℘(z)) > 0.

If ϕ, ψ ∈ A, then the function ϕ is said to be subordinate to ψ, denoted by
ϕ(z) ≺ ψ(z) for z ∈ U, if there exists a Schwarz function ω ∈ A such that ω(0) = 0
and |ω(z)| < 1 for z ∈ U, and ϕ(z) = ψ(ω(z)). Specifically, if ψ is univalent in U,
then the following equivalence holds:

ϕ(z) ≺ ψ(z) ⇐⇒ ϕ(0) = ψ(0) and ϕ(U) ⊂ ψ(U).

The primary objective of this article is to investigate the applications and further
developments of classical q-calculus in geometric function theory. As a natural
q-analogue of classical calculus, q-calculus provides an effective framework for ex-
tending various concepts and problems of classical analysis to a broader setting.
Historically, Jackson [10, 11] was among the pioneers in the systematic develop-
ment of q-calculus. Since then, q-calculus and its associated operators have found
numerous applications in diverse areas of mathematics, including special functions,
approximation theory, fractional calculus, and geometric function theory. For ba-
sic as well as advanced aspects of q-calculus, the reader is referred to the excellent
text book by Aral et al. [2], see also the survey and expository review articles by
Srivastava [27, 28].
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They defined the q-number for k ∈ N in the following way

[k]q =
1− qk

1− q
, 0 ≤ q < 1.

We express [k]q as

[k]q =
k−1∑
i=0

qi.

Obviously,

lim
k→∞

[k]q =
1

1− q

and lim
q→1

[k]q = k.

The q-derivative for a function f is given below

Dq(f(z)) =
f(qz)− f(z)

(q − 1)z
, q ̸= 1, z ̸= 0

and Dq(f(0)) = f ′(0), provided f ′(0) exists. If we take the function h(z) = zk then
the q-derivative of h(z) is defined as

lim
q→1

Dq(h(z)) = lim
q→1

[k]qz
k−1

= kzk−1

= h′(z),

where h′(z) is the first differential coefficient of h(z) with respect to z.

Definition 1.1. Let 0 ≤ ϑ ≤ 1, 0 ≤ q < 1, ϱ ∈ C \ {0}. A function f ∈ A is in
the family Rϱ

ϑ(q, A,B) if it holds the following subordination criteria

1 +
1

ϱ
[Dq{(1− ϑ)f(z) + ϑzf ′(z)} − 1] ≺ 1 + Az

1 +Bz
, (1.2)

where −1 ≤ B < A ≤ 1, z ∈ U.
The condition (1.2) is equivalent to∣∣∣∣ Dq{(1− ϑ)f(z) + ϑzf ′(z)} − 1

ϱ(A−B)−B[Dq{(1− ϑ)f(z) + ϑzf ′(z)} − 1]

∣∣∣∣ < 1. (1.3)

Remark 1.1. For f ∈ A and by fixing the parameters in Rϱ
ϑ(q, A,B), we obtain

the following families which mentioned below
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1. Rϱ
ϑ(1, A,B) ≡ Rϱ

ϑ(A,B) studied by Bansal [3].

2. Rϱ
ϑ(1, 1− 2β,−1) ≡ Rϱ

ϑ(β) for 0 ≤ β < 1 studied by Swaminathan [29].

3. R1
0(1, 1,−1) ≡ R studied by Janteng et al. [12].

4. R1
ϑ(0, 1,−1) ≡ Rϑ studied by Murugusundaramoorthy and Magesh [19].

5. Rϱ
0(1, A,B) ≡ Rϱ(A,B) studied by Dixit and Pal [7].

6. Rϱ
ϑ(1, 1− 2β,−1) = Rϱ

ϑ(1− 2β, 1) for ϱ = eiη cos η where −π
2
< η < π

2
studied

by Ponnusamy and Rønning [24].

7. Rϱ
1(1, 0,−1) ≡ Rϱ

1(0,−1) with ϱ = eiη cos η studied by Lin [17] with reference
to the univalency of partial sums.

