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Abstract: This paper develops a categorical framework for neutrosophic sets and
neutrosophic topological spaces. We first redefine the category NSet of neutrosophic
sets and investigate its fundamental categorical properties, proving in particular
that it is concretely cartesian closed. We also establish relationships among several
natural subcategories of NSet. We then introduce the category NTop of neutro-
sophic topological spaces and prove that it is a topological category. Furthermore,
we show that the category of intuitionistic fuzzy topological spaces embeds into
NTop, and we identify important subcategories, including CNNTop and the cate-
gory SNTop of stratified neutrosophic topological spaces, together with their core-
flective properties. We identify the Sierpinski object in NTop and prove that it
serves as the open-set classifier for neutrosophic topological spaces. Finally, we
establish that the neutrosophic Sierpinski space characterizes NTop as a category
of sets with structures and show that the category N'Topg of T neutrosophic topo-
logical spaces is the epireflective hull of the Sierpiniski object in NTop.
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1. Introduction
Neutrosophic set theory, introduced by Smarandache [23], extends Atanassov’s
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intuitionistic fuzzy set theory [5] by assigning to each element three independent
membership functions, namely the truth-membership, indeterminacy-membership
and falsity-membership functions. The independence of these three components
enables neutrosophic sets to model incomplete, inconsistent and indeterminate in-
formation more effectively than intuitionistic fuzzy sets. Owing to this additional
flexibility, neutrosophic set theory has found numerous applications in areas such
as decision making [19], medical image processing [14] and many other disciplines
involving uncertain information.

For practical applications, Wang et al. [26] introduced the notion of single-
valued neutrosophic sets, which has since become one of the most widely studied
forms of neutrosophic sets. Subsequently, several algebraic and topological as-
pects of neutrosophic sets have been investigated. Kim et al. [13] studied single-
valued neutrosophic relations, while Smarandache [24] introduced various notions
of neutrosophic topologies. Further developments include neutrosophic topological
K-algebras [2, 3], intuitionistic fuzzy topological K-algebras [4], and more recent
studies reported in [9, 15, 21]. Lupianez [18] showed that the natural extension
of an intuitionistic fuzzy topology to a family of neutrosophic sets does not neces-
sarily produce a neutrosophic topology, thereby revealing that the transition from
intuitionistic fuzzy topology to neutrosophic topology is far from straightforward.

Category theory has proved to be an effective framework for studying fuzzy
structures from a unified viewpoint. Various categorical aspects of fuzzy topology
and intuitionistic fuzzy topology have been investigated extensively. Lee et al. [16]
established that the category of Chang’s fuzzy topological spaces [7] is a bireflective
subcategory of the category of intuitionistic fuzzy topological spaces. Hur et al. [10]
studied the category of intuitionistic H-fuzzy sets from the viewpoint of topological
universes.

A categorical study of neutrosophic sets was initiated by Hur et al. [11], who
introduced the category NSet(H) of neutrosophic H-sets. However, in their for-
mulation the three membership functions satisfy the constraints 74 < N(Fy4) and
Iy > N(F4) where N denotes the involution on the Heyting algebra H. Con-
sequently, the three membership functions are not independent. Since the inde-
pendence of truth, indeterminacy and falsity memberships is one of the defining
characteristics of neutrosophic theory, these restrictions limit the categorical treat-
ment of general neutrosophic sets. To the best of our knowledge, a systematic
categorical framework for neutrosophic sets and neutrosophic topological spaces
preserving this fundamental independence has not yet been developed.

Another important aspect of categorical topology is the role played by the
Sierpinski object. In classical topology, the topology of a space is completely de-
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termined by its continuous maps into the Sierpinski space, which therefore serves
as an open-set classifier [20]. Similar characterizations have been established for
fuzzy topology. Srivastava [25] identified a Sierpinski object in the category FTop
and characterized FTop as a category of sets with structures. Lowen and Srivas-
tava [17] further proved that FTSy, the category of Ty fuzzy topological spaces, is
the epireflective hull of the Sierpinski object. Although several aspects of neutro-
sophic topology have been investigated, the identification of a Sierpinski object for
neutrosophic topological spaces, its role as an open-set classifier, and the resulting
categorical characterization of NTop have, to the best of our knowledge, not been
addressed in the existing literature.

The objective of the present paper is to develop a categorical foundation for
neutrosophic sets and neutrosophic topological spaces that fully respects the in-
dependence of the three membership functions. To achieve this, we first redefine
the category NSet of neutrosophic sets without imposing additional constraints on
the membership functions. We investigate its basic categorical properties, proving
that it is a topological category and is concretely cartesian closed, and establish
relationships among several of its natural subcategories.

Building upon this framework, we introduce the category NTop of neutro-
sophic topological spaces and prove that it is a topological category. We ex-
plicitly construct products and coproducts in N'Top, investigate the subcategories
of intuitionistic-induced neutrosophic topologies and strong intuitionistic-induced
neutrosophic topologies, and show that the category of intuitionistic fuzzy topolog-
ical spaces embeds naturally into NTop. We further introduce the category SNTop
of stratified neutrosophic topological spaces and prove that it is a coreflective sub-
category of NTop.

Finally, we identify the Sierpiniski object in NTop and prove that it serves as
the open-set classifier for neutrosophic topological spaces. We establish a charac-
terization of N'Top as a category of sets with structures and show that the category
NTopg of Ty neutrosophic topological spaces is precisely the epireflective hull of
the Sierpinski object in NTop.

