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Abstract: This paper presents higher order numerical methods for solving nonlin-
ear Fisher equations. These types of equation arise in various fields of sciences and
engineering, the main application of this equation has been found in biomedical
sciences. The solution of this equation helps determine the size of the brain tumor.
In this paper, we have constructed the numerical method based on the method of
lines and higher order strong stability preserving schemes of order four and eight.
These schemes are explicit in nature and easy to implement specially to solve the
nonlinear problems. Due to the stability preserving nature of the scheme, the re-
striction on time step is very mild. These schemes are very practical to use and
produce very accurate results. Various test problems are considered to validate
the scheme along with a comparison of /s and [, errors with the exact solution,
resulting in high accuracy. The scheme is found to be better compared to existing
schemes with less computational effort.
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1. Introduction
We consider the well-known 1-D nonlinear Fisher equation

2
%:%—l—au(l—u), 0<z<l1, t>0, (1.1)
where u(z,t) population density.
The Fisher equation was initially formulated in 1937, and equation (1.1) is refer-
enced from [9]. The details of the analysis and explanation of equation (1.1) can be
found in [16]. Due to this it is called the Fisher- Kolmogorov-Petrovsky-Piscounov
(Fisher-KPP) equation. However it is widely known as Fisher equation. Over time,
the Fisher equation has become really important for studying how things spread
out, like helpful genes, populations, and how stuff moves in nature and biology.
Many scientists are studying different things using the Fisher equation [2, 3, 6, 7,
10, 25, 30, 31]. The Fisher equation’s math properties and discussions, along with
numerous of numerical methods, are explained in the literature with references for
more information [1, 4, 12, 15, 17, 18, 19, 20, 23, 32, 36], References like [11, 22, 26,
27, 29] provide useful information about the background and uses of this equation
in different scientific areas.
In mathematical science, we develop a method for obtaining numerical solutions of
a one-dimensional nonlinear reaction-diffusion equation using the SSPRK-84 tech-
nique. We achieve this by transforming the PDEs into an ODEs in time through the
application of the method of lines [21]. The method of lines, which is a technique
for finding numerical solutions of partial differential equations, plays an essential
role in preserving the accuracy and stability of the developing solution. The or-
dinary differential equations resulting from the discretization of the Navier-Stokes
equations are integrated using an implicit method, Adams-Moulton, which is in-
tegrated with the widely recognized ODE solver Hindmarsh, Alan C [14]. The
modified form of a nonlinear Fisher’s reaction-diffusion equation solved by RBFs
based on DQMs [13].
In this paper, we introduce a numerical approach for solving Fisher’s equation. We
combine the method of lines (MOL) in spatial dimensions with the strong stabil-
ity preserving Runge-Kutta method (SSP-RK84) in time dimensions. SSPRK-84
method is a advanced techniques for solving high-order time discretization meth-
ods. In Section 2, we introduce Fisher equation in one dimension with initial and
boundary conditions. In Section 3, involves semi-discretizing the derived equation
in the spatial dimension using MOL and fully discretizing it by implementing the
SSP-RK84 method on the resulting ODE system. In Section 4, we describe nu-
merical experiments of test examples and compare the numerical solutions with a
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few existing methods. Our method demonstrates higher accuracy compared to the
existing methods. In Section 5, conclusion.

This paper presents an efficient method for addressing Fisher’s equation, pro-
viding valuable perspectives for various scientific and engineering applications.

2. Problem statement
We consider the well-known one-dimensional nonlinear Fisher equation.

0 0?
8_z:8_;;+au(1_u>’ 0<z<1, ¢>0, (2.1)

with initial condition
u(z,0) =up(x), 0<z<1,

and the boundary conditions

In this context, o represents the reactive factor, T' signifies the final time, and
uo(z), fi1, and fy denote given functions that are sufficiently smooth, collectively
defining initial and boundary conditions for the mathematical model.