The study of coefficient problems has always occupied a central position in
geometric function theory. In addition to classical problems concerning coefficient
estimates and the Fekete–Szegö functional, determinant problems involving Hankel
and Toeplitz determinants have attracted increasing attention. In fact the study
of these determinants are a current and interesting research problem in geometric
function theory. The problem of Hankel determinant was first proposed by Noonan
and Thomas [20] in 1976. The jth Hankel determinant for function f(z) defined by
(1.1) is given as

Hj(n) =

∣∣∣∣∣∣∣∣∣
an an+1 . . . an+j−1

an+1 an+2 . . . an+j
...

...
...

an+j−1 an+j . . . an+2j−2

∣∣∣∣∣∣∣∣∣ .
Hankel determinants play an important role in the study of singularities and

power series with integral coefficients; see, for example, [6]. Further properties and
applications of Hankel determinants may be found in [30]. In recent years, con-
siderable attention has been devoted to obtaining sharp upper bounds for Hankel
determinants associated with various subclasses of univalent functions. Significant
contributions in this direction have been made by Janteng et al. [12, 13], Lee et al.
[16], Mishra and Gochhayat [18], Murugusundaramoorthy and Magesh [19], Orhan
et al. [22], and Noor and Al-Naggar [21]. Similarly, Toeplitz determinants have
been systematically investigated by Ca ‘glar et al. [4], Cot̂ırlă and Wanas [5], and
Wanas et al. [31]. In 2013, Bansal [3] obtained bounds for Hankel determinants
for a generalized class of univalent functions and generalized the results of [12, 19].
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Recently, q-calculus has been successfully employed in the study of coefficient
functionals, including Hankel determinants and the Fekete–Szegö problem, for var-
ious classes of univalent and bi-univalent functions. Notable contributions in this
direction include the works of Orhan et al. [23], Ali et al. [1], Karahuseyin et al.
[14], Yalcin et al. [32], and Khan et al. [15]. Motivated by these developments,
in the present work, we obtain an upper bound for the second Hankel determi-
nant associated with a generalized family of univalent functions defined through
q-calculus. In this paper, we establish an upper bound for the second Hankel de-
terminant H2(2) for functions f ∈ Rϱ

ϑ(q, A,B). We also show that the obtained
bound is sharp. Further, for suitable choices of the parameters, our result reduces
to the corresponding bounds for several well-known classes of analytic functions.

2. Hankel determinant inequality for f ∈ Rϱ
ϑ(q, A,B).

To prove our main results we shall require the following lemmas.

Lemma 2.1. [8] Let the function ℘ ∈ P and be given by the series

℘(z) = 1 + c1z + c2z
2 + c3z

3 + . . . (z ∈ U), (2.1)

then, the sharp estimate |cn| ≤ 2 (n ∈ N) holds.

Lemma 2.2. [9] Let the function ℘ ∈ P be given by the power series (2.1), then

2c2 = c21 + x(4− c21) (2.2)

for some x, |x| ≤ 1 and

4c3 = c31 + 2(4− c21)c1x− c1(4− c21)x
2 + 2(4− c21)(1− |x|2)z, (2.3)

for some z, |z| ≤ 1.

Theorem 2.1. Let the function f(z) be given by (1.1) in the class Rϱ
ϑ(q, A,B),

where 0 ≤ q < 1, 0 ≤ ϑ ≤ 1, ϱ ∈ C \ {0}, −1 ≤ B < A ≤ 1, z ∈ U. Then

|a2a4 − a23| ≤
|ϱ|2(A−B)2

(1 + q + q2)2(1 + 2ϑ)2
. (2.4)

The result is sharp for the function f(z) of the form (1.1) that satisfies the relation

Dq[(1− ϑ)f(z) + ϑzf ′(z)] = 1 +
(A−B)ϱz2

1 +Bz2
. (2.5)

Proof. Let f(z) ∈ Rϱ
ϑ(q, A,B), then there exists a Schwarz analytic function w(z)

in U with w(0) = 0 and |w(z)| < 1 in U , such that

1 +
1

ϱ
{Dq[(1− ϑ)f(z) + ϑzf ′(z)]− 1} = ϕ (w(z)) , z ∈ U, (2.6)



156 South East Asian J. of Mathematics and Mathematical Sciences

where

ϕ(z) =
1 + Az

1 +Bz

=1 + (A−B)z −B(A−B)z2 +B2(A−B)z3 + · · · .
=1 +B1z +B2z

2 +B3z
3 + ..., (z ∈ U). (2.7)

Define the function ℘1(z) by

℘1(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + ...(z ∈ U). (2.8)

