South Fast Asian J. of Mathematics and Mathematical Sciences
Vol. 22, No. 2 (2026), pp. 165-18/

DOI: 10.56827/SEAJMMS.2026.2202.10 ISSN (Online): 2582-0850
ISSN (Print): 0972-7752

RELATIVE ORDER AND RELATIVE LOWER ORDER OF
BICOMPLEX VALUED ENTIRE FUNCTIONS

D. Dutta, S. Jana*, S. K. Dattal, P. Sen® and M. Sarkar?

Department of Mathematics,
Lady Brabourne College,
Beniapukur, Kolkata - 700017, West Bengal, INDIA

E-mail : debasmita.dut@gmail.com

*Department of Mathematics,
Vivekananda College (Thakurpukur),
Thakurpukur, Kolkata - 700063, West Bengal, INDIA

E-mail : sayanjana72926@gmail.com

"Department of Mathematics,
University of Kalyani,
Kalyani, Nadia - 741235, West Bengal, INDIA

E-mail : sanjibdatta05@gmail.com

$Department of Mathematics,
Om Dayal Group of Institutions,
Uluberia, Howrah - 711316, West Bengal, INDIA

E-mail : prosenjitsen83@Qgmail.com

IDepartment of Mathematics,
Fakir Chand College (Diamond Harbour),
South 24 Parganas - 743331, West Bengal, INDIA

E-mail : mohitsarkar98@gmail.com

(Received: Jan. 17, 2026 Accepted: Aug. 11, 2026 Published: Aug. 30, 2026)

Abstract: The main target of this paper is to define the relative order and relative
lower order of a bicomplex valued entire function so that growth of any bicomplex
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entire function with respect to another entire function can be measured easily. In
this paper our objective is to explore some basic properties in connection with
the sum and product of relative order and relative lower order of bicomplex entire
functions. Also, some examples are provided corresponding to the relative order
and relative lower order of bicomplex valued entire functions.

Keywords and Phrases: Bicomplex valued entire function, Relative order, Rel-
ative lower order, Idempotent representation.
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1. Introduction and Preliminaries

The study of bicomplex numbers has been an active area of research since the
foundational contributions of Segre [10], Luna-Elizarraras [5, 6], and Spampinato
[12], who sought a richer algebraic framework beyond the complex field. In partic-
ular, bicomplex algebra provides a fully commutative four-dimensional extension
of complex numbers, offering a compelling alternative [6] to Hamilton’s and Riley’s
quaternion system [3, 9], which, while also four-dimensional, lacks commutativity.
For further study on relative growth and other general algebras, one can see [7, 11].

1.1. The Bicomplex Number System [8]
A bicomplex number 3 can be represented in the form

3 =11+ i1k2 + doks + (i102) ra = (¥1 + G1ke2) + d2(rs + 01X4) = 31 + 02 32,

where each 1, (k =1,...,4) is a real number, 13 = i3 = —1 and 4yiy = i97;. We set
j = iyis, so that j2 = +1. Here 3; = 11 + i122 and 35 = 3 + 4114 lie in the complex
plane C.

We denote the collection of real numbers by Cy, the usual complex numbers by
C4, and the bicomplex numbers by Cs.

1.2. Algebraic Structure of C, [8]

We equip the bicomplex field C, with addition and scalar multiplication oper-
ations and a norm as follows.
Addition and Scalar Multiplication: For 3 = (r; + i1re + k3 + 417284) and
o = (1)1 + illjg + igl)g + i1i204) in (Cz, define

3P =(r1+91) + i1 (z2+v2) + i2(x3+v3) + i192 (ra + v4).

Given a scalar a € Cy, scalar multiplication is

a®3=ar + 91ax + t2ar3 + i1920,.
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With these operations, (Cy, @, ®) is a linear space.
Norm and Completeness: Introduce the norm as

||?1 + 12X + t2r3 + Z'1Z'2F4H = \/ﬁ + 15+
Observe that Cy can be identified with Cj via

L1+ i1k2 + doks + t1doks > (X1, X2, L3, 84).