3. Numerical Scheme

The method of lines (MOL) is a widely recognized technique used for solving
time-dependent partial differential equations. Initially, the PDEs are converted
into ODEs using the method of lines(MOL). Then the set of ordinary differential
equations is solved by applying the SSP-RK84 scheme for integration. To discretize
the solution domain for equation (2.1), we apply a uniform mesh approach. The
spatial interval [0, 1] is divided into M equal sub-intervals, each with a width of

1

Az, where Az is calculated as Az = 5;. We then define spatial points z,, as

Ty = mAx for m is ranging from 0 to M.
3.1. Semi-discretization: Method of Lines(MOL)

In his article [24], Rothe first introduced the method of lines (MOL), and in a
subsequent works Bonkile [5], Parambu [22] and his team utilized MOL to trans-
form the PDEs into a set of ODEs, effectively addressing the Burger’s equation and
Stefan problem. Unsteady nonlinear partial differential equation undergoes spatial
discretization to create a semi-discrete method of lines (MOL) scheme. This in-

ou

cludes discretizing the reaction term % with a second-order central method and
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. . . . . . 2
using central difference to discretize the diffusion term %.

du _ Un41() — Um—1(¢)

ox 2h ) (3.1)
9%u B U1 () = 2 () + Up—1 (1) B

or? 12 , h=Ax, (3.2)
ds; _ (um+1(t) — QUZLQ(t) + um—l(t)) + (um (1 — uy,)), (3.3)

where m =1,2,3,..., M — 1.

Can be written in a discrete operator form, the right-hand side of the above equa-
tion (3.3).

Where m is ranging from 1 to M — 1, and L is basically a nonlinear difference
operator.

3.2. SSP-RK84

The purpose of SSP-RK84 is to achieve high-order accuracy in time integration
while maintaining strong stability properties. The SSP-RK84 scheme utilizes seven
stages (s = 8) and achieves a fourth-order accuracy (k = 4). The primary char-
acteristic of SSP methods is that the number of stages (s = 8) exceeds the order
(k = 4) of accuracy in terms of the time variable for the method [11]. Let’s express
an s-stage explicit Runge-Kutta method in the following manner,

i—1
UD =3 (0 U™ + Athy LOW)), i=1,2,3,...,s (3.6)
k=0

The SSP-RK84 scheme is characterized by coefficients a; ; that satisfy the condi-
tions a;x > 0 and a;, = 0 only if b, = 0 [27]. This scheme also possesses a
Courant-Friedrichs-Lewy (CFL) coefficient of 4.14593344751963. Additionally, it’s
required that the sum of coefficients 22;10 a; = 1 holds for 7 =1,2,3,...,s.

To divide the time interval [0, 7] into N equal parts with a consistent size, we use
At = 1/N = k, where t,, = nAt. We perform the integration of equation (3.4)
from ¢, to t, + At using the following steps for n = 0,1, 2..., N, resulting in the
complete determination of the solution w(z,t) at a specific time level. Table (1)
gives the values of a;, and by, coefficients.
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u® = (3.8)
where u, is a initial condition.
u%) = alou( ) + AtbloL( (0 ))
ull) = 40 4+ A£(0.24120020561311) L(u(?) (3.9)

7(7%1 — 2u£2) + u( )

- 2 - u(o))]

ull) = ul® 4 £(0.24120020561311)

1
2) = Z agkugg) + AtbgkL(ugf)))
k=0

= (0.10645325745007)u'?) + (0.89354674254993)ul) + At(0.21552365802797) L (ulD)

m

(3.10)
ul?) = (0.10645325745007)uY + (0.89354674254993)uY)
M o 4o
+ k(0.21552365802797) | -+t 7 Lt aul) (1 - U%P)]
2
u® = Z(a:skuq(ﬁ) + Atba L(ull))
k=0
u® = u® 4 At - (0.24120020561311) L(u?) (3.11)
@ 5 (@) ()
u® = 4@ 4 k- (0.24120020561311) [ M T2 oy @) o)
m = U ( ) 2 ( )

3
= (agpul) + AtbyL(uy,*)))

=
Il

ul) = (0.57175518477257)u?) + (0.42824481522743)u') + At(0.10329273748560) L (u'))
(3.12)

ul® = (0.57175518477257)u(®) + (0.42824481522743)u'D) +

3) ® . ®
2um
1(0.10329273748560) [“m“ = o1y @1 - ugfi))]

4
= Z a5ku£,]§) + Atb5kL(um(k)))
k=0

©) — (.19161667219044)u?) + (0.80838332780956)uY) + At(0.19498222488188) L (u?)