2. Preliminaries

In this section, we recall the basic concepts and results from neutrosophic set
theory and category theory that will be used throughout the paper.

Definition 2.1. [6] The objects of the category of fuzzy subsets Set([0,1]) are all
pairs (X, A) where X is a set and A : X — [0,1] is a function from X to the unit
interval. The maps of Set([0,1]) are defined by Homgey o)) (X, A), (Y, B)) ={f €
Homspr(X,Y)|A(x) < B(f(x)), Vo € X}
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Definition 2.2. [16] IFTop be the category with all intuitionistic fuzzy topological
spaces as objects and continuous maps as morphisms.

Definition 2.3. [23] (Neutrosophic set) Let X be a non-empty set. Then A is
called a neutrosophic set (in short, NS) in X, if A has the form A = (Ta, 14, Fa),
where Ta : X —=|07,17], 14 : X —=]07,1%[ and F4 : X —]07,17[ are respec-
tively the truth, indeterminancy and falsity membership functions. It’s a point to
be noted that the functions Ty, Ix and F4 are independent of each other. A neu-
trosophic set A in X is said to be a single valued neutrosophic set(SVN Set) if
Ta(z), Ia(x), Fa(z) € [0,1]. The set of all neutrosophic sets on X will be denoted
by NS(X).

In the remainder of this paper, the term neutrosophic set will always mean a
single-valued neutrosophic set.

Definition 2.4. [13] (Inclusion) A neutrosophic set A is contained in another
neutrosophic set B, or say A C B if and only if Ta < Tpg,Ix > Ig,F4 > Fg. More
precisely, A C B if and only if Vo € X

Tu(zx) < Tp(x), La(x) = Ip(x), Falz) = Fp(2)
Two neutrosophic sets are said to be equal if and only if AC B and A O B.

Definition 2.5. [13] Let A and B be two neutrosophic sets in X.

1. The union of A and B is a neutrosophic set C, denoted C' = AU B, where
Ve e X

To(x) = V{Ta(x), Tp(2)}, Io(x) = Mla(z), Ip(2)}, Fo(r) = AM{Fa(z), Fp(x)}

2. The intersection of A and B is a neutrosophic set D, denoted D = AN B,
where Vx € X

Tp(x) = MTa(x), Tp(x)}, Ip(x) = V{la(z), Ip(z)}, Fp(x) = V{Fa(z), Fp(z)}

Definition 2.6. [12] Let A € NS(X), B € NS(Y) and f be a mapping from X to
Y.

1. Define =, the neutrosophic mapping from NS(X) to NS(Y) induced by f as
F7(A) ={<y, T~ (W), L= ) (y), Fy-a)(y) > ly € Y}

where,

) (Y) xef_l(y){ alz)}s Ip-a)(y) xef_l(y){ a(z)} an

Froay(y) = xef/—\l(y){FA(m)}
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2. Define [, the inverse neutrosophic mapping from NS(Y) to NS(X) induced
by f as

[T(B) ={< 2, Ty(5)(2), [y-(5)(2), Fr=p)(x) > |2 € X}
= {< 2, Ts(f(x)),Is(f(x)), Fa(f(z)) > |z € X}

Definition 2.7. [22] A family T of neutrosophic sets of a non-empty set X is said
to be a neutrosophic topology, if the following conditions hold:

1. (0,1,1), (1,0,0) € 7
2. AiNAs e for Aj, Ay €T
3. UA; € T for {A;} C 7.

The base and subbase for a neutrosophic topology are defined analogous to the base
and subbase in crisp topology [12].

Definition 2.8. [12] Let (X, 1) and (Y, 1) be two neutrosophic topological spaces
and f : X — Y be a mapping. Then [~ : (X,71) — (Y,7) is said to be a
continuous function between (X, 1) and (Y, 1) if fT(A) € 1,V A € 1.

Definition 2.9. [1] An object A in a concrete category C over X with the forgetful
functor Fis called discrete whenever, for each object B, every X-morphism F(A) —
F(B) is a C-morphism.

Definition 2.10. [1] A functor is an embedding iff it is faithful and injective on
objects.

Definition 2.11. [1] Let A be a subcategory of B and let B be a B-object. An
A-reflection for B is a B-morphism r : B — A from a B-object B to A with the
following universal property: for any B-morphism f : B — A’ from B to some A-
object A, there exists a unique A-morphism f': A — A’ such that f = f'or. Ais
called a reflective subcategory of B provided that each B-object has an A-reflection.

Definition 2.12. [1] Let A be a subcategory of B and let B be a B-object. An
A-coreflection for B is a B-morphism ¢ : A — B from a A-object A to B with the
following universal property: for any B-morphism f : A" — B from some A-object
A’ to B there exists a unique A-morphism f' . A" — A such that f = co f.
A is called a coreflective subcategory of B provided that each B-object has an A-
corefiection.

Definition 2.13. [1] Let (A,U) be a construct. A source (f; : A — A;)ier in
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A is called initial provided that a function f: U(B) — U(A) is an A—morphism
whenever each composite f; o f : U(B) — U(A;) is an A—morphism.

Definition 2.14. [1] Let (A, U) be a construct. A U-structured source is a source
in SET of the form (fi : X — U(A;))ier. An initial lift for a U-structured source

is an initial source (fi : A — Ay)ier in A such that U(A) = X and U(f;) = fi for
alli e I.