Equipping C§ with the standard Euclidean norm makes it a complete normed linear
space or a Banach space. Because the norm on C, coincides with this Euclidean
norm under the above correspondence, (Cz, ®,0,] ||) is itself a Banach space.
Bicomplex Multiplication: Define the bilinear product ® : C, x Cy — C4 by

3 ® = (1h — 22 — 393 + raha)
+ 41 (T1h2 + rah1 — T304 — LaH3)
+ 4 (X193 + E3h1 — T4 — Lah2)
+ 417 (1194 + Lah1 + 1203 + 1392).

Banach Algebra Property: One can verify that, for all a € C4, 3,10 € Cy:
laesl =1lalllall,  ls@wl < V23] [wl|.

Therefore, (Cq, ®,®, ®, || - ||) is a commutative Banach algebra.

1.3. Idempotent Representation of Bicomplex Numbers [8]
The bicomplex number system C, admits four idempotent elements:

142109 1 —1q09
2 2

0, 1,

Among these, the two nontrivial idempotents are denoted by

1+ 41i9 1 —dyig
= and ey = 7

€1

which satisfy the following relations

2 2
el =e€1, e;=¢e, eeg=¢e9e1=0, e +ex =1

The elements e; and ey are called orthogonal idempotents due to these properties.
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Every bicomplex number 3 = 31 + 7232 € Co, where 31, 32 € C4, can be uniquely
expressed as
3= (31 —@132)er + (31 +i132)ea = Sier + Saea,
where &;,& € C;. This decomposition is known as the idempotent representation
of 3.
A bicomplex number 3 = 3; +i232 € C, is said to be non-singular if 32+ 33| # 0,
and singular otherwise. We denote the set of all singular elements in Cy by 65.

1.4. Discus and Neighborhood [8]
Let
a=ay + 10 + a0z + i1i00y = a + i3

be a fixed bicomplex point, where o = a; + 4105 and [ = az+i1a4 lie in C;. Choose
positive real numbers t, vy, to > 0.
Define the two complex subsets

Ay = {31 — 9132 : 31,32 € Ci}, Ao = {31+ 1132 31,32 € Ci},

and let 1o € 24, oy € Ay, Note that toq, 1oy are ordinary complex numbers.
The open ball ®B(a, ) and the closed ball B(a,t) centered at a with radius v in
the bicomplex plane are defined as

Bla,v) ={3=3+1i3€Cs:[3—al <t},

Bla,v)={3=31+1i3€Co:||3—a| <t}

Using the idempotent decomposition 3 = tvie; + tosey € Cy, define
D(a;ty,t2) = {Z) € Cy @ 5 = wrertgey, [1—(a—i1B)] < v, [wy—(a+i1 )] < 1‘2}7

ﬁ(a; tl,tg) = {3 c CQ 13 = tojept+ioges, ‘m1—<05—i1ﬁ)| < ty, |m2—(a+i16)] < 'CQ}.

Here ®(a;t;,t5) and D(a;ty,vy) are called the open discus and closed discus with
center at a and radii t; and vy, respectively.

1.5. Bicomplex Holomorphic Functions [8]
Let
f :QC (CQ — CQ

be a bicomplex valued function. We say f is differentiable at wg € €2 if the limit

f'(wo) = lim f(wo +b) — f(wo)

h—0
h¢6s b
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exists, where
b =bo +i1h1 + i2b2 + i1i2bs

is required to be invertible in Cy (i.e. b ¢ 6s).
If f is differentiable at every point of €, it is called bicomplex valued holomor-
phic function. Writing

w =31+ 1232, flw)=01(31,32) +i292(31,32),

with z1,2zo € Cq, one can show that f is holomorphic when both ¢g; and gy are
holomorphic in C; and satisfy the Cauchy—Riemann equations (cf. G.B. Price [8],
1991, Chapter 3. Derivatives and Holomorphic Functions, pp. 159-176.)