3
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ul® = (.19161667219044)u %) + (0.80838332780956)u'Y) +

@) @, @
- 2 m _
1(0.19498222488188) [um“ ZQ Tt | @1 - u(4))]

5
ul® =3 “(agrulf) + Atbr L(um ™))

k=0
ul® =4 4+ At(0.24120020561311) L(u>) (3.14)
u® = ul®) + £(0.24120020561311) [u’g)“ 21;’(;) +unly Lt aul®(1 - u£,§>)]
6
ull) = E(amu( )+ Atbr L(upm*)))
k=0
u?) = ul® + At(0.24120020561311) L(u(®) (3.15)

1(2_1 2u£n) + u(6)

hQ

u

ulD = u(® + £(0.24120020561311) [ L4 ou®(1 - u(ﬁ))]

7
ultt ) = "(agrul) + AtbgyL(um*)))
k=0

w1 = (0.02580435327923)ul?) + (0.03629901341774)u® + (0.31859181340256)u( +
(0.05186768980103)ud) + (0.03944076217320)u>) +-
(0.00511633747411)uS) + (0.52288003045213)u{) +
At((0.00875532949991)kL(u?) + (0.06195575835101 )k L(ul>))+

(0.00951311994571)kL(u>)) 4 (0.12611877085604) kL (u{]))
(3.16)

u{"Y = (0.02580435327923)u'?) + (0.03629901341774)u?) + (0.31859181340256)u>) +
(0.05186768980103)u'Y) + (0.03944076217320)u>) + (0.00511633747411)uS) +
(0.52288003045213) ")+
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u(Q) 1= 2u7(73) + u(2) 1 9 9
F(0.00875532949991)[a(f) =71+ auf@) (1 — uf?)]+

u(S) 1 2u$7?{) + u(S) 1
F(0.06195575835101) [a(tn) ~H—— 5 ——"=1 4 quf (1 — uf})

(5) ®) .
- 2 m + —
k(0.00951311994571 ) [au(t, ) —mdt — =0 TUmo1 (0 5)(1 4 ®)]

n2
W) ™, (1
Uyt — 2Up” + Uy, "
k(0.12611877085604) [ (t,,) —2+ 3 L4 ou(D(1 —ul)]
Form =1,2,3,..., M —1. In the succeeding iteration, we have utilized u? = T

with n ranging from 0 to N — 1.

4. Numerical Experiment

Presented are the numerical results of the SSP-RK84 method applied to various
instances of the Fisher equation (1.1) using MATLAB. With the help of the exact
solution, we measured the accuracy of the numerical method. Assess the accuracy
and efficiency of the proposed method by evaluating the I, and [, error norms.

M 0<m<M
m=0

. 1/2
Iy = [—Z(Um—um)2] ;oo = max |Uy — Uy

Here, u,, is numerical solution and U,, as the similarity solution corresponding to
the node at position z,,.

Example 4.1. Consider the Fisher Equation
Up = Ugy + au(l —u),

subject to the initial condition
1
u(x,0) = ———,
(1+ e\/%g”)2
where the exact solution is presented in [14] given by
1

(14 eVEe—doty2’

u(z,t) =

Example 4.2. Consider the following generalized Fisher’s equation in domain[0,
1]:
Up = Uz + u(l — u®),
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with initial condition

u(x,O):{ltanh< 2\/2‘(%> 1}2.

The exact solution is presented in [14] by

u(m,O):{ltanh< NW( \/%t)>+%}a.

Table 2 and 3 provide numerical and exact values at different times for various
values of 'a’ for examples one and two. We compare the numerical and exact
values for & = 6 and 1 using at two distinct time steps, namely At = 0.0001 and
At = 0.00005, with a specific focus on examples (4.1) and (4.2). Figures 1, 2 and 5,
6 represent numerical values compared to the exact values, while Figures 3, 4 and
7, 8 display the absolute error graphs in relation to the exact values for a = 6 and
a =1, with At values of 0.0005 and 0.000001. Similarly Table 3 and Figures 9, 10
at different values. Our proposed numerical approaches, given in Tables 5 and 6,
perform better results. Tables 12 and 13 provide the I, and [, errors for examples
one and two. From these tables and graphs, we observed that the proposed method
yields more accurate values for all time steps.
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0.7

0.65

0.6

0.55

0.5
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Figure 1: Numerical value at o = 6, At = 0.0005, and N = 20 for Example (4.1).
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Table 2: Numerical and exact value of Example (4.1) at « = 6 and N = 20.

