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1. Introduction and preliminaries
In this document, we derive an integral involving the generalized incomplete

hypergeometric function, a class of multivariable polynomials and the multivariable
I-function. For this multivariable I-function, we adopt the contracted notations.

The multivariable I-function defined by Nambisan et al [3] is an extension of
the multivariable H-function defined by Srivastava et al [7].

The multivariable I-function is defined in term of multiple Mellin-Barnes type
integral :

I(z1, ..., zr) = I0,n:m1,n1;...;mr,nr
p,q:p1,q1;...;pr,qr


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.
zr
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(aj;α
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(r)
j ;Bj)1,q :
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(cj, γ
(1)
j ;C

(1)
j )1,p1 ; ...; (c

(r)
j , γ

(r)
j ;C

(r)
j )1;pr

(d
(1)
j , δ

(1)
j ;D

(1)
j )1,q1 ; ...; (d

(r)
j , δ

(r)
j ;D

(r)
j )1,qr

 (1.1)

=
1

(2πω)r

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏
i=1

θi(si)z
si
i ds1...dsr, (1.2)

where φ(s1, ..., sr), θi(si), i = 1, ..., r are given by;

φ(s1, ..., sr) =

n∏
j=1

ΓAj

(
1− aj +

r∑
i=1

α
(i)sj
j

)
p∏

j=n+1

ΓAj

(
aj −

r∑
i=1

α
(i)
j sj

)
q∏
j=1

ΓBj

(
1− bj +

r∑
i=1

β
(i)
j sj

) (1.3)

θi(si) =

ni∏
j=1

ΓC
(i)
j

(
1− c(i)

j + γ
(i)
j si

) mi∏
j=1

ΓD
(i)
j

(
d

(i)
j − δ

(i)
j si

)
pi∏

j=ni+1

ΓC
(i)
j

(
c

(i)
j − γ

(i)
j si

) qi∏
j=mi+1

ΓD
(i)
j (1− d(i)

j − δ
(i)
j )si

(1.4)

For more details, see Nambisan et al [6].
Following the result of Braaksma [1] the I-function of r variables is analytic if :

Ui =

p∑
j=1

Ajα
(i)
j −

q∑
j=1

Bjβ
(i)
j +

pi∑
j=1

C
(i)
j γ

(i)
j −

qi∑
j=1

D
(i)
j δ

(i)
j ≤ 0, i = 1, ..., r (1.5)

The complex numbers zi are not zero. Throughout this document, we assume the
existence and absolute convergence conditions of the multivariable I-function.
The integral (2.1) converges absolutely if

| arg(zk)| <
1

2
∆kπ, k = 1, ..., r

where

∆k = −
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+

nk∑
j=1

C
(k)
j γ

(k)
j −

pk∑
j=nk+1

C
(k)
j γ

(k)
j > 0 (1.6)

We will use these notations for this paper,

X = m1, n1; ...;mr, nr;V = p1, q1; ...; pr, qr (1.7)

A = (aj;α
(1)
j , ..., α

(r)
j ;Aj)1,p (1.8)

B = (bj; β
(1)
j , ..., β

(r)
j ;Bj)1,q (1.9)

C = (c
(1)
j , γ

(1)
j ;C

(1)
j )1,p1 ; ...; (c

(r)
j , γ

(r)
j ;C

(r)
j )1,pr (1.10)

D = (d
(1)
j , δ

(1)
j ;D

(1)
j )1,q1 ; ...; (d

(r)
j , δ

(r)
j ;D

(r)
j )1,qr (1.11)

the contracted form is

I0,n;X
p,q;V


z1

.

.

.
zr

∣∣∣∣∣∣∣∣∣∣
A : C

...

B : D

 (1.12)

Srivastava and Garg [6] introduced and defined a general class of multivariable
polynomials as follows

Sh1,...,huL [z1, ..., zu] =

h1R1+...+huRu≤L∑
R1,...,Ru=0

(−L)h1R1+...+huRuB(E;R1, ..., Ru)
zR1

1 ...zRuu
R1!...Ru!

(1.13)
The coefficients B(E;R1, ..., Ru) are arbitrary constants, real or complex.
We will note;

Bu =
(−L)h1R1+...+huRuB(E;R1, ..., Ru)

R1!...Ru!
(1.14)

2. Generalized incomplete hypergeometric function
The generalized incomplete hypergeometric function introduced by Srivastava

et al [4 page 675, Eq.(4.1)] is represented in the following manner.

pγq

[
(e1;σ), (e2), ..., (ep)
(f1), ..., (fq)

; z

]
=
∞∑
n=0

(e1;σ)n(e2)n...(ep)nz
n

(f1)n...(fq)nn!
(2.1)

|z| < 1 where the incomplete Pochhammer symbols are defined as follows :