Definition 2.15. [1] A construct (A,U) is called topological provided that every
U-structured source has a unique initial lift.
The dual notion of a topological category is called a cotopological category.

Proposition 2.16. [1] A construct A is topological iff it’s cotopological.
Proposition 2.17. [1] A topological category is complete and cocomplete.

Proposition 2.18. [1] For a topological category A over a cartesian closed category
X, the following are equivalent:

1. A is concretely cartesian closed

2. A is cartesian closed and every A-morphism with a discrete codomain has a
discrete domain.

Definition 2.19. (X,7) € NTop is said to be Ty if for every distinct x,y € X,
there exists a neutrosophic set U € T such that (Ty(x), Iy(x), Fy(x)) # (Tu(y),
Iy(y), Fu(y)). NTopy will denote the category of all Ty neutrosophic topological
spaces.

Definition 2.20. [1] Let (A, F) be a construct. A source (f; : A — Aj)ier in
A is called initial provided that a function f : F(B) — F(A) is an A—morphism
whenever each composite f;o f : F(B) — F(A;) is an A—morphism. An initial lift
of a source (f; : X — (X, A;))ier s a structure A on X such that (f; : (X, A) —
(Xi, Ai)))ier is an initial source.

Definition 2.21. [1] An object S of the category A is said to be a Sierpinski object
if for any X € A, the family of all morphisms from X to S is initial.

Definition 2.22. [1] Let A be a full subcategory of C. A is said to be epireflective
in C if A is reflective in C and the A-reflection of each C-object is an epimorphism.
A is said to be the epireflective hull in C of a class B of C-objects if A is the smallest
epireflective subcategory of C containing B.
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3. The category of neutrosophic sets
In this section, we introduce NSet, the category of single-valued neutrosophic
sets, and investigate its fundamental categorical properties. We also establish the

categorical relationships among SET, SET(I), and a newly introduced subcategory
of NSet.

Definition 3.1. Let (X,A) and (Y,B) be neutrosophic sets and f : X — Y be a
mapping. Then f : (X, A) — (Y, B) is said to be a morphism between (X,A) and
(Y,B) if Ta(x) < Tg(f(x)), Ia(x) > T(f(x)) and Fa(z) > Fp(f(z)),Vr € X.

In particular, for any neutrosophic set (X,A), Id : (X, A) — (X, A) is a mor-
phism, called the identity morphism on (X,A). The proof of the following proposi-
tion is straightforward.

Proposition 3.2. Let (X,A),(Y,B) and (Z,C) be neutrosophic sets and let f :
X =Y, g9:Y — Z be mappings. If f: (X, A) - (Y,B) and g : (Y,B) — (Z,C)
are morphisms, then go f : (X, A) — (Z,C') is a morphism.

By Definition 3.1 and Proposition 3.2, the collection of all (single-valued) neu-
trosophic sets together with the corresponding morphisms forms the category NSet.
The following results hold in this redefined category. Since their proofs are analo-
gous to those in [11], they are omitted.

Theorem 3.3. NSet is topological over SET.
Theorem 3.4. NSet is cartesian closed.

Proposition 3.5. Let A = (X, (Ta,Ia,Fa)) and B = (Y, (T, Ip, Fp)) be two
objects of NSet. A morphism f : (X, (Ta,1a,Fa)) — (Y, (T, Ip, Fp)) is an iso-
morphism in NSet iff f is a bijection and Tx(x) = Tp(f(x)), La(zx) = Ip(f(z)) and
Fu(z) = Fp(f(z)),Vzr € X.

Proposition 3.6. For any set X, if D is a neutrosophic set on X such that
Tp(z) =0, Ip(x) = 1 and Fp(z) = 1, Vo € X, then D is a discrete object in
NSet.

Theorem 3.7. NSet is concretely cartesian closed over SET.

Proof. Let f : (X,A) — (Y,D) be an NSet morphism with (Y, D) a discrete
object. Then we have Tp = 0,Ip = 1 and Fp = 1. Since f is a morphism,
Ta(z) <Tp(f(x)) =0, Ia(z) > Ip(f(x)) =1 and Fu(z) > Fp(f(z)) = 1. There-
fore, A = (0,1,1), a discrete object. Hence it follows from Theorem 3.4 that NSet
is concretely cartesian closed.

Definition 3.8. Consider the class of neutrosophic sets with complete data, namely,
the neutrosophic sets (X, A) € NSet satisfying Ta(x) + Fa(zx) > 1,Vx € X. The
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collection of all such neutrosophic sets, together with the morphisms inherited from
NSet, forms a full subcategory of NSet, denoted by C'TNSet.

Definition 3.9. Let A be the class of all neutrosophic sets in CTNSet with
Ia(z) = 0,Ta(z), Fa(z) € {0,1} and either Tx(x) = 1 or Fa(x) = 1 Vo € X.
Then A will form a full subcategory of C'I'N Set and can be identified with the cat-
eqgory SET of crisp sets.

Definition 3.10. Let A be the class of all neutrosophic sets in CTNSet satisfying
Ia(z) =0, Ta(x), Fa(x) € {0,1} and Ta(x) = 1 or Fa(x) = 1,Vx € X. Then A,
together with the morphisms inherited from CTNSet, forms a full subcategory of
CTNSet. Moreover, A can be identified with the category SET of crisp sets.

Theorem 3.11. A is a reflective subcategory of CT N Set.
Proof. Let (X, A) € CTNSet, where A = (T, 14, Fa).