Since w(z) is a Schwarz function, we observe that ℜ{℘1(z)} > 0 and ℘1(0) = 1.
Let h(z) be given by

h(z) = 1 +
1

ϱ
[Dq{(1− ϑ)f(z) + ϑzf ′(z)} − 1] (2.9)

= 1 +
1

ϱ

[
1 +

∞∑
k=2

[1− ϑ+ ϑk] [k]q akz
k−1 − 1

]

= 1 +
1

ϱ

[
∞∑
k=2

[1− ϑ+ ϑk] [k]q akz
k−1

]
= 1 +

1

ϱ
(1 + ϑ)[2]qa2z +

1

ϱ
(1 + 2ϑ)[3]qa3z

2 +
1

ϱ
(1 + 3ϑ)[4]qa4z

3 · · · .

= 1 + b1z + b2z
2 + · · · . (2.10)

From equation (2.6) and (2.9), we have

h(z) = ϕ (w(z))

=ϕ

(
℘1(z)− 1

℘1(z) + 1

)
, from (2.8)

= ϕ

(
c1z + c2z

2 + c3z
3 + ...

2 + c1z + c2z2 + ...

)
= ϕ

[
1

2
c1z +

1

2

(
c2 −

c21
2

)
z2 +

1

2

(
c3 − c1c2 +

c31
4

)
z3 + . . .

]
= 1 +

B1c1
2

z +

[
B1

2

(
c2 −

c21
2

)
+
B2c

2
1

4

]
z2

+

[
B1

2

(
c3 − c1c2 +

c31
4

)
+
B2c1
2

(
c2 −

c21
2

)
+
B3c

3
1

8

]
z3 + . . . .
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Thus, b1 =
1
2
B1c1, b2 =

1
2
B1

(
c2 − c21

2

)
+

B2c21
4

and

b3 =
B1

2

(
c3 − c1c2 +

c31
4

)
+
B2c1
2

(
c2 −

c21
2

)
+
B3c

3
1

8
, from (2.13). (2.11)

Using (2.7), (2.13) and (2.11), we obtain

a2 =
(A−B)c1ϱ

2(1 + ϑ)(1 + q)

a3 =
(A−B)ϱ

4(1 + 2ϑ)(1 + q + q2)
[2c2 − c21(1 +B)]

a4 =
ϱ(A−B)

8(1 + q2)(1 + q)(1 + 3ϑ)
[4c3 − 4c1c2(1 +B) + c31(1 +B)2].

Therefore, we have

|a2a4 − a23| =
|ϱ|2(A−B)2

16(1 + ϑ)(1 + 3ϑ)(1 + q2)(1 + q)2
∣∣4c3c1 − 4c21c2(1 +B) + c41(1 +B)2

− (1 + ϑ)(1 + 3ϑ)(1 + q2)(1 + q)2

(1 + 2ϑ)2(1 + q + q2)2
{
4c22 − 4c21c2(1 +B) + c41(1 +B)2

}∣∣∣∣
= T

∣∣∣∣4c1c3 − 4c21c2(1 +B) + c41(1 +B)2 − 4pc22 + 4c21c2p(1 +B)− c41p(1 +B)2
∣∣∣∣

= T |4c1c3 + c41(1 +B)2(1− p)− 4pc22 − 4c21c2(1 +B)(1− p)|,

where

T =
|ϱ|2(A−B)2

16(1 + ϑ)(1 + 3ϑ)(1 + q2)(1 + q)2

and

p =
(1 + ϑ)(1 + 3ϑ)(1 + q2)(1 + q)2

(1 + 2ϑ)2(1 + q + q2)2
.

It is easy to see that for 0 ≤ ϑ ≤ 1, 0 ≤ q < 1, p ∈
[
64
81
, 1
)
.

