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Abstract: In this work, we set out on an exhaustive analysis of trivariate q-
truncated exponential-based Appell polynomials (Tq-TEbAP), which are explicitly
built by a generating function with a q-calculus profile. First, an analysis will be
provided for these polynomials by means of quasi-monomiality, which will lead to
the fundamental operational relations and a simple form for the operators. Subse-
quently, concrete forms for the operators will be obtained, along with the related
q-differential and partial differential equations that these polynomials obey. Last
but not least, a number of summation formulas will be provided to highlight the
intrinsic analytic properties of these polynomials.
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1. Introduction
Special functions occupy a central place in many areas of mathematics and the

applied sciences. They appear naturally as solutions to differential equations, which
model a wide range of physical and engineering phenomena. Traditional special
functions, such as the Hermite, Legendre, Laguerre, and Bessel functions, play
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a crucial role in mathematical physics, informing us about quantum mechanics,
the propagation of waves, and the flow of heat. Their well-trodden properties,
like generating functions, recurrence relations, and orthogonality, offer us powerful
analytical tools to tackle complex problems.

But special functions play a much larger role, being the building blocks of ap-
proximation theory, numerical analysis, and computational mathematics. They
also occur naturally in combinatorics, number theory, and probability, aiding us
in the search for hidden connections between mathematical objects. As a subject,
the theory of special functions is alive and well, and its range and depth ensure its
continued evolution. The generalized Hermite polynomials are an organized and
elegant system that has captured interest in both theory and application. The
defining features of the generalized Hermite polynomials, such as their orthogonal-
ity, recurrence relations, and their generating functions, are significant properties
that make them valuable in different analytical situations. The generalized Her-
mite polynomials are strongly connected to the quantum harmonic oscillator, and
they are used in the wave function and in the description of the energy levels in
quantum mechanics.

The 2-variable truncated exponential polynomials (2VTP) denoted by e
(r)
n (τ, γ)

are specified by generating relation [12, 13, 22]:

eτt

1− γtr
=

∞∑
n=0

e(r)n (τ, γ)
tn

n!
, (1.1)

where

e(r)n (τ, γ) = n!

[n
r
]∑

k=0

γkτn−rk

(n− rk)!
. (1.2)

Very recently, in [33], Özat et al. presented the general form of truncated-exponential-
based general Appell polynomials, utilizing the framework of two-variable general-
Appell polynomials as follows:

A(t)eτtψ (ϕ, t)
1

1− γtm
=

∞∑
s=0

e(m)Ts(τ, ϕ, γ)
tn

n!
.

In addition, the authors successfully derived explicit and determinant representa-
tions, along with operators for lowering and raising, a recurrence relation, a differ-
ential equation, and various summation formulas pertinent to these polynomials.

The field of quantum calculus, alternatively known as q-calculus, represents an
area of burgeoning research interest. For q → 1−, quantum calculus converges



A new generalization of q-truncated exponential-based Appell polynomials ... 203

to classical calculus. In contemporary scientific discourse, quantum calculus has
exhibited its utility across diverse disciplines, encompassing mathematical sciences,
quantum physics, quantum mechanics, quantum algebra, approximation theory,
and operator theory, among other domains. We now provide some basic properties
of quantum analysis. For the following properties and more details, please see (see
[6, 9, 17, 21, 23, 35, 44]). Assume 0 < q < 1. The q-shifted factorial (γ; q)v is
defined as:

(ϑ; q)u =
u−1∏
w=1

(1− qwϑ), (u ∈ N), (ϑ; q)0 = 1. (1.3)

The q-analogue of a number γ is given by

[ϑ]q =
1− qϑ

1− q
, 0 < q < 1; ϑ ∈ C. (1.4)

The q-factorial is given by (see [40-42, 27, 28])

[ϑ]q! =


∏ϑ

w=1 [w]q , ϑ ≥ 1

1, γ = 0

. (1.5)

The following equality holds:

(τ ± γ)vq =
v∑

s=0

(
v

s

)
q

q(
v−s
2 )τ s(±γ)v−s, (1.6)

where (
ϑ

w

)
q

=
[ϑ]q!

[ϑ− w]q! [w]q!
.

The following equalities hold [10, 29, 30, 31, 32]:

eq(τ) =
∞∑

w=0

τw

[w]q!
, 0 < q < 1, (1.7)

and

Eq(τ) =
∞∑

w=0

q(
w
2)τw

[j]q!
, 0 < q < 1. (1.8)

The following equality holds:

eq(τ)Eq(ϕ) =
∞∑
n=0

(τ + ϕ)nq
[n]q!