Define (X, Ag) by Ar = ([Ta],0,1 — [T4]) where [] is the ceiling function.
Then by definition (X, Agr) € A. It is easy to check that id : (X, A) « (X, Agr) is
a CTNSet morphism.

Let (Y,A') € Aand f : (X,A4) — (Y,A) be a CTNSet morphism. Then,
Ta(x) < Tw(F(@)), Ta(s) > Lu(f(x) = 0 and Fa(z) > Fu(f(x).

Now we show that f : (X, Ag) — (Y, A’) is an A-morphism. For z € X, if
Ty, (x) = 0 then F4,(x) = 1 and obviously Ty, () < Ta(f(z)) and Fa,(z) >
Fa(f(x)).

Now suppose Ta,(z) > 0, i.e., Ta,(z) =1 and Fa.(z) = 0. Then, Ta(z) > 0
and TA(QZ) < TA/(f(ZB)) — TA/(f(LE)) =1 = FA/(f(ZB)) = 0. Therefore
Tap(z) < Tw(f(x)) and Fa,(x) > Fa(f(x)). Thus f is an A-morphism. Since
f = foid, Ais areflective subcategory of CTNSet.

The proofs of the following two propositions are straightforward and are there-
fore omitted.

Proposition 3.12. F : CTNSet — SET(I) defined by F((X,(Ta,1a,F4))) =
(X, T4) is a covariant functor.

Proposition 3.13. G : SET(I) — CTN Set defined by G((X,Tg)) = (X,T5,0,1—

Tg) is a covariant functor.

Theorem 3.14. The functor F': CTNSet — SET(I) is left adjoint to the functor
G :SET(I) — CTN Set.
Proof. For any (X,A) € CTNSet, 1x : (X,A) - GF((X,A)) is a morphism
in CTNSet. For, we have A = (T4, 14, Fa) and GF(A) = (T4,0,1 — T4). Since
(X,A) € CTNSet, Ty+ Fy > 1,thus Fiy > 1—T}4.

For (Y, B) € SET(I), suppose that f: (X,A) = G(Y,B) = (Y, (15,0,1 —T4))
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is a CTNSet morphism. Then, we have Ty(zx) < Tg(f(x)) and Fa(xz) > 1 —
Ts(f(x)).

Since Ta(z) < Tp(f(z)), f: F((X,A)) = (X,T4) — (Y, B) is a morphism in
SET(I). Hence F is left adjoint to G.

4. The Category of Neutrosophic Topological Spaces

In this section, we introduce the category NTop of neutrosophic topological
spaces and prove that it is a topological category. We then investigate its funda-
mental categorical properties, show that IFTop embeds naturally into NTop, and
introduce the subcategory of consistent neutrosophic topological spaces.

Definition 4.1. The collection of all neutrosophic topological spaces, together with
continuous functions as morphisms, forms a category denoted by NTop. The full
subcategory of NTop consisting of consistent neutrosophic topological spaces is de-
noted by CNNTop.

Theorem 4.2. NTop is topological over SET.

Proof. Let (X;,7;) be a family of objects in NTop indexed by a class J. For
X € SET, let (f; : X — Xj); be a U-structured source in SET. Define 7 on X
as the neutrosophic topology generated by the subbase {f;~(B) : B € 7;,j € J}.
Then, it is obvious that f;> : (X,7) — (Xj,7;) is an NTop morphism Vj € J.
Assume that (Z,7') is an NTop object and ¢ : Z — X is a mapping such that
fi7 097 (Z,7') = (Xj,7;) is an NTop morphism Vj € J. Then it follows easily
that g7 : (Z,7') = (X, 7) is an NTop morphism. Thus f;7 : (X,7) = (Xj,7;) is
the unique initial lift for the U-structured source (f; : X — X;);.

The following corollaries are immediate consequences of Proposition 2.16.

Corollary 4.3. NTop is cotopological over SET.

Corollary 4.4. NTop is complete and cocomplete.

Since NTop is complete and cocomplete, products and coproducts of arbitrary
families of objects exist in NTop. The following two propositions give explicit con-
structions of these objects.

Proposition 4.5. Let (X, 7;)jes be a family of objects in NTop. Let X = [[;c; X;
and p; + X — X, be ordinary projection maps, Vj € J. Define Tx on X as the
neutrosophic topology generated by the subbase {p5 (U) : U € 75,5 € J}. Then, the
source (p;” + X — Xj) is the product of the family (X;,7;)jes.

Proof. Let (f;7 : (Y,7) — (Xj,7))jes be a source. Define F' : Y — X as
F(y) = [ljes fi(y), observe that f; = p; o F,Vj € J. Now we show that '™ is a
morphism in NTop. Let U € 7x be a subbasic element, i.e., U = p}_(V), for some
j€Jand V € 75 Then, F=(U) = F=(p5 (V)) = (pj o F})* (v) = f; (V). Since
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f;7 is continuous, fi~(V) € 7, hence F'~ is a morphism in NTop.

Proposition 4.6. Let (X;,7;)jes be a family of objects in NTop. Let X =
[, X; =UX; x {j} and ij : X; — X be the natural injective functions. Define
Tx on X by U € 7x iff i (U) € 7;,Vj € J. Then, the source (i : X; — X) is the
coproduct of the family (X;,7;)jes.