991 _ 992 09 _ 99>
031 8527 032 331'

In this case, the derivative takes the form

— g i %
032 ? 32&1.

1.6. Bicomplex Entire Functions and Growth Orders [8]
A function f : Cy; — C, is called bicomplex valued entire function if it is
holomorphic on the entire bicomplex plane Cs,.

Definition 1.1. (Order of a Bicomplex Valued Entire Function [4]) Let f; and f,
be the idempotent components of

f(w) = fi(z1 —iz2) er + f2(31 +i132) €2,

with ey, ey the standard idempotent elements of Co. Then My, (v) denotes the maz-
imal modulus of f; on the circle |3| = v and defined by

My, (v) = max|f;(3)|

3=t

The order of f; in the classical sense is defined by

logi? M,
ps, = limsup 08 MY fl(t)

i=1,2.
00 logt

Then the order of the bicomplex valued entire function f is defined by

p(f) = max{pfm pfz}'
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We now introduce the notions of relative order and relative lower order for
bicomplex valued entire functions.

Bernal [1, 2] defined the relative order of a complex valued entire function f
with respect to another complex valued entire function g as

po(f) = inf {1 > 0 M,() < My(+") Ve >o(u) > 0},

where M¢(v) = max{|f(3)| : |3] = t} denotes the maximum modulus of f on the
circle of radius t. Equivalently, it can be expressed as

log® MM, (¢
py(f) = limsup o1 olt)
00 logt

By replacing the lim sup with lim inf, one obtains the definition of the relative lower
order, denoted by A,(f), which captures the lower growth behavior of f relative to

g.
Now, consider two bicomplex valued entire functions f and g, represented in
their idempotent forms as

J(31+i232) = f1(31 —d132)er + f2(31 + i132)e2,

9(31 +1232) = g1(31 — 1132)e1 + g2(31 + 132)ea,

where f1, fa, g1, g2 are complex valued entire functions in C;.
The relative order of the bicomplex valued entire function f with respect to g
is defined as

pg(f) = max {pgl (fl)’ Pgz (fQ)} )

and the relative lower order is given by

Ag(f) = max{Ag, (f1), Ag, (f2)} -

In the special case when g(w) = exp(t), these definitions reduce to the classical
notions of order and lower order, as discussed in [13].

Furthermore, if the relative order and relative lower order of a bicomplex valued
entire function f with respect to g are equal, then f is said to exhibit regular relative
growth with respect to g.

Example 1.2. Let f(z1+1i229) = exp(z1 +i222) and g(z1 +i222) = exp(5(2z1+i229))
be two bicomplex valued entire functions. Then
f(z1 +i222) = exp(z1 + i929)
= exp(z1 — i122)e1 + exp(21 + i122)e2
= f1(z1 —i129)e1 + fa(z1 + i122)e2
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where f1, fo are complex valued functions.
Similarly
g(z1 + i229) = exp(5(z1 + i922))
= exp(bz1 — Hi129)e; + exp(5z1 + Hijzg)en
= g1(z1 — hhze)er + ga(21 + i122)€n

where g1, go are complex valued functions.
Then for ||z1 + i222]| = r we can write

|21 —d120| =7 and |z; + i1z =71

My, (r) = max _[fi(r)] =¢",

|z1—i122|="

My (r) = P g1 (r)| = €™
— 5')" — log Mgl (r>
1
— T = SIOgMgl(T)
Now,
—1/7 5r\ __
M!h (6 ) =T
Therefore,
- 1
Mg11(R) = 5 log R,
where R = ¢ = r = tlog R.
Then,
log MY (M, (r
pg1(f1) :hmsup 8 g1 ( fl( ))
= lim sup og (5 log My, (r))
r—o00 10g7“
log™ M o(1
= lim sup og” My (r) + O(1)
r—+00 10g7“
‘ log e” + O(1)
= lim sup
T—00 log/}"
1
= limsup o = 1.