. (1.9)
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Hence
eq(τ)Eq(−τ) = 1. (1.10)

The following equality holds:

D̂q,τh(τ) =
h(qτ)− h(τ)

τ (1− q)
, 0 < q < 1, τ ̸= 0. (1.11)

In particular, we have
D̂q,ττ

w = [w]qτ
w−1, (1.12)

D̂q,τeq(ατ) = αeq(ατ), α ∈ C, (1.13)

and
D̂w

q,τeq(ατ) = αweq(ατ), w ∈ N, α ∈ C, (1.14)

where D̂w
q,τ denotes the wth order q-derivative with respect to τ .

The q-derivative concerning the product of the functions f(τ) and g(τ) has been
thoroughly examined in existing literature [1, 2, 26, 34]:

D̂q,τ (h(τ)k(τ)) = h(τ)D̂q,τk(τ) + k(qτ)D̂q,τh(τ) (1.15)

and

D̂q,τ

(
h(τ)

k(τ)

)
=
k(qτ)D̂q,τh(τ)− h(qτ)D̂q,τk(τ)

k(τ)k(qτ)
. (1.16)

The q-integral of a function h(τ) is introduced as∫ a

0

h(τ)dqτ = (1− q)a
∞∑

w=0

qwh(aqw). (1.17)

By virtue of (1.17), we get∫ τ

0

λwdqλ = (1− q)τ
∞∑
n=0

τwqn(w+1)

=
τw+1(1− q)

1− qw+1
=

τw+1

[w + 1]q
, w ∈ N ⊔ {0}. (1.18)

In particular D̂−1
q,τ{1} = τ , and then(

D̂−1
q,τ

)r
{1} =

τ r

[r]q!
, r ∈ N ⊔ {0}. (1.19)
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The q-GHP, symbolized as H
(m)
n,q (τ, ϕ), are established through the use of the

following generating function [24]

eq(τt)eq(ϕt
m) =

∞∑
n=0

H(m)
n,q (τ, ϕ)

tn

[n]q!
, (1.20)

and series definition

H(m)
n,q (τ, ϕ) = [n]q!

[ n
m
]∑

k=0

ϕkτn−mk

[k]q![n−mk]q!
. (1.21)

For H
(m)
n,q (τ, ϕ), the following equality holds (see [39, 40]):

H(m)
n,q (τ, ϕ) = eq

(
ϕDm

q,τ

)
{τn}. (1.22)

The q-dilatation operator Tz is characterized by its action on any function of
the complex variable z as follows: [8, 20]

T k
z f(z) = f(qkz), k ∈ R, (1.23)

satisfies the property
T−1
z T 1

z f(z) = f(z). (1.24)

The following equality holds [8]:

D̂q,teq(ϕt
m) = ϕtm−1T(ϕ;m)eq(ϕt

m). (1.25)

where

T(ϕ;m) =
1− qmTm

ϕ

1− qTϕ
= 1 + qTϕ + · · ·+ qm−1Tm−1

ϕ .

Al Salam provides a comprehensive explanation of the generating function for
the q-Appell polynomials An,q(τ), as articulated in the formula found in [3, 4, 36,
37].

Aq(t) eq(τt) =
∞∑

w=0

Aw,q(τ)
tw

[w]q!
, (1.26)

Aq(t) =
∞∑

w=0

Aw,q
tw

[w]q !
, Aq(t) ̸= 0, A0,q = 1. (1.27)

The following represents a suitable option for specific individuals within the cate-
gory of q-Appell polynomials:
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Table 1. Certain q-APF

S. No. q-APF GF Aq(t)

I. The q-BP [18, 19]
δ

eq(δ)− 1
eq(τδ)=

∑∞
υ=0 Bυ,q(τ)

δυ

[υ]q !
Aq(δ) =

δ
eq(δ)−1

II. The q-EP [18, 19]
[2]q

eq(δ) + 1
eq(τδ)=

∑∞
υ=0 Eυ,q(τ)

δυ

[υ]q !
Aq(δ) =

[2]q
eq(δ)+1

III. The q-GP [18, 19]
[2]qδ

eq(δ) + 1
eq(τδ)=

∑∞
υ=0 Gυ,q(τ)

δυ

[υ]q !
Aq(δ) =

[2]qδ

eq(δ)+1

Appell polynomials of the rth order, which are based on a 2-variable q-truncated
exponential function and represented as e(r)An,q(τ, γ), are characterized by the gen-
erating function provided in [12]

Aq(t)
eq(τt)

1− γtr
=

∞∑
n=0

e(r)An,q(τ, γ)
tn

[n]q!
. (1.28)

For Aq(t) = 1, the above equation reduces to

eq(τt)

1− γtr
=

∞∑
n=0

E(r)
n,q(τ, γ)

tn

[n]q!
, (1.29)

where E
(r)
n,q(τ, γ) are called the 2-variable q-truncated polynomials of order r.