The last equation can be written as

|a2a4 − a23| = T |d1c1c3 + d2c
2
1c2 + d3c

2
2 + d4c

4
1|, (2.12)

where

d1 = 4; d2 = −4(1 +B)(1− p); d3 = −4p and d4 = (1− p)(1 +B)2.
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Since the function ℘(z) and ℘(eiθz) (θ ∈ R) both belong to the class P simultane-
ously, we can assume, without loss of generality, that c1 > 0. For simplicity, we set
c1 = c where c ∈ [0, 2]. Now, putting the values of c2 and c3 from Lemma 2.2 in
equation (2.12), we obtain

|a2a4 − a23| =
T

4

∣∣c4(d1 + 2d2 + d3 + 4d4) + 2xc2(4− c2)(d1 + d2 + d3)

+ (4− c2)x2(−d1c2 + d3(4− c2)) + 2d1c(4− c2)(1− |x|2z)
∣∣

≤ T

4

[
4c4(1− p)B2 + 8|B|(1− p)µc2(4− c2)

+ (4− c2)µ2(4c2 + 4p(4− c2)) + 8c(4− c2)(1− µ2)
]

= T
[
c4(1− p)B2 + 2c(4− c2) + 2µ|B|(1− p)c2(4− c2)

+ (4− c2)µ2(1− p)(c− α)(c− β)
]

= F(c, µ), (2.13)

where µ = |x|, α = 2, β = 2p
1−p

> 2.

Now, suppose that the upper bound of |a2a4−a23|, given by (2.13), is attained at an
interior point of the rectangle [0, 2] × [0, 1]. Differentiating F(c, µ) partially with
respect to µ, we obtain

∂F
∂µ

= T
[
2|B|(1− p)c2(4− c2) + 2µ(4− c2)(1− p)(c− α)(c− β)

]
. (2.14)

For 0 < µ < 1, 0 < c < 2, 64
81

≤ p < 1, α = 2, and β = 2p
1−p

> 2, we observe

that both terms (1− p)c2(4− c2) and 2µ(4− c2)(1− p)(c− α)(c− β) are positive.
Therefore, from (2.14), we obtain

∂F
∂µ

> 0.

Hence, F(c, µ) is an increasing function of µ. This contradicts our initial assump-
tion that the maximum value of F(c, µ) is attained at an interior point of the
rectangle [0, 2]× [0, 1]. Consequently, for each fixed c ∈ [0, 2], we have

F(c, µ) = F(c, 1) = K(c),

where

K(c) = T
[
c4(1− p)(B2 − 2|B| − 1) + 4c2{2|B|(1− p) + 1− 2p}+ 16p

]
.



Bounds of a Second Hankel Determinant ... 159

Next, differentiating K(c) with respect to c, we obtain

K ′(c) = T
[
4c3(1− p)(B2 − 2|B| − 1) + 8c{2|B|(1− p) + 1− 2p}

]
= 4cT

[
c2(1− p)(B2 − 2|B| − 1) + 2{2|B|(1− p) + 1− 2p}

]
= 4cT

[
c2(1− p)(B2 − 2|B| − 1) + 2 {(1− p)(2|B|+ 1)− p}

]
≤ 8T (1− p)

[
4(B2 − 2|B| − 1) + 2

{
2|B|+ 1− p

1− p

}]
, from Lemma 2.1.

≤ 8T (1− p)

[
4

(
B2 − |B| − 1

2

)
− 2p

1− p

]
.

Since −1 ≤ B < A ≤ 1, we have −1 ≤ B < 1, and hence

B2 − |B| − 1

2
< 0.

Moreover, 2p
1−p

> 2. Therefore, it follows that

K ′(c) < 0.

Thus, K(c) is a decreasing function on [0, 2]. Consequently, K(c) attains its max-
imum value at c = 0. Hence,

max
(c,µ)∈[0,2]×[0,1]

F(c, µ) = F(0, 1).

Therefore, the upper bound of F(c, µ) is attained at c = 0 and µ = 1. Hence,

|a2a4 − a23| ≤ 16pT

=
|ϱ|2(A−B)2

(1 + 2ϑ)2(1 + q + q2)2
.

Finally, we establish the sharpness of the above result by considering the function
f(z) defined by (2.5). The proof proceeds as follows.
Step I. We first show that the function f(z), defined by (2.5), belongs to the class
Rϱ

ϑ(q, A,B). For this purpose, it is sufficient to verify that f(z) satisfies condition
(1.3). Indeed, ∣∣∣∣ Dq {(1− ϑ)f(z) + ϑzf ′(z)} − 1

ϱ(A−B)−B [Dq {(1− ϑ)f(z) + ϑzf ′(z)} − 1]

∣∣∣∣
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=

∣∣∣∣∣∣∣∣
(A−B)ϱz2

1 +Bz2

ϱ(A−B)−B

[
(A−B)ϱz2

1 +Bz2

]
∣∣∣∣∣∣∣∣

=

∣∣∣∣ z2

1 +Bz2 −Bz2

∣∣∣∣ = |z2| < 1, since z ∈ U.