rooo lOgT

171
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Similarly we can find that p,,(f2) = 1.
So, pg(f) = max{pm (fl)apgz(fZ)} =1
Example 1.3. If f is a polynomial in Cy and g(z) = exp(z) where z € Cs, then

pg(f) = 0.
Let
f(Zl + ing) = Z(ak + izbk)(zl + ing)k
k=0

Z(ak + ilbk)(Zl + ilZg)k €9
k=0

n

— Z(ak —iybg) (21 — 1129)"

k=0
= fi(z1 —i122)er + fa(z1 + 1122)e€g

€1+

Now,
(21 +i929) = exp(z1 + i122)
= exp(z1 — i122)e1 + exp(z1 + i122)ey
= q1(z1 — 122)e1 + ga(21 +d122) e
Then for ||z1 + i222]| = r we can write
|21 —d122| =7 and |z +i12| =1
My (r) = max |fi(2)] ~ |an —i1bp|r" asr — o0
|z1—i122]="
and My (r) = max |gi(2)] =¢€".
|z1—t122]|=r
Therefore,
log M-t My, (r)
_ 1 a1 1
Pgr(J1) = lim sup log 7
) log ngl (lan, — i1bp|r™)
= lim sup
r—00 10g7“

loglog(|an — i1bp|r™)

= lim sup
r—00 logr

1 1 1
s 2 10B ) + O(1)
r—00 logr
logn + loglogr

= lim sup
r—00 log r
log1
— limsup —2%87 _
r—oo  logr
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Similarly, pg,(f2) = 0.
Hence,

pg(f) = max{p,, (f1), pg,(f2)} = 0.

In this section, we present a lemma which will be needed in the sequel.
Lemma 1.4. ([1, 2]) Suppose that f is a non-constant entire function of complex
variable, « > 1 and 0 < B < . Then,

My(ar) > BM;(r)

for all sufficiently large r.
Lemma 1.5. ([1, 2|) Let f be a non-constant entire complex valued function.
Then, for any positive integer p and for all o > 1

[M(r)]" < My(r).

2. Main Theorems and Proofs
Theorem 2.1. Let f g and h be bicomplex valued entire functions having relative
orders py(f) and py(g) respectively. Then

(1) pu(f£9) < 4max{pn(f), pn(9)}

(@) pu(f-g) < dmax{pn(f), pu(9)}

Proof. If p,(f £+ g) = 0, then the result is obvious.
We suppose that p,(f +g) > 0.

Let ph(f) and ph(g) be finite and maX{phi(fi)u Ph; (gz)} = Ai7 1= 17 2.
Now, f, g, h are bicomplex valued entire functions, then we can write

f(Z) = fl(Zl - i122)€1 + fz(zl + Z’lzg)eQ
9(2) = g1(z1 —i1za)er + gal21 +i122)en

h(z) = hi(z1 — i122)e1 + ha(z1 + i122) €9

where f;, g;, h; are complex valued entire functions for ¢ = 1, 2.
Now for any € > 0 from the definition of py, (f;) we have for all large r1, 79, ..., 7,

My (ra) < My, (r775),i=1,2.

i.e., My, (rp) < My, (rjite), i=1,2. (2.1)

n
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Also for arbitrary ¢ > 0 from the definition of pp,(g;), we have for all large
r,ro...,Tp

My (ra) < My, (r"77),i=1,2.

pe,  My(ry) < My, (rii®), i=12, (2.2)

n

since
Mfiigi(r> < Mfi(r) + Mgi(r)7 Vi=1,2.

We obtain from (2.1) and (2.2), for all large ry,ro, ..., 7,, that

Mfi:tgi(rn) < Mfi<rn) + Mgi (Tn)
< 2My, (i)

< My, (3r27)  [By Lemma 1.4]
< Mhi (T£i+36) .