In a recent study, Alam et al. [5] defined and examined the bivariate q-general
polynomials denoted as pθ,q(ζ, η), which are defined by:

eq(γδ)ϕq(ν, δ) =
∞∑
θ=0

pθ,q(γ, ν)
δθ

[θ]q!
, (p0,q(γ, ν) = 1), (1.30)

where ϕq(ν, δ) has (at least the formal) series expansion

ϕq(ν, δ) =
∞∑
θ=0

ϕθ,q(ν)
δθ

[θ]q!
, (ϕ0,q(ν) ̸= 0). (1.31)

Khan et al. [24] introduced the new generalization of q-truncated exponential-
based general polynomials by means of the following generating function:

1

1− γtr
ϕq(η, t)eq(τt) =

∞∑
n=0

pE (r)
n,q(τ, η, γ)

tn

[n]q!
. (1.32)
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The notion of monomiality is a crucial tool for analyzing exceptional polynomi-
als and their attributes. Initially introduced by J.F. Steffensen [38], this concept
was later expanded into the realm of quasi-monomiality by Dattoli and his col-
leagues [14-16]. In the specific context of q-polynomials, Cao et al. [8] further
extended the monomiality principle. This extension offers a robust methodology
for examining the quasi-monomiality of certain q-special polynomials. Researchers
have extensively utilized monomiality frameworks to construct and evaluate hybrid
families of special polynomials [43]. The two q-operators, denoted as M̂q and P̂q,
are known as the q-multiplicative and q-derivative operators, respectively, for a
q-polynomial set pn,q(τ)(n ∈ N, τ ∈ C), as demonstrated by [8]

M̂q{pn,q(τ)} = pn+1,q(τ), (1.33)

and

P̂q{pn,q(τ)} = [n]qpn−1,q(τ). (1.34)

The operators M̂q and P̂q adhere to the following commutation relation:

[M̂q, P̂q] = P̂qM̂q − M̂qP̂q. (1.35)

The characteristics of the polynomials pn,q(τ) can be inferred from the properties

of the operators M̂q and P̂q. If these operators, M̂q and P̂q, have a differential
realization, then the polynomials pn,q(τ) are governed by the differential equation

M̂qP̂q{pn,q(τ)} = [n]qpn,q(τ), (1.36)

and

P̂qM̂q{pn,q(τ)} = [n+ 1]qpn,q(τ). (1.37)

In view of (1.33) and (1.34), we have

[M̂q, P̂q] = [n+ 1]q − [n]q. (1.38)

From (1.33), we have

M̂q

r
{pn,q} = pn+r,q(τ). (1.39)

In particular, we have

pn,q(τ) = M̂q

n
{p0,q} = M̂q

n
{1}, (1.40)
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where p0,q(τ) = 1 is the q-sequel of polynomial pn,q(τ). Also, the generating func-
tion of pn,q(τ) can be obtained as

eq(M̂qt){1} =
∞∑
n=0

pn,q(τ)
tn

[n]q!
. (1.41)

In this paper, we define new generalization of q-truncated exponential-based-
Appell polynomials, employing a generating function approach that incorporates
q-calculus functions. The investigation extends to the analysis of these polyno-
mials within the quasi-monomiality framework, facilitating the establishment of
crucial operational identities. Subsequently, operational representations were de-
rived, and both q-differential and partial differential equations were formulated for
the aforementioned polynomials. To further elucidate their analytical properties,
summation formulas were developed. The article concludes with some examples
that demonstrate the behavior of 3-variable q-truncated exponential-based Appell
polynomials and highlights their potential applications in various fields.

2. New generalization of q-Truncated exponential-based Appell polyno-
mials

In this section, we introduce a new generalization of q-truncated exponential-
based Appell polynomials and obtain series definition, recurrence relation, and
explicit formula for these polynomials. We begin with the following definition as.