Proof. Let (f;7 : (Xj,7;) = (Y,7))jes be a source in NTop. Define F': X — Y
as F(z x {j}) = fj(x),Vj € J, then Foi; = f;,Vj € J. Now we show F 7 is a
morphism in NTop. Suppose U € 7, by the continuity of f;*, f~(U) € 7;. We have

(Foij)=(U)ery = i oF(U)er; = F(U) ey

Definition 4.7. For an intuitionistic fuzzy topology T, the neutrosophic topology
generated by {J(A) : A € 7} U{(0,1,1)} as a subbase is called the intuitionistic-
induced neutrosophic topology associated with 7, and is denoted by N(7). The
collection of all intuitionistic-induced neutrosophic topological spaces, together with
the morphisms inherited from NTop, forms a subcategory of NTop, denoted by IIN-
Top.

Example 4.8. Let X be a set and 7 be a intuitionistic fuzzy topology on X defined
by 7 = {(1,0),(0,1), (3, %), (%, )} Then, {J(A) : A € 7} = {(1,0,0),(0,0,1),

2)3/91272
(%, %, %), (%, 0, %)} is not a neutrosophic topology on X.
N(T) = {(17 07 O)a (07 07 1)7 (Oa 17 ]-)7 (07 %a 1)7 (%7 %a %)7 (%a 07 %)7 (%a %7 %)a (%7 07 %)} Is a
neutrosophic topology on X.
Proposition 4.9. Let 7 : (X,71) — (Y,72) be a morphism in IFTop. Then,
7 (X,N(n)) = (Y,N(72)) is a morphism in NTop.
Proof. Let A be a subbasic element of N (1), i.e.,

A= (MA:IA7UA) = J(A/) = (MA/, 1-— (,uA/ + VA/),Z/A/),fOI" some A’ € To.

Since 7 is continuous in IFSTop, f<(A") = (ua(f(2)),va(f(z))) € 7, thus we
have

J((par(f(2)), va(f(2)))) € N(71)
i-eey (par (f(2)), 1 = (par(f () + var(f(2))), var(f(2))) € N(n)
— (pa(f(2)), 1 = (pa(f(2)) + va(f(2)))valf(2)) = f7(A) € N(n)

Hence 7 is a morphism in NTop.
The following theorem is an immediate consequence of Proposition 4.9.

Theorem 4.10. Define N : [FTop — NTop, where N(7) is the intuitionistic-
induced neutrosophic topology associated with T and N(f7) = f7. Then N defines
a functor.
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Theorem 4.11. The functor N is full and faithfull.

Proof. The faithfulness of N is obvious. Now we prove that N is a full functor.
Let f7 : (X,N(m)) = (Y, N(72)) be a morphism in NTop. Let B = (up,vg) €

Ty, then J(B) = (up,1 — (g +vB),vB) € N(72). Since f~ is continuous in NTop,

s, 1 = (pp +vB),ve)) = (us(f(2)),1 = (us + vB)(f(2)), v5(f(x))) € N(71)

= (p(f(2)), 1= (p+ve)(f(x)),vp(f(x) = U N J(A;), where A; €7

— walf@) = Y, A, andva(f@) = AV v, = (sl (@),

ve(f(z)) € 1. Hence f7 : (X, 1) — (Y, 1) is an IFTop morphism.
The following theorem shows that the functor N defines an embedding of IFTop
into NTop.

Theorem 4.12. The functor N is an embedding.

Proof. By Theorem 4.11 we have N is full and faithful. It remains to show that
N is injective on objects. Let 71,75 € I FTop such that 7 # 7.

WLOG let A = (pa,v4) € 71 be such that A ¢ 5. Then, J(A) = (pua, 1 — (ua +
va),va) € N(m).

Suppose that J(A) € N(72), then,

J(A) = (na, 1 — (pa +va),va)

I

-

D
&

where Aj,’s belong to the subbase of N (7).

Thus, =V A and vy = A Vv v
ILLA keK 7’6{1 7777 nk} ILLAkZ 4 keK 7/6{1 7777 nk} A
where 1 A, and Va,, are respectively the truth and falsity membership functions of
Ay, Thus we have (ua, ,va4, ) € 72, where N((pa, ,va, ) = Ag,-
Since 75 is a topology kUK N (fa, sva, ) € T, therefore (pua,va) € 7, a
€K ie i i

contradiction.
Hence N is injective on objects. It follows by Definition 2.10 and Theorem 4.11
that N is an embedding.

Theorem 4.13. F : CNNTop — IFTop defined by F (1) = {(pa,va)|(pa, La,va) €
T} and F(f7) = f7 is a covariant functor.

Proof. Proving F(7) is in fact an intuitionistic fuzzy topological space is straight-
forward and thus omitted. Let (X,7),(Y,7) € CNNTop and f~ : (X, 1) —
(Y, 72) be a morphism in CNNTop. We will show that f~ : (X, F(r1)) = (Y, F(72))
is a morphism in IFTop.
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Let A = (pa,va) € F(72), then JA" € 7, such that A" = (uas, Ia,va) where,
pa = prar and v4 = va. By the continuity of f~ in CNNTop, we have f<(A') € 7.

FTA) = (pa(f (@), Lar (f (2)), var (f(2))) € 71

F(f(AN) = (pa(f (@), va(f(2))) = (palf (@), va(f(2))) € F(11)
— [T(A) e F(n)
Hence 7 is continuous in IFTop.

Remark 4.14. Let (X, 1), (X T5) € CNNTop with m = {(0,1,1),(1,0,0), (3,0, 1)}
and 5 = {(0,1,1),(1,0,0), (3,1, 1)} In this case 7y # 72 but F(11) = F(7). Hence
the functor F is not injective on objects.