Since € > 0 is arbitrary, we get from above that

ie.,

Phi (fl + gl) < maX{ph1 (fl)v Phi (gl)}7 2
Phy (fo £ g2) < max{pn,(f2), pn,(g2)}- (2.4)

(i) Now,

pu(f = g) = max{pp, (fi £ 91), o> (f2 = g2) }
< o (f1 £ g1) + pro(f2 £ g2)
< max{pp, (f1), pr, (91)} + max{pn, (f2), pn,(92)} [Using (2.3) and (2.4)]
< (pny (1) + iy (91)) + (1o (f2) + Pho(92))
= (o, (f1) + pra(f2)) + (pry (91) + 1y (92))
< 2max{pn, (f1), pny (f2)} + 2max{pn, (1), pn,(92)}
=2{pn(f) + pn(9)}
< dmax{pn(f), pn(9)}-

(i) For the second part we know that
Vi=1,2, My,.q,(r) < My, (1) - Mg, (y)
< [Mhi(rAiJ”)}z [From (2.1) and (2.2)]

n
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< My, (r7AF9Y  for o > 1 [Using Lemma 1.5].

oy (f1 - g1) < Av = max{py, (f1), pn, (91)}
and

th(f2 : 92) S A2 = maX{Phg(f2)a Phy (92)}

Now

pu(f - g) = max{pn, (f1-91), pno(f2 - 92)}
< pny (f1 - g1) + oy (f2 - g2)

From the previous part of this proof we can conclude that

pn(f - g) < dmax{pn(f), pn(9)}-

Theorem 2.2. Let f, g and h be any three bicomplex valued entire functions.
Then

(4) A(f £ g) < dmax{A,(f), A(9)}
(i) A(f - g) < dmax{An(f), Au(g)}

Proof. If \,(f £ g) = 0, then the result is obvious.
We suppose that A\, (f +¢g) > 0.
Let A\n(f) and Ap(g) be finite and max{\s,(f;), A\n,(¢:)} = Aiy i =1,2.
Now, f, g, h are bicomplex valued entire functions, then we can write

f(Z) = fl(Zl - i122)€1 + f2(21 + i122)62
9(2) = g1(z1 —i1z0)e1 + go(21 +i122)e2

h(z) = hi(z1 — i122)e1 + ha(z1 + i122) €9
where f;, g;, h; are complex valued entire functions for ¢ = 1, 2.
Now for any € > 0 from the definition of A, (f;) we have a sequence {r/} — oo
such that
My, (r;,) < My, (r’ihi(m“) . i=1,2.

n

ie,  M(r) < My, (r’AiJre), i=1,2. (2.5)

Also, for arbitrary ¢ > 0 from the definition of A, (g;), we have a sequence
{r!"} — oo such that

M, (r7) < My, (r"z"i(gi)Jre) . i=1,2.
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ie, M, (") < My, (r'““i“), i=1,2. (2.6)

n

Let r, = max{r],r}. Then {r,} — oo and both (2.5) & (2.6) hold for r,.

Since My, 14, (r) < My, (r) + M, (r), Vi=1,2.

We obtain from (2.5) and (2.6), for a sequence of values of r, — oo, that

Mfz'igi (Tn) < Mfi(rn) + Mgi (Tn)
< 2My, (i)
< My, (3ri¢)  [By Lemma 1.4]
< My, (Tfi+36) .