Utilizing the relations (1.28) and (1.30), we introduce the new generalization of
q-truncated polynomials e(r)Tw,q(ζ, η, γ) in the following form:

Aq(t)

1− γtr
eq(ζt)ϕq(η, t) =

∞∑
w=0

e(r)Tw,q(ζ, η, γ)
tw

[w]q!
, (p0,q(ζ, η) = 1), (2.1)

where ϕq(η, δ) has (at least the formal) series expansion

ϕq(η, δ) =
∞∑
υ=0

ϕυ,q(η)
δυ

[υ]q!
, (ϕ0,q(η) ̸= 0). (2.2)

Theorem 2.1. The higher derivative formula for the new generalization of q-
truncated polynomials e(r)Tw,q(ζ, η, γ) holds true:

D̂k
q,te(r)Tw,q(ζ, η, γ) =

[w]q!

[w − k]q!
e(r)Tw−k,q(ζ, η, γ). (2.3)
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Proof. By taking the kth order q-partial derivative with respect to τ on both sides
of the generating function (2.1) and subsequently applying equation (1.13) to the
left-hand side, it can be deduced that

∞∑
n=0

D̂k
q,te(r)Tw,q(ζ, η, γ)

tw

[w]q!
= tk

Aq(t)

1− γtr
eq(τt)ϕq(η, t) =

∞∑
n=0

e(r)Tw,q(ζ, η, γ)
tw+k

[w]q!
.

(2.4)
Upon reorganizing the given series and then equating the corresponding powers of
t on both sides of the resulting equation, we confirm assertion (2.3).

Theorem 2.2. For the new generalization of q-truncated polynomials e(r)Tw,q(ζ, η, γ)
, the following identity holds:

e(r)Tw,q(ζ, η, γ) =
w∑

k=0

(
w

k

)
q

Ak,q pE (r)
w−k,q(ζ, η, γ), (2.5)

with Ak,q is given by equation (1.27).
Proof. By virequations (1.32), and (2.1), we obtain

∞∑
w=0

e(r)Tw,q(ζ, η, γ)
tw

[w]q!
= Aq(t)

∞∑
w=0

pE (r)
w,q(ζ, η, γ)

tw

[w]q!
. (2.6)

Utilizing the expansion (1.27) of Aq(t) on the left-hand side of equation (2.6),
we simplify the expression and equate the coefficients of corresponding powers of t
on both sides of the equation, thereby establishing assertion (2.5).

The determinant form plays a crucial role in deriving the exploration of q-
special polynomials, offering a compact and refined representation that captures
their core attributes. This formulation adeptly illustrates essential features such
as orthogonality, recurrence relations, and generating functions, establishing it as
a valuable instrument for analysis and manipulation across diverse mathematical
settings. Moreover, the determinant form serves as a link to other mathematical
frameworks, enabling a deeper understanding of the foundational principles that
govern q-special polynomials. Its importance extends beyond mere computational
applications, contributing significantly to the theoretical progress in the field of
special function theory.
Costabile and Longo [11], expanding on the techniques presented in [25], have
effectively derived the determinantal form of q-Appell polynomials.

Theorem 2.3. The determinant form of the three-variable q-truncated exponential
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Gould-Hopper-based Appell polynomial with degree n, is

e(r)Tw,q(ζ, η, γ) =
1

β0,q
,

e(r)Tw,q(ζ, η, γ) =
(−1)n

(β0,q)n+1

×

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 pE (r)
1,q (ζ, η, γ) pE (r)

2,q (ζ, η, γ) ... pE (r)
w−1,q(ζ, η, γ) E

(r)
w,q(ζ, η, γ)

β0,q β1,q β2,q ... βw−1,q βw,q

0 β0,q
(
2
1

)
q
β1,q ...

(
w−1
1

)
q
βw−2,q

(
w
1

)
q
βw−1,q

0 0 β0,q ...
(
w−1
1

)
q
βw−3,q

(
n
2

)
q
βw−2,q

...
...

... ...
...

0 0 0 ... β0,q
(

w
w−1

)
q
β1,q

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (2.7)

βw,q = − 1

A0,q

(
w∑

k=1

(
n

k

)
q

Ak,qβw−k,q

)
, w = 0, 1, 2, . . . ,

where β0,q ̸= 0, β0,q = 1
A0,q

and pE (r)
w,q(ζ, η, γ), w = 0, 1, 2, . . . , are the new gen-

eralization of 3-variable q-truncated exponential polynomials defined by equation
(1.32).
Proof. By integrating the series expressions of the newly generalized q-truncated
exponential polynomials into the generating function of the new generalization of
three-variable q-truncated exponential-based Appell polynomials, we derive

Aq(t)
∞∑

w=0

pE (r)
w,q(ζ, η, γ)

tw

[w]q!
=

∞∑
n=0

e(r)Tw,q(ζ, η, γ)
tw

[w]q!
. (2.8)

Multiplying both sides by

1

Aq(t)
=

∞∑
γ=0

βγ,q
tγ

[γ]q!
, (2.9)

we get

∞∑
w=0

pE (r)
n,q(ζ, η, γ)

tw

[w]q!
=

∞∑
γ=0

βγ,q
δγ

[γ]q!