Hence, f(z) ∈ Rϱ
ϑ(q, A,B).

Step II. Next, we determine the coefficients a2, a3, and a4 for the function f(z)
defined by (1.1) and satisfying (2.5). We have

Dq {(1− ϑ)f(z) + ϑzf ′(z)} = 1 +
(A−B)ϱz2

1 +Bz2

1 +
∞∑
k=2

[1− ϑ+ ϑk] [k]qakz
k−1 = (A−B)ϱz2

(
1 +Bz2

)−1
.

Therefore,

∞∑
k=2

[1− ϑ+ ϑk] [k]qakz
k−1 = (A−B)ϱz2

(
1−Bz2 +B2z4 − · · ·

)
.

Comparing the coefficients of z, z2, and z3, respectively, we obtain

[2]q(1 + ϑ)a2 = 0,

and hence
a2 = 0.

Further,
[3]q(1 + 2ϑ)a3 = (A−B)ϱ,

which yields

a3 =
(A−B)ϱ

[3]q(1 + 2ϑ)
=

(A−B)ϱ

(1 + q + q2)(1 + 2ϑ)
.

Similarly,
[4]q(1 + 3ϑ)a4 = 0,

and consequently,
a4 = 0.

Step III. Finally, using the values of a2, a3, and a4 obtained above, we find
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|a2a4 − a23| =

∣∣∣∣∣0−
(

(A−B)ϱ

(1 + q + q2)(1 + 2ϑ)

)2
∣∣∣∣∣

=
|ϱ|2(A−B)2

(1 + 2ϑ)2(1 + q + q2)2
.

Thus, the equality is attained for the function f(z) defined by (2.5), which estab-
lishes the sharpness of the result and completes the proof.

If we make q → 1− in Theorem 2.1 then we obtain the following result of Bansal
[3].

Corollary 2.1. Let the function f(z) be defined by (1.1) be in the family Rϱ
ϑ(A,B),

where 0 ≤ ϑ ≤ 1, ϱ ∈ C \ {0}, −1 ≤ B < A ≤ 1, z ∈ U. Then

|a2a4 − a23| ≤
|ρ|2(A−B)2

9(1 + 2ϑ)2
.

The result is sharp for the function f(z) of the form (1.1) that satisfies the relation

f ′(z) + ϑzf ′′(z) = 1 +
(A−B)ρz2

1 +Bz2
. (2.15)

If we take ϑ = 0, A = 1, B = −1, ϱ = 1 and q → 1 then we obtain the
corresponding result of Janteng et al. [12].

Corollary 2.2. Let the function f(z) be defined by (1.1) be in the family R. Then

|a2a4 − a23| ≤
4

9
.

The result is sharp for the function f(z) which satisfies the relation

f ′(z) =
1 + z2

1− z2
. (2.16)

If we take A = 1, B = −1, ϱ = 1 and q = 0 then we obtain the corresponding
result in [19].

Corollary 2.3. Let the function f(z) be defined by (1.1) be in the family Rϑ. Then

|a2a4 − a23| ≤
4

(1 + 2ϑ)2
.

The result is sharp for the function f(z) of the form (1.1) that satisfies the relation

(1− ϑ)f(z) + ϑzf ′(z) =
1 + z2

1− z2
. (2.17)
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3. Conclusion
In this article, we have investigated the second Hankel determinant for a gener-

alized class of univalent functions defined by means of q-calculus. In particular, we
have obtained a sharp upper bound for the second Hankel determinant H2(2) for
functions belonging to the considered class. The sharpness of the obtained bound
demonstrates the effectiveness of the method employed in the present study. Fur-
thermore, by assigning suitable values to the parameters involved in the defining
condition, our main result yields several previously known results for certain well-
known subclasses of univalent functions as special cases. Thus, the present result
provides a unified generalization of these existing findings. The present work opens
up new directions for further investigations of higher-order Hankel determinants,
Toeplitz determinants, and other coefficient problems for generalized classes of an-
alytic and bi-univalent functions involving q-calculus and related operators.
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