Since € > 0 is arbitrary, we get from above that

/\hz(fz + gi) < A’L = maX{/\hi(fi)7 /\hi (gz)} Vi = 1,2

A (fr £ g1) < max{ Ay, (1), A, (1)} (2.7)
>‘h2<f2 + 92) < maX{/\fm(f?)? /\h2 (92)} (28>

(i) Now,

An(f £ g) = max{An, (fi £ 1), An, (f2 = g2)}
<A (fi £91) + Ao (f2 £ 92)
< max{ A, (f1), An, (g1)} + max{ A, (f2), An,(g2)} [Using (2.7) and (2.8)]
< (A (1) + An(91)) + (Ano (f2) + Ans(92))
= (A (f1) + Ao (f2)) + (Ani (91) + Ana(92)
< 2max{ Ay, (f1), Any (f2)} + max{An, (g1), An,(92) }
=2{M\(f) + Anl9)}
< dmax{An(f), An(9)}-

(ii) For the second part we know that
Vi=1,2, My,.q; (1) < My, (1) - Mg, (0)

< [My, (r25%9)]*  [From (2.5) and (2.6)]

n

< My, (r7AF9Y  for o > 1 [Using Lemma, 1.5].
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Ay (f1 - g1) < Ay = max{Ap, (f1), An, (91) }
and

Ano (f2 - g2) < Ag = max{An, (f2), Any(g2) }-

Now

An(f - g) = max{n, (f1 - 1), Ao (f2 - 92)}
< /\hl(fl : gl) + /\h2(f2 : 92)

From the previous part of this proof we can conclude that

A(f - g) < dmax{An(f), An(9)}-

Theorem 2.3. Let f, g, h be any three bicomplex entire functions having relative
order. Then

Ag=n(f) = min { A (f), An(f)}-

Proof. Case 1: If A\;.,(f) = 0o, then the result is obvious.

Case 2: Let one of A\,(f) and A,(f) be infinite.
Without loss of generality, let A\,(f) = oo and A, (f) < oo, then

min{ A, (f), A\ ()} = A (f).

Since, g = (g £ h) F h, by Theorem 2.2 we have

Ag(f) < 4 max {)‘gih<f)a )\h(f)} .

Therefore, Agip(f) = 00, since A\,(f) = oo and A\, (f) < 0.

Thus, the theorem is true.
Case 3: Let \,(f) and A, (f) both be infinite, then from Case 2 we can say that
Ag+n(f) = 0o. Hence, the theorem is true.
Case 4: Let all \j1,(f), Aj(f) and A,(f) be finite. Then two subcases arise.
Subcase I: Let A\, (f) > A\ (f).

Now, f, g, h are bicomplex valued entire functions. Then we can write

f(2) = filz1 —i1z2)er + fa(z1 +i12n)en,

9(2) = g1(z1 —i122)er + ga(21 + i120)eq,
h(z) = hi(z1 — i122)e1 + ho(z1 + i129)ea,

where f;, g;, h; are complex-valued entire functions for ¢ = 1, 2.
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Further, let
Ai = min {/\gz(fl)’ )‘hl(fz)} s Z = ]_, 2

Now for any e > 0, from the definition of Ay, (f;) and Ay, (f;) we have sequences
{r'} — oo and {r”} — oo such that

M, (T’;\lgi(fi)%) < My,(r]) and My, (T"ihi(fi)%) < My, (1), fori=1,2.
(2.9)
Let 7, = max{r],,r}. Then {r,} — oo and (2.9) holds for r,. From the above,

n'n

for {r,} — oo, we get

M,

gi

(TAi—e) < Mfi (Tn); and M, (,r;?i—ﬁ) < Mﬁ(ﬁm)a forv=1,2. (210)

n

Since
My, 1, (r) < My, (r) + My, (1), fori=1,2.