Remark 4.15. Let X = {a,b}, 7 = {

(1,0,0),(0,1,1), ((a, 3,0,0), (b, 3,3, 3)) }
and 7 = {(1,0,0),(0,1,1), ((a, 3,2,0), (b, 3,1, 1)

a5, 5 % )} be two consistent neutrosophic
topologies on X. Then, F(1) = F(7) {(1,0),(0,1), ((a ,2,0) (b,3,3))} and
id : X — X is a morphism in IFTop which do not have a pre-image under F in
CNNTop. Hence the functor F is not full.

Definition 4.16. For 7 € CNNTop, let SN(7) denote the neutrosophic topology
generated by {J(A) : A € F(r)} UTt. The topology SN(T) is called the strong
intuitionistic-induced neutrosophic topology associated with 7. The collection of
all strong intuitionistic-induced neutrosophic topological spaces, together with the
morphisms inherited from NTop, forms a subcategory of NTop, denoted by SINTop.

It follows that IINTop is a subcategory of SINTop. The following theorem
shows that SINTop is a coreflective subcategory of CNNTop.

Theorem 4.17. SINTop is a coreflective subcategory of CNNTop.

Proof. For (X,7) € CNNTop, take (X, 75) € SINTop as the strong intuitionistic
induced neutrosophic topological space of 7 on X. That is, 7, is the neutrosophic
topology generated by the subbase {J(A): A€ F(r)}UT.

Since 7 C 74, id ™ : (X, 75) — (X, 7) is a CNNTop morphism.

Let (Y,7") € SINTop and f7: (Y,7") = (X, 7) be a CNNTop morphism. We will
show that f~ : (Y,7") — (X, 7s) is a SINTop morphism.

Let A be an element of the subbase of 7y, i.e., A € {J(A): A€ F(r)}ur. If
A € 7 then f<(A) € 7/, since f is continuous in CNNTop.

Else, A€ {J(A): A€ F(1)}. Then, A = J((trar,vas)), where (ar,va) € F(7)
for some (par, Iar,var) € 7, which implies A = (par, 1 — (gar + var),va) where
pa = pa and vy = va . Therefore (par, [ar,var) € 7.

Since f7 : (Y,7') — (X, 7) is a morphism in CNNTop,

F(par Loy ) = (par(f(2), Lo (f (%), var (£ (2))) € 71
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Since 7/ € SINTop, (ua(f(2)), (1 = (uw + va)(f(&)), va(f(x)) € 7. Thus
f7 (Y, 7) — (X, 1) is a SINTop morphism and f~ =id~ o f~. Hence SINTop
is a coreflective subcategory of CNNTop.

Corollary 4.18. Let (X, 7j)jes be a family of consistent neutrosophic topological
spaces and X = [[;c;. Then SI(IT;c; ) = [1;c; S1(7;)-

We now consider a drawback concerning constant functions in fuzzy and neu-
trosophic topological spaces, namely, that constant functions need not be continu-
ous. It was shown in [12] that constant functions between neutrosophic topological
spaces are not necessarily continuous. This issue can be resolved by including
all constant neutrosophic sets in the topology. In other words, we include in the
topology all neutrosophic sets whose truth, indeterminacy, and falsity membership
functions are constant.

Let (@,b,c) denote the neutrosophic set on X defined by Ty (z) = a, I4(x) =
b, Fa(x) = ¢,Vx € X. Let (X, 7) be a neutrosophic topological space. The neu-
trosophic topology on X generated by 7 U {(@,b,¢) : a,b,c € [0,1]} is called the
stratification of 7, and is denoted by S(7). It can be verified that every constant
function between stratified neutrosophic topological spaces is continuous.

Let SN'Top denote the category of all stratified neutrosophic topological spaces.
Then SNTop is a full subcategory of NTop.

The following proposition shows that stratification is inherited by domains of
continuous maps into stratified neutrosophic topological spaces.

Proposition 4.19. Let (X,71) and (Y, 72) be neutrosophic topological spaces. If
(Y, 7o) is stratified and [~ : (X, 71) — (Y, 72) is a continuous map, then (X, 1) is
stratified.

Proof. Let (@,b,¢) be a constant neutrosophic set. Since f<((@,b,¢)) = (a,b,?),
the proof of the proposition follows.

Theorem 4.20. SNTop is a coreflective subcategory of NTop.

Proof. Let (X,7) € NTop and S(7) be the stratification of 7. Since 7 C S(7),
id” : (X,8(7)) = (X, 7) is a NTop morphism.

Let (Y,7") € SNTop and f~ : (Y,7') — (X, 7) be a NTop morphism. We will show
that f7: (Y, 7)) — (X, 7) is also a SNTop morphism.

Let A be an element of the subbase of S(7), i.e., A € 7 or A is a constant set.
If A€ 7 then f<(A) € 7/, since f~ is continuous in NTop.

Else, A is a constant neutrosophic set. Since 7’ is stratified and f<(U) is a
constant set whenever U is a constant neutrosophic set, we get f<(U) € 7. Thus
f7 (Y, 7)) = (X, 7) is a morphism in SNTop and f~ =id~ o f~. Hence SNTop
is a coreflective subcategory of NTop.
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Corollary 4.21. Let (X;,7;)jes be a family of neutrosophic topological spaces and
X = HjeJ' Then S(HjEJTj) = HjeJ S(75).
5. Sierpinski Object in NTop

In this section, we identify the Sierpinski object in NTop and investigate its
properties.