(a;σ)n =
γ(a+ n;σ)

Γ(a)
(a, n ∈ C;x ≥ 0) (2.2)
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γ(s, x) =

∫ x

0

ts−1e−tdt (Re(s) > 0, x ≥ 0) (2.3)

3. Required integral
We have the following integral, see Mac Robert’s [2]

Lemma ∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

× 2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
dt

=
(1 + c)−λ(1 + d)−µΓ(λ)Γ(µ)Γ(λ+ µ− α− β)

(b− a)Γ(λ+ µ− α)Γ(λ+ µ− β)
(3.1)

valid for Re(µ) > 0, Re(λ) > 0, Re(µ − α − β) > 0, b 6= a, t ∈ [a, b] and b − a +
c(t− a) + d(b− t) 6= 0

4. Eulerian integral involving the multivariable I-function

Let G = Γ(µ)(b − a)−1(1 + c)−λ(1 + d)−µ, X =
(t− a)(1 + c)

b− a+ c(t− a) + d(b− t)
and

An′ =
(e1;σ)n(e2)n...(ep)n

(f1)n...(fq)n
The main result to be established here is

Theorem 1 ∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

× 2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
I(z1X

υ1 , ..., zrX
υr)dt

= I0,n+2;X
p+2,q+2;V


z1

...

...
zr

∣∣∣∣∣∣∣∣
(1− λ; υ1, ..., υr; 1),

(1− λ− µ+ α; υ1, ..., υr; 1),

(1− λ− µ+ α + β; υ1, ..., υr; 1), A : C

(1− λ− µ+ β; υ1, ..., υr; 1), B : D

 (4.1)
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provided that Re(µ) > 0, Re(λ) > 0, Re(µ − α − β) > 0, b 6= a, t ∈ [a, b]; υi > 0,
i = 1, ..., r b − a + c(t − a) + d(b − t) 6= 0, the conditions (f) are verified and the
conditions of existence of the multivariable function are satisfied.

Proof.
Let

M{} =
1

(2πω)r

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏

k=1

θk(sk){}

We first replace the multivariable I-function by its Mellin-Barnes contour integral
with the help of (1.1), we get∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

× 2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
dt

×

{[
(t− a)(1 + c)

b− a+ c(t− a) + d(b− t)

]∑r
j=1 υjsj

zs11 ...z
sr
r ds1...dsr

}
dt (4.2)

Assuming the inversion of order of integrations in (4.2) to be permissible by absolute
(and uniform) convergence of integrals involved above, we have

M{(1 + c)
∑r
j=1 sjυjzs11 ...z

sr
r

∫ b

a

(t− a)λ+
∑r
j=1 υjsj−1(b− t)µ−1 [b− a+ c(t− a)

+(b− t)]−λ−µ−
∑r
j=1 υjsj

2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
dt}ds1...dsr

(4.3)
Now evaluating the inner integral with the help of Lemma (3.1) valid for Re(µ) > 0,
Re(λ) > 0, Re(µ−α−β) > 0, b 6= a, t ∈ [a, b] and finally interpreting the resulting
Mellin-Barnes contour integrals as a multivariable I-function, we obtain the desired
result.

5. Particular cases
The integral formula (4.2) has manifold generality. By specializing the various

parameters and variables involved, the formula can suitable applied to derive the
corresponding results involving remarkably wide range of useful functions.

(1) Putting β = µ in (4.1), provided that Re(λ) > 0, Re(µ) > 0 and b− a+ c(t−
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a) + d(b − t) 6= 0; b 6= a; t ∈ [a, b]

∣∣∣∣ (b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

∣∣∣∣ < 1 and using the

transformation

2F1(a, b; b; z) = (1− z)−a (5.1)

we get

Corollary 1∫ b

a

(t− a)λ−α−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ+α−µI(z1X
υ1 , ..., zrX

υr)dt

= G1 I
0,n+1;X
p+1,q+1;V


z1

...

...
zr

∣∣∣∣∣∣∣∣
(1− λ+ α; υ1, ..., υr; 1), A : C

(1− λ− µ+ α; υ1, ..., υr; 1), B : D

 , (5.2)

where G1 =
Γ(µ)(1 + c)−λ+α(1 + d)−µ

b− a
(2) Putting c = d = 0 and υ1 = ... = υr = 1, we get
Corollary 2∫ b

a

(t− a)λ−1(b− t)µ−1
2F1

[
α, β;µ;

b− t
b− a

]
I(z1Y

υ1 , ..., zrY
υr)dt = Γ(µ)(b− a)λ+µ−1

= I0,n+2;X
p+2,q+2;V


z1

...