At = 0.0005 At = 0.000001
x T  Numerical value Exact value Numerical value Exact value

0.25 0.4 0.726023 0.725824 0.7258260 0.7258236
0.6 0.883538 0.883437 0.8834382 0.8834371
0.8 0.954614 0.954573 0.9545731 0.9545732
1.0 0.982934 0.982919 0.9829184 0.9829186
0.5 04 0.668653 0.668428 0.6684312 0.6684280
0.6 0.854161 0.854038 0.8540399 0.8540381
0.8 0.942286 0.942235 0.9422347 0.9422347
1.0 0.978167 0.978147 0.9781466 0.9781468
0.75 04 0.604445 0.604195 0.6041977 0.6041951
0.6 0.818540 0.818393 0.8183943 0.8183926
0.8 0.926804 0.926740 0.9267395 0.9267395
1.0 0.972096 0.972071 0.9720703 0.9720705

1

0.95

097

0.85

0.8

> 075

0.7

0.65

0.6

0.55

0.5

Figure 2: Numerical value at a = 6, At = 0.000001,

0.2

0.4
X

0.6

and N = 20

of Example (4.1).
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Table 3: Numerical and exact value of Example (4.2) at « = 1 and N = 20.

At = 0.0005 At = 0.000001
x T  Numerical value Exact value Numerical value Exact value
025 04 0.310917 0.310875 0.31087477 0.31087480
0.6 0.357879 0.357834 0.35783382 0.35783382
0.8 0.406474 0.406428 0.40642834 0.40642829
1.0 0.455785 0.455739 0.45573875 0.45573865
05 04 0.283338 0.283298 0.28329788 0.28329797
0.6 0.328870 0.328827 0.32882654 0.32882658
0.8 0.376572 0.376526 0.37652604 0.37652602
1.0 0.425555 0.425509 0.42550859 0.42550850
0.75 04 0.256871 0.256832 0.25683236 0.25683242
0.6 0.300678 0.300635 0.30063543 0.30063545
0.8 0.347150 0.347106 0.34710568 0.34710566
1.0 0.395457 0.395411 0.39541150 0.39541142

x10* .
—%—T=04

X

Figure 3: Absolute errors at o = 6, At = 0.0005, and N = 20 of Example (4.1).
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Figure 4: Absolute errors at a = 6, At = 0.000001, and N = 20 of Example (4.1).

0.2 : : : :
0 0.2 0.4 0.6 0.8 1

X

Figure 5: Solution at a = 1, At = 0.0005, and N = 20 for Example (4.2).
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0.2 : : : ‘
0 0.2 0.4 0.6 0.8 1

X

Figure 6: Numerical value at « = 1, At = 0.000001, and N = 20 of Example (4.2).

X

Figure 7: Absolute errors at « = 1, At = 0.0005, and N = 20 of Example (4.2).
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Figure 8: Absolute errors at o = 1, At = 0.000001, and N = 20 of Example (4.2).

Table 4: Numerical and exact value of Example (4.1) at At = 0.001, N = 20 and
T=1.

o x  Numerical value Exact value «  Numerical value Exact value
0.1 0.2 0.26458908 0.26458102 1 0.46187485 0.46178202
0.4 0.25799346 0.25798550 0.43768942 0.43759651
0.6 0.25147843 0.25147057 0.41353432 0.41344174
0.8 0.24504623 0.24503847 0.38951863 0.38942680
0.3 0.2 0.30378117 0.30375552 10 0.99937984 0.99937793
0.4 0.29168281 0.29165758 0.99919724 0.99919478
0.6 0.27978818 0.27976339 0.99896095 0.99895775
0.8 0.26811129 0.26808697 0.99865519 0.99865102
0.5 0.2 0.34670869 0.34666400 100 0.99999983 0.99999983
0.4 0.33036437 0.33032033 0.99999976 0.99999976
0.6 0.31427811 0.31423483 0.99999966 0.99999965
0.8 0.29848464 0.29844219 0.99999951 0.99999950
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Figure 10: Absolute error at At = 0.001, T'= 1 and N = 20 for Example (4.1).
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Table 5: Present and existing numerical value comparison with exact value at o = 6,
N = 20 for Example (4.1).