∞∑
n=0

e(r)Tw,q(ζ, η, γ)
tw

[w]q!
. (2.10)
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Applying Cauchy product in (2.10) gives

pE (r)
w,q(ζ, η, γ) =

w∑
γ=0

(
w

γ

)
q

βγ,q e(r)Tw−γ,q(ζ, η, γ). (2.11)

So, we obtain the system of equations as follows:

pE (r)
0,q (ζ, η, γ) = β0,q e(r)T0,q(ζ, η, γ),

pE (r)
1,q (ζ, η, γ) = β0,q e(r)T1,q(ζ, η, γ) + β1,q e(r)T0,q(ζ, η, γ),

pE (r)
2,q (ζ, η, γ) = β0,q e(r)T2,q(ζ, η, γ) +

(
2

1

)
q

β1,q e(r)T1,q(ζ, η, γ) + β2 e(r)T0,q(ζ, η, γ),

...

pE(r)
w−1,q(ζ, η, γ) = β0,q e(r)Tn−1,q(ζ, η, γ)+

(
w − 1

1

)
q

β1,q e(r)Tw−2,q(ζ, η, γ)+· · ·+βw−1,q e(r)T0,q(ζ, η, γ),

pE(r)
w,q(ζ, η, γ) = β0,q e(r)Tw,q(ζ, η, γ) +

(
w

1

)
q

β1,q e(r)Tw−1,q(ζ, η, γ) + · · ·+ βw,q e(r)T0,q(ζ, η, γ).

Applying Cramers’ rule, we get

e(r)Tw,q(ζ, η, γ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

β0,q 0 ... 0 pE (r)
0,q (ζ, η, γ)

β1,q β0,q ... 0 pE (r)
1,q (ζ, η, γ)

β2,q
(
2
1

)
q
β1,q ... 0 pE (r)

2,q (ζ, η, γ)

β3,q
(
3
2

)
q
β2,q ... 0 pE (r)

3,q (ζ, η, γ)
...

...
...

...
...

βw−1,q

(
w−1
1

)
q
βw−2,q ... β0,q pE (r)

w−1,q(ζ, η, γ)

βw,q

(
w
1

)
q
βw−1,q ...

(
w

w−1

)
q
β1,q pE (r)

w,q(ζ, η, γ)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

β0,q 0 ... 0 0
β1,q β0,q ... 0 0
β2,q

(
2
1

)
q
β1,q ... 0 0

β3,q
(
3
2

)
q
β2,q ... 0 0

...
...

...
...

...
βw−1,q

(
w−1
1

)
q
βw−2,q ... β0,q 0

βw,q

(
w
1

)
q
βw−1,q ...

(
w

w−1

)
q
β1,q β0,q

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.



212 South East Asian J. of Mathematics and Mathematical Sciences

By taking the transpose in the last equation, we have

e(r)Tw,q(τ, ϕ, γ) =
1

(β0,q)w+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

β0,q β1,q ... βw−1,q βw,q

0 β0,q ...
(
w−1
1

)
q
βw−2,q

(
w
1

)
q
βw−1,q

0 0 ...
(
w−1
1

)
q
βw−3,q

(
w
2

)
q
βw−2,q

...
...

...
...

...
0 0 ... β0,q

(
w

w−1

)
q
β1,q

pE(r)
0,q (ζ, η, γ) pE(r)

1,q (ζ, η, γ) ... pE(r)
w−1,q(ζ, η, γ) pE(r)

n,q(ζ, η, γ)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Thus, simple row operations are used to finish the proof.
The application of the monomiality principle in this context inherently results

in the formulation of canonical q-differential operators, for which the polynomials
serve as eigenfunctions. This structural characteristic implies that each polynomial
family under consideration can be systematically linked to a q-difference equation,
thereby reinforcing its analytical and spectral importance. We present the following
theorem regarding the operational identities associated with the three-variable q-
truncated Appell polynomials.