Let Ny =IxIxIand 7, ={(1,0,0),(0,1,1), (idy, ids, id3) }, where id; : I* — I
is defined by id;(ay, as,a3) = a;;i = 1,2, 3. Clearly, (N, 75) is a neutrosophic topo-
logical space. We denote the neutrosophic set (idy,idy,idz) by ID. The following
proposition shows that (N, 7s) serves as an open-set classifier in NTop.

Proposition 5.1. Let (X,7) € NTop. Then (Ty, Iy, Fy) € T if and only if the
map U : (X, 7) = (N, 75), defined by U(zx) = (Ty(x), Iy (z), Fy(x)), is continuous.
Proof. Assume (Ty, Iy, Fyy) is open in (X, 7).

UT(ID)(z) = (Tip(U(2)), I1p(U(2)), Fip(U(2))) = (Tu(z), Iy(z), Fu(z)), Yo €
X. Since US(ID) = (Ty, Iy, Fy) € 7, U : (X,7) = (N, 75) is continuous. Con-
versely, continuity of U : (X, 7) — (N, 75) implies U (/D) =U € .

Theorem 5.2. (N, 75) is a Sierpinski object in NTop.

Proof. Assume (X,7x) € NTop. Let ‘H denote the family of all continuous
functions from (X, 7x) to (N, 75). We need to show that the family # is ini-
tial. Let (Z,7,) eNTop and h : Z — X be an ordinary function such that Vf € H,
foh : (Z,1,) — (N, 7s) is continuous. It requires to show that h: (Z,7,) — (X, 7x)
is continuous. Suppose (T4, 4, Fa) € Tx, then by Proposition 5.1, A : (X, 7x) —
(N, 75) is continuous, thus, A € H. Since A € H, Aoh is continuous by assumption
and by Proposition 5.1, we get (Taon, Laon, Faon) € T», where Taop, = Pi(A o h),
Taon = Po(Aoh) and Faop = P3(Aoh). Since h (A) = (Taon, Laon, Faon), we get
h:(Z 1,) — (X,Tx) is continuous.

The following theorem characterizes NTop as a category of sets with structures.
Theorem 5.3. A category A of sets with structures is isomorphic to NTop if and
only if there exists an object (N, 75) in A with underlying set Ny = I x I x I,
satisfying the following conditions:

1. (Ns,75) is a Sierpinski object in A.
2. An initial lift exists for every family of the form {f; : X — (Ng, 7s) }ier-

3. Define (Ny,75)7 = (N7, 1), where T is the initial lift induced by all projec-

tions N — (N, 75). Then the map join : (N, 75)7 — (Ns, 7s), defined by
join(V) =U,c; V();V o J = N, is an A-morphism for every set J.
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4. The map meet : (N, 75)7 — (Ny,75), defined by meet(V) = mjeJ Vi)V
J — Ng, is an A-morphism for every finite set J.

5. For any (X, 1) € A and every initial family F of A-morphisms from (X, 1)
to (Ng,7s), the initial lift of {f : X — (Ns7s) | f € F} contains every
A-morphism h : (X, 7) — (N, 7).

Proof. Let A be isomorphic to NTop. It can be easily verified that NTop satisfies
(1) and (2). To show join : (N, 75)7 — (N, 7,) is continuous, it suffices to prove
that the neutrosophic set (P o join, P, o join, Ps o join) is open in N7 and then
the continuity follows by Proposition 5.1. Since the neutrosophic topology 7 is
generated by the projection functions and P~ (ID) = P}, we get P; is open in N, 7.
Also, observe that join = ngIDj, and therefore, join is open in N7/. Similarly, the

continuity of meet follows since inf = DJP]-.
JE

Let (X,7) € NTop and F be an initial family of continuous functions from
(X,7) to (N, 7). Let 7y be the initial lift of {f : X — (N,, 75)|f € F}. Observe
that Vf € F, foid = f, where id is the identity function from (X, 7) to (X, 7).
Since F is initial, we get id is continuous and hence 7 C 7;.

Conversely, assume that A satisfies properties (1) through (5). To prove A and
NTop are isomorphic, we define two functors between A and NTop which are inverse
to each other. For (X, u) € A, define H((X,u)) = (X, 7,), where 7, is the initial lift
of the family F = {f : X — (Ng, 75)|f : (X,u) = (Ng, 75)is an A-morphism} and
H(f) = f, where f is an A—morphism. Since f<(ID) = (T7p(f(x)), Iip(f(x)),
Fip(f(z))) = (Piof(x), Py of(x), Pso f(z)) = f(x), it clearly follows that 7, = F.
We will show that 7 € NTop. Consider a family {g; : j € J} in F, define the
function ¢ : (X,u) = (Ns,75)” by g(z)(j) = gj(x). For j € J, projection map
Pj: NJ — N, P;og(x) = g;(x), therefore P; o g = g;. Using property (2) we can
deduce that g is an A-morphism. Now we use property (3) to show j\G/Jgj e F. For
x € X, meet o g(x) = meet(g(z)) = j\G/Jg(x)(j) = j\E/Jgj(x). Therefore, meet o g =
j\G/Jgj. Since meet and g are A-morphisms, we get j\E/Jgj € F. Similarly, property
(4) implies that jé\Jgj € F, where J is a finite set. Hence F € NTop. Now let
f:(X,u) = (Y,v) be an A-morphism, we have to prove that f : (X, 7,) = (Y, 7,)
is continuous. Let (T4, Ia, F4) € Ty, then A : (Y,v) — (Ng, 7s) is an A-morphism
and hence Ao f : (X,u) = (N, 75) is an A-morphism. Thus (Tacr, [aof, Faor) € Tu
implying f is continuous.