At = 0.0001 At = 0.00005
X T  R.Mittal [19] Present value R.Mittal [19] Present value Exact value

0.25 0.5 0.81847 0.818424 0.81843 0.818409 0.8183926
1.0 0.98293 0.982922 0.98292 0.982920 0.9829186
2.0 0.99988 0.999883 0.99988 0.999883 0.9998834
5.0 1.00000 1.000000 1.00000 1.000000 1.0000000
0.5 0.5 0.77590 0.775841 0.77580 0.775824 0.7758035
1.0 0.97816 0.978151 0.97814 0.978149 0.9781468
2.0 0.99985 0.999850 0.99985 0.999850 0.9998503
5.0 1.00000 1.000000 1.00000 1.0000000 1.0000000
0.75 0.5 0.72594 0.725866 0.72588 0.725846 0.7258236
1.0 0.97209 0.972075 0.92208 0.972073 0.9720705
2.0 0.99981 0.999808 0.99981 0.999808 0.9998078
5.0 1.00000 1.000000 1.00000 1.000000 1.0000000

Table 6: Present and existing numerical value comparision with exact value at o = 1,
N = 20 for Example (4.2).

At = 0.0001 At = 0.00005
X T  R.Mittal [19] Present value R.Mittal [19] Present value  Exact value

0.25 0.5 0.33412 0.334103 0.33409 0.334098 0.334094
1.0 0.45576 0.455748 0.45574 0.455743 0.455739
2.0 0.68397 0.683958 0.68394 0.683954 0.683951
5.0 0.96653 0.966526 0.96653 0.966526 0.966525
0.5 0.5 0.30576 0.305747 0.30574 0.305743 0.305739
1.0 0.42553 0.425518 0.42551 0.425513 0.425509
2.0 0.65924 0.659224 0.65921 0.659220 0.659216
5.0 0.96303 0.963030 0.96303 0.963029 0.963028
0.75 0.5 0.27838 0.278361 0.27835 0.278357 0.278353
1.0 0.39544 0.395421 0.39542 0.395416 0.395411
2.0 0.63338 0.633366 0.63336 0.633362 0.633358

5.0 0.95918 0.959179 0.95918 0.959179 0.959178
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Table 7: Comparision of numerical solution for Example (4.1) at At = 0.000005, T = 0.1

and o = 6.

xz  BDF1 [33] BDF2[33] Present solution Exact solution
0.1 0.35841806  0.35842071 0.35842355 0.35842691
0.2 0.32997086  0.32997260 0.32997547 0.32998421
0.3 0.30230060 0.30230157 0.30230442 0.30231742
0.4 0.27558402  0.27558442 0.27558724 0.27560315
0.5 0.24997987  0.24997993 0.24998270 0.25000000
0.6 0.22562504  0.22562500 0.22562770 0.22564477
0.7 0.20263156  0.20263170 0.20263428 0.20264943
0.8 0.18108475 0.18108534 0.18108774 0.18109917
0.9 0.16104234 0.16104363 0.16104574 0.16105159

Table 8: Comparision of numerical solution for Example (4.1) at At = 0.000005, 7" = 0.1

and o = 1.

z  BDF1 [33] BDF2 [33] Present solution Exact solution
0.1 0.26073733  0.26073824 0.26073859 0.26073843
0.2 0.25042002 0.25042078 0.25042106 0.25042110
0.3 0.24031064 0.24031127 0.24031151 0.24031169
0.4 0.23041738 0.23041791 0.23041812 0.23041838
0.5 0.22074766  0.22074815 0.22074835 0.22074865
0.6 0.21130823 0.21130872 0.21130891 0.21130920
0.7 0.20210505 0.20210558 0.20210579 0.20210601
0.8 0.19314332 0.19314394 0.19314418 0.19314428
0.9 0.18442751 0.18442824 0.18442851 0.18442843
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Table 9: Comparision of numerical solution for Example (4.1) at At = 0.000005, "= 0.1
and a = 6.