...
zr

∣∣∣∣∣∣∣∣
(1− λ; 1, ..., 1; 1), (1− λ− µ+ α + β; 1, ..., 1; 1), A : C

(1− λ− µ+ α; 1, ..., 1; 1), (1− λ− µ+ β; 1, ..., 1; 1), B : D


(5.3)

where Y =
b− t
b− a

(3) Putting λ = µ =
1

2
; c = d = 1; υ1 = ... = υr = 1 and α = 0, we get

Corollary 3∫ b

a

[(t− a)(b− t)]−
1
2 2F1

[
α, β;µ;

b− t
b− a

]
I(z1Y

υ1 , ..., zrY
υr)dt =

√
π

I0,n+1;X
p+1,q+1;V


z1

...

...
zr

∣∣∣∣∣∣∣∣
(1

2
; 1, ..., 1; 1), A : C

(0; 1, ..., 1; 1), B : D

 (5.4)



Certain Class of Eulerian Integrals with the Multivariable I-Function ... 47

6. Multivariable I-function with the extension of Hurwitz generalized
hypergeometric function and a class of polynomials

In this section, we evaluate a class of MacRobert’s integral associated with the
Generalized incomplete hypergeometric function, a general class of polynomials
and the multivariable I-function defined by Nambisan et al [2], we have

Theorem 2 ∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

× 2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
pγq

[
(e1;σ), (e2), ..., (ep)
(f1), ..., (fq)

zXξ

]

Sh1,...,huL (y1X
γ1 , ..., yuX

γu)I(z1X
v1 , ...zrX

vr)dt = G
∞∑
n′=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

Buy
R1
1 ...yRuu

An′z
n′

n′!
I0,n+2;X
p+2,q+2;V


z1

...

...
zr

∣∣∣∣∣∣∣∣
A, (1− λ− n′ξ −

∑u
i=1Riγi; υ1, ..., υr; 1),

...
B, (1− λ− µ+ α− n′ξ −

∑u
i=1Riγi; υ1, ..., υr; 1),

(1− λ− µ+ α + β − n′ξ −
∑u

i=1 Riγi; υ1, ..., υr; 1) : C

(1− λ− µ+ β − n′ξ −
∑u

i=1Riγi; υ1, ..., υr; 1) : D

 (6.1)

provided that Re(µ) > 0, Re(λ) > 0, Re(µ − α − β) > 0, b 6= a, t ∈ [a, b]; υi > 0,
i = 1, ..., r; γj > 0, j = 1, ..., u, ξ > 0, b − a + c(t − a) + d(b − t) 6= 0, the series
is absolutely and uniformly convergent and the conditions of the multivariable
function are satisfied.

Proof.

Let

M{} =
1

(2πω)r

∫
L1

...

∫
Lr

ψ(s1, ..., sr)
r∏

k=1

θk(sk){}

To prove (6.1), expressing the general class of polynomials of several variables
Sh1,...,huL [.] in series with the help of (1.11), The generalized incomplete hypergeo-
metric function pγq in series with the help of (2.1) and the I-function of r variables
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in Mellin-Barnes contour integral with the help of (1.1), changing the order of in-
tegration and summation (which is easily seen to be justified due to the absolute
convergence of the integral and the summations involved in the process), we get

∞∑
n′=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

Buy
R1
1 ...yRuu

An′z
n′

n′!

∫ b

a

(t− a)λ−1(b− t)µ−1

[b− a+ c(t− a) + d(b− t)]−λ−µ 2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
×

{[
(t− a)(1 + c)

b− a+ c(t− a) + d(b− t)

]n′ξ+∑u
j=1Rjγj+

∑r
j=1 vjsj

zs11 ...z
sr
r ds1...dsr

}
dt (6.2)

Assuming the inversion of order of integrations in (6.2) to be permissible by absolute
( and uniform) convergence of integrals involved above, we have

∞∑
n′=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

Buy
R1
1 ...yRuu

An′z
n′

n′!
M
{

(1 + c)n
′ξ+

∑u
j=1Rjγj+

∑r
j=1 sjvj zs11 ...z

sr
r

∫ b

a

(t−a)λ+n′ξ+
∑u
j=1Rjγj+

∑r
j=1 vjsj−1(b−t)µ−1

2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
[b− a+ c(t− a) + d(b− t)]−λ−µ−n

′ξ−
∑u
j=1Rjγj−

∑r
j=1 ujsj dt}ds1...dsr (6.3)

To evaluate the inner integral, use the Lemma valid for Re(µ) > 0, Re(λ) > 0,
Re(µ − α − β) > 0, b 6= a, t ∈ [a, b], b − a + c(t − a) + d(b − t) 6= 0, the multiple
series is absolutely and uniformly convergent and finally interpreting the resulting
Mellin-Barnes contour integrals as a multivariable I-function, we obtain the desired
result.