From (2.9), (2.10) and Lemma 1.4, for {r,} — oo, we get

Myan, (5) < My, (7 4 My, (7)
= My,ap, (1) < 2Mj,(r,)

n

1
= Mgiihi (gr;‘i_a) < Mfi (TTL>
= My, 1p, (TAF?’G) < My, (ry), wherei=1,2.

n

Since € > 0 is arbitrary, we get from above
)‘giihi(fi> > A; = min{)‘gi(fi)a )\hz(fz)}7 Vi=1,2.
Therefore,

Agiany (f1) 2 min {Ag, (f1), An, (f1)} and Agyan, (f2) = min {Ag, (f2), A, (f2)} -
(2.11)

Also, Agin(f) = max{ Ay 1, (f1), Agotn, (f2)}. Then from (2.11) we get
Agen(f) > max {min {Ag, (f1), An, (f1)}, min {Ag, (f2), Any (f2)} 1} (2.12)
Now, since

Ag(f) > An(f)
i.e., max {/\91(f1)> /\QQ(fQ)} - max {/\hl (fl)’ )‘hz(fQ)} ) (2'13)
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two cases arise.
Subcase I.a): If A\;, (f1) > Ay, (f2), then from (2.13) we have

)\gl(fl) > max{)‘hl(fl)v)‘hz(fQ)} > Ahl(f]-)'

Similarly Ay, (f1) > An,(f2).
Subcase I.b): If A, (f1) < Ay, (f2), then from (2.13) we have

Ago (f2) > max {An, (f1), Ans (f2)} > Ans(f2)-

So, from equation (2.12) and Subcase I.a), we get

Agan(f) = max {Ag, (f1), min {Ag, (f2), A, (f2)}} = Ag, (f1)-

Similarly from equation (2.12) and Subcase I.b), we get

Agen(f) 2 Agy (f2)-

From (2.14) and (2.15), we have

maX{)‘gl (fl)v )‘g2<f2>‘}
Ag(f) = min{Ag(f), An(f)}-

Agen(f) =
z’.e., )\gih(f) Z

Subcase II: Let A\;(f) = An(f), then from Subcase I, the result follows.

This proves the theorem.

179

(2.14)

(2.15)

Theorem 2.4. Let f, g, h be any three bicomplex valued entire functions having

relative order. Then
Agn(f) = min{Ag(f), An(f)} -

Proof. Case 1: If A\, (f) = oo, then the result is obvious.
Case 2: Let one of \;(f) and A\,(f) be infinite.
Without loss of generality, let A\,(f) = oo and A\, (f) < oo, then

min{A,(f), \n(f)} = A(f)-

Again,
)‘g(f) = max {/\91 (fl)v Agz(f2)} :

Let Ay, (f1) = oo.
Now

An(f) = max {An, (f1), An, (f2)} < o0
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Therefore,
A (f1) < oo and  Ap,(f2) < 0.

In particular,
)‘gl (fl) > )\h1 (fl)

Now for complex-valued functions fi, g1, hi, we know that

)\gl'hl (fl) > min {/\gl (f1)7 >\h1 <f1>} :

Therefore, Ay ., (f1) > Ay (f1)-
Again, in Cy,

)\gl(f1> > )‘h1<f1> = )‘91-h1(f1) > )‘gl(fl)‘

Since Ay, (f1) = oo, we have Ay, (f1) = o0.
From the definition of multicomplex order,

MnlF) = A () = Agalf) = oo.

Thus, the theorem is true.

Case 3: Let A\,(f) and A,(f) both be infinite, then from Case 2 we can say that
Agn(f) = oo. Hence, the theorem is true.

Case 4: Let all A\j.,(f), A\g(f) and A, (f) be finite. Then two subcases arise.
Subcase I: Let A\,(f) > An(f). Now, f, g, h are bicomplex entire functions. Then
we can write

f(2) = fi(z1 —i122)en + fa(z1 + d122)ea,
9(2) = g1(z1 —i122)e1 + ga(z1 + i122)e2,
h(z) = hi(z1 —i122)e1 + ha(21 + i122)e2,
where f;, g;, h; are complex-valued entire functions for ¢ = 1, 2.
Further, let A; = min { A\, (fi), A, (fi)} for i =1,2.