Theorem 2.4. The new generalization of q-truncated polynomials e(r)Tw,q(ζ, η, γ)
exhibit quasi-monomial properties when subjected to the following q-multiplicative
and q-derivative operators:

M̂3V qTAP = ζ +
A

′
q(D̂q,τ )

Aq(D̂q,τ )
Tζ +

Aq(qD̂q,τ )

Aq(D̂q,τ )

ϕ
′
q(η, D̂q,τ )

ϕq(η, D̂q,τ )
Tζ +

(
[r]qγD̂

r−1
q,τ

1− γqrD̂r
q,τ

)(
Aq(qD̂q,τ )

Aq(D̂q,τ )

)
,

(2.12)

and

P̂3V qTAP = D̂q,τ , (2.13)

respectively, where Tτ and Tϕ are the q-dilatation operators as specified in equation
(1.23).
Proof. By taking the partial derivative of equation (2.1) with respect to t and
applying equations (1.15) and (1.16), we have

∞∑
w=0

e(r)Tw,q(ζ, η, γ)w
tw−1

[w]q!
=

1

1− γtr
eq(qζt)Aq(qt)

ϕ
′
q(η, t)

ϕq(η, t)
ϕq(η, t)+

ϕq(η, t)

1− γtr
D̂q,t (eq(ζt)Aq(t))

+

(
[r]qγt

r−1

1− γtr

)(
1

1− γqrtr

)
Aq(qt)eq(qζt)ϕq(η, t) (2.14)

∞∑
w=0

e(r)Tw+1(ζ, η, γ)
tw

[w]q!
=

1

1− γtr
eq(qζt)Aq(qt)

ϕ
′
q(η, t)

ϕq(η, t)
ϕq(η, t)+

ϕq(η, t)

1− γtr
ζeq(ζt)Aq(t)
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+
ϕq(η, t)

1− γtr
eq(qζt)

A
′
q(t)

Aq(t)
Aq(t) +

(
[r]qγt

r−1

1− γtr

)(
1

1− γqrtr

)
Aq(qt)eq(qζt)ϕq(η, t) (2.15)

∞∑
w=0

e(r)Tw+1(ζ, η, γ)
tw

[w]q!

=

(
ζ +

A
′
q(t)

Aq(t)
Tζ +

Aq(qt)

Aq(t)

ϕ
′
q(η, t)

ϕq(η, t)
Tζ +

(
[r]qγt

r−1

1− γqrtr

)(
Aq(qt)

Aq(t)

))
Aq(t)

1− γtr
eq(ζt)ϕq(η, t).

(2.16)

Therefore, by using (2.1), we have

∞∑
w=0

e(r)Tw+1(ζ, η, γ)
tw

[w]q!

=
∞∑

w=0

(
ζ +

A
′
q(t)

Aq(t)
Tζ +

Aq(qt)

Aq(t)

ϕ
′
q(η, t)

ϕq(η, t)
Tζ +

(
[r]qγt

r−1

1− γqrtr

)(
Aq(qt)

Aq(t)

))
e(r)Tw(ζ, η, γ)

tw

[w]q!
,

(2.17)

Comparing the coefficients of t on both sides of Equation (2.17) and then from
a view of Equation (1.33), the resultant equation gives assertion (2.12). In view of
(1.34), we note that Equation (2.3) (for k = 1) proves assertion (2.13).

Theorem 2.5. The following q-differential equations for the new generalization of
q-truncated polynomials e(r)Tw,q(ζ, η, γ) holds true:(

ζD̂q,τ +
A

′
q(D̂q,τ )

Aq(D̂q,τ )
D̂q,τTζ +

Aq(qD̂q,τ )

Aq(D̂q,τ )

ϕ
′
q(η, D̂q,τ )

ϕq(η, D̂q,τ )
D̂q,τTζ

+

(
[r]qγD̂

r
q,τ

1− γqrD̂r
q,τ

)(
Aq(qD̂q,τ )

Aq(D̂q,τ )

)
− [n]q

)
e(r)Tn,q(ζ, η, γ) = 0. (2.18)

Proof. Using (2.12), (2.13) in (1.36), we get(
ζD̂q,τ +

A
′
q(D̂q,τ )

Aq(D̂q,τ )
D̂q,τTζ +

Aq(qD̂q,τ )

Aq(D̂q,τ )

ϕ
′
q(η, D̂q,τ )

ϕq(η, D̂q,τ )
D̂q,τTζ

+

(
[r]qγD̂

r
q,τ

1− γqrD̂r
q,τ

)(
Aq(qD̂q,τ )

Aq(D̂q,τ )

))
e(r)Tn,q(ζ, η, γ)

= [n]q e(r)Tn,q(ζ, η, γ), (2.19)
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Therefore, upon simplification, we get the assertions (2.18).