7. Multivariable H-function
If A′j = B′j = C

′(i)
j = D

′(i)
j = 1, the multivariable I-function defined by Nam-

bisan et al [3] reduces to multivariable H-function defined by Srivastava et al [6]
and we obtain the following multiple integral transform

Corollary 4 ∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

× 2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
pγq

[
(e1;σ), (e2), ..., (ep)
(f1), ..., (fq)

zXξ

]
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Sh1,...,huL (y1X
γ1 , ..., yuX

γu)H(z1X
v1 , ...zrX

vr)dt = G
∞∑
n′=0

h1R1+...+huRu≤L∑
R1,...,Ru=0

Buy
R1
1 ...yRuu

An′z
n′

n′!
H0,n+2;X
p+2,q+2;V


z1

...

...
zr

∣∣∣∣∣∣∣∣
A, (1− λ− n′ξ −

∑u
i=1 Riγi; υ1, ..., υr),

...
B, (1− λ− µ+ α− n′ξ −

∑u
i=1Riγi; υ1, ..., υr),

(1− λ− µ+ α + β − n′ξ −
∑u

i=1Riγi; υ1, ..., υr) : C

(1− λ− µ+ β − n′ξ −
∑u

i=1Riγi; υ1, ..., υr) : D

 (7.1)

under the same conditions and notations that (6.1) with A′j = B′j = C
′(i)
j = D

′(i)
j =

1.

8. Srivastava-Daoust function

If

B(L;R1, ..., Ru) =

∏Ā
j=1(aj)R1θ′j+...+Ruθ

(u)
j

∏B′

j=1(b′j)R1φ′j
...
∏B(u)

j=1 (b
(u)
j )

Ruφ
(u)
j∏C̄

j=1(cj)m1ψ′j+...+muψ
(u)
j

∏D′

j=1(d′j)R1δ′j
...
∏D(u)

j=1 (d
(u)
j )

Ruδ
(u)
j

(8.1)

then the general class of multivariable polynomial Sh1,...,huL [z1, ..., zu] reduces to
generalized Lauricella function defined by Srivastava et al [5].

F 1+Ā:B′;...;B(u)

C̄:D′;...;D(u)


z1

...

...
zu

∣∣∣∣∣∣∣∣
[(−L);R1, ..., Ru][(a); θ′, ..., θ(u)] : [(b′);φ′]; ...; [(b(u));φ(u)]

[(c);ψ′, ..., ψ(u)] : [(d′); δ′]; ...; [(d(u)); δ(u)]


(8.2)

and we have the following formula

Corollary 5 ∫ b

a

(t− a)λ−1(b− t)µ−1[b− a+ c(t− a) + d(b− t)]−λ−µ

× 2F1

[
α, β;µ;

(b− t)(1 + d)

b− a+ c(t− a) + d(b− t)

]
pγq

[
(e1;σ), (e2), ..., (ep)
(f1), ..., (fq)

zXξ

]
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F 1+Ā:B′;...;B(u)

C̄:D′;...;D(u)


y1X

γ1

...

...
yuX

γu

∣∣∣∣∣∣∣∣
[(−L);R1, ..., Ru][(a); θ′, ..., θ(u)] : [(b′);φ′]; ...; [(b(u));φ(u)]

[(c);ψ′, ..., ψ(u)] : [(d′); δ′]; ...; [(d(u)); δ(u)]


I(z1X

v1 , ..., zrX
vr)dt = G

∞∑
n′=0

h1R1+...+hURu≤L∑
R1,...,Ru=0

An′z
n′

n′!
yR1

1 ...yRuu B′u

I0,n+2;X
p+2,q+2;V


z1

...

...
zr

∣∣∣∣∣∣∣∣
A, (1− λ− n′ξ −

∑u
i=1 Riγi; υ1, ..., υr; 1),

...
B, (1− λ− µ+ α− n′ξ −

∑u
i=1Riγi; υ1, ..., υr; 1),

(1− λ− µ+ α + β − n′ξ −
∑u

i=1Riγi; υ1, ..., υr; 1) : C

(1− λ− µ+ β − n′ξ −
∑u

i=1 Riγi; υ1, ..., υr; 1) : D

 (8.3)

under the same conditions and notations that (6.1) and

B′u =
(−L)h1R1+...+huRuB(E;R1, ..., Ru)

R1!, ..., Ru!
; B(L;R1, ..., Ru)

is defined by (8.1).

9. Conclusion
In this paper we have evaluated a general Eulerian integral involving the multi-

variable I-function defined by Nambisan et al [2], a class of polynomials of several
variables and the generalized incomplete hypergeometric function. The integral
established in this paper is of very general nature as it contains multivariable I-
function, which is a general function of several variables studied so far. Thus, the
integral established in this research work would serve as a key formula from which,
upon specializing the parameters, as many as desired results involving the special
functions of one and several variables can be obtained.
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