xz  BDF1 [34] BDF2 [34] Present solution Exact solution

0.1 0.35840890 0.35842119 0.35842355 0.35842691
0.2 0.32996342 0.32997349 0.32997547 0.32998421
0.3 0.30229465 0.30230278 0.30230442 0.30231742
0.4 0.27557923 0.27558586 0.27558724 0.27560315
0.5 0.24997582  0.24998148 0.24998270 0.25000000
0.6 0.22562126  0.22562655 0.22562770 0.22564477
0.7 0.20262760 0.20263311 0.20263428 0.20264943
0.8 0.18108020 0.18108646 0.18108774 0.18109917
0.9 0.16103685 0.16104428 0.16104574 0.16105159

Table 10: Comparision of numerical solution for Example (4.1) at A¢ = 0.000005,
T =0.1 and o = 6.

x  BDF1 [34] BDF2 [34] ssprk43 [35] Present solution Exact solution

0.1 0.35840890 0.35842119  0.35842328 0.35842355 0.35842691
0.2 0.32996342 0.32997349  0.32997524 0.32997547 0.32998421
0.3 0.30229465 0.30230278  0.30230424 0.30230442 0.30231742
0.4 0.27557923 0.27558586  0.27558708 0.27558724 0.27560315
0.5 0.24997582  0.24998148  0.24998256 0.24998270 0.25000000
0.6 0.22562126 0.22562655  0.22562757 0.22562770 0.22564477
0.7 0.20262760 0.20263311  0.20263415 0.20263428 0.20264943
0.8 0.18108020 0.18108646  0.18108759 0.18108774 0.18109917

0.9 0.16103685 0.16104428  0.16104557 0.16104574 0.16105159
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Table 11: Comparision of numerical solution for Example (4.2) at At = 0.000005,
T=0.1and a=1.

T

BDF1 [33]

BDF2 [33]

BDF3 [33]

Present solution

Exact solution

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.260737784
0.250420391
0.240310950
0.230417634
0.220747899
0.211308466
0.202105305
0.193143625
0.184427868

0.260738230
0.250420750
0.240311240
0.230417876
0.220748116
0.211308683
0.202105547
0.193143913
0.184428219

0.260738056
0.250420905
0.240311656
0.230418460
0.220748764
0.211309286
0.202106001
0.193144130
0.184428133

0.260738590
0.250421064
0.240311514
0.230418121
0.220748347
0.211308913
0.202105789
0.193144177
0.184428511

0.260738428
0.250421096
0.240311688
0.230418385
0.220748648
0.211309201
0.202106010
0.193144276
0.184428430

Table 12: Errors of Example (4.1) at o = 6.

At = 0.0005 At = 0.000001

T l2 loo l2 loo
04  2.20E-04 2.64E-04 2.40627E-06  3.1436E-06
0.6 1.24E-04 1.66E-04 1.37048E-06 1.8643E-06
0.8 5.33868E-05 7.64021E-05 6.21653E-08 1.214E-07
1.0 2.08138E-05 3.06015E-05 1.95289E-07 2.742E-07

Table 13: Errors of Example (4.2) at o = 1.
At = 0.0005 At = 0.000001

T la lo l2 loo

0.4 3.95488E-05 4.36174E-05 5.91446E-08 9.14E-08
0.6 4.24829E-05 4.55655E-05 3.52465E-08 7.2E-08
0.8 4.41753E-05 4.64187E-05 4.5857E-08 8.48E-08
1.0 4.49747E-05 4.64647E-05 8.57457TE-08 9.88E-08
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5. Conclusion

This paper presents a new approach to solving nonlinear partial differential
equations. The method of lines is used to discretize the equation, and the resulting
system of ordinary differential equations is solved using the strong stability preserv-
ing time-steping Runge-Kutta (SSP-RK84) method. To evaluate the accuracy and
efficiency of the technique, two test examples involving the Fisher equation were
examined. The numerical values were compared at various solutions of the parame-
ter 'a’ within the system of ODEs. The norms l5 and [, were also used to measure
the absolute errors of the numerical values. The results of this technique are more
accurate and closer to the exact value. This technique can be applied to numeri-
cally solve higher-dimensional nonlinear partial differential equations. Future work
will focus on extending the proposed method to two- and three-dimensional Fisher-
type models, more general nonlinear reaction—diffusion systems, and problems with
complex geometries or nonstandard boundary conditions.
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