Theorem 2.6. The following explicit summation formula for e(r)Ts(ζ, η, γ) in terms

of product of pw,q(ζ, η) and e(r)A
(r)
w,q(ζ, η) holds true:

e(r)Ts(ζ, η, γ) =
w∑

s=0

w−s∑
k=0

(
w

s

)
q

(
w − s

k

)
q

(−u)spw−k−s,q(ζ, η)e(r)As,q(u, γ). (2.20)

Proof. Consider the product of generating function (1.28) of pw,q(ζ, η) and gener-

ating function (1.30) of E
(r)
w,q(ζ, η) in the following form:

Aq(t)
eq(ut)

1− γtr
eq(ζt)ϕq(η, t) =

∞∑
w=0

∞∑
k=0

pw,q(ζ, η)e(r)Ak,q(u, γ)
tw+k

[w]q![k]q!
. (2.21)

In the r.h.s. of equation (2.21), using the following identity,

∞∑
w=0

∞∑
k=0

B(k, w) =
∞∑

w=0

w∑
k=0

B(k, w − k), (2.22)

we get

Aq(t)
eq(ut)

1− γtr
eq(ζt)ϕq(η, t) =

∞∑
w=0

w∑
k=0

pw−k,q(ζ, η)e(r)Ak,q(u, γ)
tw+k

[w − k]q![k]q!
, (2.23)

which on shifting the eq(ut) to the l.h.s. and using series definition of exponential
becomes

Aq(t)

1− γtr
eq(ζt)ϕq(η, t) =

∞∑
w=0

∞∑
s=0

w∑
k=0

(
w

k

)
q

(−u)spw−k,q(ζ, η)e(r)Ak,q(u, γ)
tw+s

[w]q![s]q!
.

(2.24)
Again, using equation (2.22) in the r.h.s of equation (2.24), we get

Aq(t)

1− γtr
eq(ζt)ϕq(η, t) =

∞∑
w=0

w∑
s=0

w−s∑
k=0

(
w − s

k

)
q

(−u)spw−k−s,q(ζ, η)e(r)Ak,q(u, γ)
tw

[w − s]q![s]q!
.

(2.25)

Finally using equation generating function (2.1) in the l.h.s. of equation (2.25)
and equating the coefficients of like powers of t in the resultant equation, we get
assertion (2.20).
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3. Special Cases

This section presents specific cases of the polynomial previously discussed in
Section 2, represented by equation (2.1).
Case I. Taking Aq(t) = eq(−t2) and ϕq(η, t) = eq(2ηt) in (2.1), the e(r)Tw,q(ζ, η, γ)
reduces to the q-Truncated exponential-based Hermite polynomials (q-TEbHP);

e(r)Gw,q(ζ, η, γ) are defined by the following generating function:

eq(τt)eq(2ηt)eq(−t2)
1− γtr

=
∞∑

w=0

e(r)Gw,q(ζ, η, γ)
tw

[w]q!
. (3.1)

In view of equations (1.22) and (3.1), we have

e(r)Gn,q(ζ, η, γ) = eq

(
ζD̂q,τ

)
{e(r)Hw,q(η, γ)} . (3.2)

Utilizing equation (1.30), we proceed to expand the left-hand side of equation
(3.1), we have

e(r)Gw,q(ζ, η, γ) =
w∑

k=0

(
w

k

)
q

ζke(r)Hw−k,q(η, γ). (3.3)

Considering equation (3.1), the following determinant form fore(r)Gn,q(ζ, η, γ) is
derived.

Theorem 3.1. The determinant representation of q-Truncated exponential based
Hermite type polynomials of degree w is

e(r)Gw,q(ζ, η, γ) = 1,

e(r)Gw,q(ζ, η, γ) = (−1)w

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

G
(r)
0,q(ζ, η, γ) G

(r)
1,q(ζ, η, γ) G

(r)
2,q(ζ, η, γ) ... G

(r)
w−1,q(ζ, η, γ) G

(r)
w,q(ζ, η, γ)

1 0 0 ... βw−1,q βw,q

0 1
(2
1

)
q

1
[2]q

...
(w−1

1

)
q
βw−1,q

(w
1

)
q
βw,q

0 0 1 ...
(w−1

1

)
q
βw−2,q

(w
2

)
q
βw−1,q

...
...

... ...
...