Now let’s define a functor G : NTop — A. For (X, 7) € NTop, define G(f) = f
and G((X,7)) = (X,a,), where a, is the initial lift of the family {g : X —
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(N, 75)|g € T}, whose existence is guaranteed by (2). By definition, {g : (X, a,) —
(Ns, 7s)|lg € T} is an initial family.

Let f: (X,7) — (Y,7) be continuous. Let (Ty, Iy, Fy) € 7', property (5)
implies U : (Y,a,) — (Ns,75) is an A-morphism. Also, for (Ty, Iy, Fy) € 7/,
W) = (Tuof, luog, Fuor) € T, again by property (5), Uo f: (X,a,) — (N, 7s)
is an A-morphism. Since {f : (Y,s) — (Ns,75)|f € 7'} is an initial family, f is
an A-morphism. It is easy to verify that G is inverse to F.

Having identified the Sierpinski object and characterized NTop, we now deter-
mine the epireflective hull of the Sierpinski object in N'Top.

Remark 5.4. [1] Since NTop is a topological construct, a morphism in NTop is an
epimorphism if and only if it is surjective. Moreover, a morphism is an extremal
monomorphism if and only if it is an embedding. Therefore, the extremal subobjects
i NTop are precisely the subspaces.

Since N'Top is a topological construct, it is an epi-co-wellpowered category [12].
Consequently, we have the following proposition.

Proposition 5.5. Let C be a topological category and let B be a class of C-objects.
Then a C-object B belongs to EH (B), the epireflective hull of B, if and only if B
is an extremal subobject of a product of objects of B.

Theorem 5.6. NTopy is the epireflective hull of Ny in NTop.

Proof. Since (idy, idy, ids) separates points of Ny, (N, 75) is Ty. Then, by Proposi-
tion 5.5, it easily follows that EH(N,;) C NTop,. Conversely, let (X,d) € NTopy.
Define a mapping e from X to N? as follows:

e(x) = [ [(Tu(2), v (), Fu(2))
Ues
We need to prove that e : (X,d8) — (N2, 7%) is continuous. Consider the U-
th projection map Py : N> — N,. Then, VU € 0 and Vo € X, Py oe(z) =
(Ty(x), Iy (z), Fy(z)) = U, hence e is continuous. The fact that e is injective
follows since (X, d) is Tp; for distinct x,y € X, 3V € ¢ such that Ty (z) # Ty (y)
or Iy(x) # Iy(y) or Fy(x) # Fy(y), thus e(z) # e(y). It remains to show that e :
X — e(X) is a neutrosophic open map. We know that YU € 6, Py : N0 — (N, 75)
is a continuous map. Then, by Proposition 5.1, Py € N?.
For U € 6, consider the neutrosophic set e (U) on e(X). For any x € X,

e (U)(e(x)) = ( Ty(y), A duly), A Fu(y))

yee1(e(x)) T yee (e(x)) yee~(e(x))

= (Ty(z), Iy(z), Fy(z)) = U(x) = Py(e(z)).
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Thus we get e7(U) = Py (1,0,0)x), therefore e7(U) is a neutrosophic open set
on ¢(X). Hence, e embeds (X, ) into a product of neutrosophic Sierpinski spaces
and thus NTopy C EH(Nj).

Remark 5.7. As a consequence of the previous theorem, NTopy is an epireflective
subcategory of NTop. We now describe the epireflection of an object (X, 7) € NTop
in N'Topy.

Define a relation ~ on X by x ~ z <= Ty(z) = Ty(z), [y(x) = Iy(z),
and Fy(z) = Fy(z) for every U € 1. It is readily verified that ~ is an equivalence
relation on X. Let qx : (X,7) — (X,7) be the corresponding quotient map, where
(X,7) is the quotient neutrosophic topology. Then (X,T) is the epireflection of
(X, 7) in NTopy.

6. Conclusion

Motivated by the fundamental principle of independence among the three mem-
bership functions in neutrosophic theory, we introduced an alternative definition of
the category NSet. We showed that NSet is a topological and Cartesian closed cate-
gory. Within the newly introduced category N'Top, we identified two subcategories,
namely the categories of intuitionistic-induced neutrosophic topologies and strong
intuitionistic-induced neutrosophic topologies. We demonstrated that the category
of intuitionistic fuzzy topological spaces can be identified with a subcategory of
NTop in a categorical sense. The category of stratified neutrosophic topological
spaces was introduced and shown to be a coreflective subcategory of NTop.

We also identified the Sierpinski object in NTop and proved that it serves as
an open-set classifier. Furthermore, we obtained a characterization of NTop in
Struct(SET) and showed that NTopy is the epireflective hull of the Sierpiriski object
in NTop. The coreflective hull of the Sierpiniski object remains an open problem.

The study of NTop from the viewpoint of a topological universe is a direction
for future research. Further subcategories of NTop and their categorical relation-
ships with NTop will also be investigated. Moreover, there is scope for exploring
further connections between neutrosophic topology and existing fuzzy topological
structures.
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