Now for any € > 0, from the definition of A, (f;) and Ay, (f;), we have sequences
{rl} — oo and {r”} — oo such that

M,, (r’i‘bgi(fi)_e) < My, (rl) and My, <r”;\lhi(f")_e> < My, (rl)  where i =1,2.
(2.16)
Let r, = max{r,,r”}. Then {r,} — oo and (2.16) holds for r,,. From the above,

for {r,} — oo, we get

My, (r=¢) < My(ry) and My, (r)i7¢) < My,(r,), wherei=1,2.

n
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Since
Mgi'hi (r;‘i_g) < Mgi (T;?i_e) 'Mhi (T;?i_g) < [Mfi(rn)]2
1
Qe [Mgun, (9] < My, (rp). (2.17)
From (2.17) and for any § > 1, and for all sufficiently large values of 1,79, ..., 7y,
we get
My,p, (r349) < My, (1) (2.18)

Since g;- h; satisfies the equation (2.18), and since € > 0 is arbitrary, letting A\ — 17,
we obtain

)\gzhz<f7f) > min {)\gz(f'L)? )‘hl(fz)}a for i = 1,2

ie.,

>\g1-h1 (fl) > min {)‘91 <f1)7 /\hl (fl)} )
>\g2-h2(f2) > min {)‘92<f2>7 /\h2 (f2)} :

Now,

)‘g~h(f) = max{/\gl'hl (f1>’ )‘92~h2(f2)} > /\g1~h1 (fl) > min {)‘gl (fl)’ )\hl (fl)} (2'19)

Similarly,
Agn(f) = min {Ag, (f2), An, (f2)} (2.20)
From (2.19) and (2.20), we have

Agn(f) = max{min{Ag, (f1), An, (f1)}, min {Ag, (f2), Any (f2)}} (2.21)

Since

Ag(f) > An(f)
i.e., max {)‘91 <f1>7 )‘gz(f2>} > max {)‘h1 (f1)7 )\hQ(fQ)} ) (222)

two cases arise.
Subcase L.a): If A\, (f1) > Ay, (f2), then from (2.22) we have

)\gl(fl) > max{)‘hl(fl)v)‘hz(fQ)} > )\h1<f1>-

Similarly Ay, (f1) > An,(f2).
Subcase I.b): If A, (f1) < Ay, (f2), then from (2.22) we have

)‘92(f2) > max{/\hl (fl)’ )‘h2(f2)} > /\hz(f2)'
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Similarly Ay, (f2) > s, (f1).
So, from equation (2.21) and Subcase I.a), we get

Agn(f) Z max {Ag, (f1), min {Ag, (f2), An, (f2)}} = Ag, (f1)- (2.23)
Similarly from equation (2.21) and Subcase 1.b), we get

Agn(f) = Ay (f2)- (2.24)
From (2.23) and (2.24), we have

Ao () = max{Ag, (1), Aga (2).}
e M) 2 A(F) = min{A,(F), ().

Subcase II: Let A\;(f) = An(f), then from Subcase I, the result follows.
This completes the proof.

3. Future Prospect

The distribution of values of a bicomplex-valued entire function can be deter-
mined by its order. But for the bicomplex-valued meromorphic function, we cannot
measure the growth rate by using the maximum modulus, since a meromorphic
function can hit the infinity on a disc of finite radius. To overcome the situation
one may think of Nevanlinna’s value distribution theory to study the growth of a
bicomplex meromorphic function and it is a wide area for future research.

4. Conclusion

The introduction of bicomplex (quaternions) numbers is a very useful mathe-
matical tool that enhances the analysis, rendering it much easier and much more
productive, and our paper includes relative order and relative lower order, which
plays an important role in finding the growth of any holomorphic function with
respect to another holomorphic function.

Even though there are various proofs and approaches for proving the sum and
product theorem in connection with the relative order and relative lower order
of the entire function in C and several complex variables C,,, in this paper our
target is to prove this theorem in the bicomplex plane and in future to extend it
in multicomplex plane.
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