0 0 0 ... 1
( w
w−1

)
q

1
[2]q

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(3.4)

where β0,q, β1,q, · · · , βw,q are the coefficients of the Maclaurin series of the function
eq(t

2) and

eq(τt)eq(2ηt)

1− γtr
=

∞∑
w=0

G(r)
w,q(ζ, η, γ)

tw

[w]q!
.
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Case II. Furthermore, by taking Aq(t) =
1−u

eq(t)−u
and ϕq(η, t) = C0,q(ηt) in (2.1),

e(r)Tw,q(ζ, η, γ) reduces to the q-Truncated exponential-based Laguerre-Frobenius-
Euler polynomials (q-TELEEP), e(r)L

F
n,q(τ, η, γ|u) are defined by the following gen-

erating function:

1− u

eq(t)− u

eq(τt)C0,q(ηt)

1− γtr
=

∞∑
w=0

e(r)L
F
w,q(τ, η, γ|u)

tw

[w]q!
. (3.5)

By virtue of (1.22) and (3.5), we have

e(r)L
F
w,q(τ, η, γ) = eq

(
−D̂−1

q,ηD̂q,τ

){
e(r)E

F
w,q(τ, γ|u)

}
. (3.6)

Expanding the left hand side of equation (3.5) by using equation (1.30), we
have

e(r)L
F
w,q(τ, η, γ|u) =

n∑
k=0

(
n

k

)
q

EF
k,q(u)L

(r)
w−k,q(τ, ϕ, γ), (3.7)

where Ln,q(τ, η) [7] are q-Laguerre polynomials and numbers are q-Frobenius-Euler
numbers EF

w,q(u) [26] as follows:

eq(ηt)C0,q(τt) =
∞∑

w=0

Lw,q(τ, η)
tw

[w]q
,

1− u

eq(t)− u
=

∞∑
w=0

EF
w,q(u)

tw

[w]q
.

The following determinant form for q-Truncated exponential-based Laguerre-
Frobenius-Euler polynomials (q-TELEEP), e(r)L

F
w,q(ζ, η, γ|u) is obtained.

Theorem 3.2. The determinant formulation of the q-Truncated exponential-based
Laguerre-Frobenius-Euler polynomials (q-TELEEP), e(r)L

F
w,q(ζ, η, γ|u) polynomials

for a polynomial of degree w is

e(r)L
F
w,q(ζ, η, γ|u) = 1,

e(r)L
F
w,q(ζ, η, γ|u) = (−1)w

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 L
(r)
1,q(τ, ϕ, γ) L

(r)
2,q(τ, ϕ, γ) ... L

(r)
n−1,q(τ, ϕ, γ) L

(r)
n,q(τ, ϕ, γ)

1 1
2

1
2 ... 1

2
1
2

0 1
(
2
1

)
q
1
2 ...

(
n−1
1

)
q
1
2

(
n
1

)
q
1
2

0 0 1 ...
(
n−1
1

)
q
1
2

(
n
2

)
q
1
2

...
...

... ...
...

0 0 0 ... 1
(

n
n−1

)
q
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(3.8)
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where
∞∑

w=0

L(r)
n,q(τ, ϕ, γ)

tw

[w]q!
=
eq(τt)C0,q(ηt)

1− γtr
.

4. Conclusion
The concept of q-monomiality plays a pivotal role in the analysis of special

polynomials, providing a framework for understanding their properties and re-
lationships. This paper delves into a comprehensive examination of 3-variable q-
truncated exponential-based Appell polynomials within the context of q-monomiality.
By systematically studying these polynomials, the authors have uncovered and elu-
cidated various properties, contributing to a deeper understanding of their math-
ematical structure and behavior. The research extends beyond theoretical explo-
ration, offering practical applications and insights. The authors present special
cases of the newly established polynomials, accompanied by their determinantal
forms. This approach not only demonstrates the versatility of the polynomials but
also provides concrete examples for further study. Additionally, the paper includes
an analysis of zeros and graphical representations for these special cases, offering
visual and numerical insights into the polynomials behavior. These findings serve
as a valuable resource for researchers, enabling them to apply the q-monomiality
principle to investigate properties of various polynomials and potentially uncover
new mathematical relationships.

The observed rightward spreading and layered clustering of the non-real zeros
remain numerical phenomena for this unit-Appell specialization; analytical bounds
and asymptotic zero-distribution results are not asserted in the present paper. To-
gether with the notation table, theorem roadmap, validation checks, and limitations
section added above, these results provide a coherent starting point for normalized
special subclasses obtained from different choices of A(t) and for future analytical
work on zero geometry, asymptotic behavior, orthogonality, spectral interpretation,
sensitivity with respect to the truncation parameter, and parameter-dependent
transitions in truncated–Appell type polynomial systems.
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