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Abstract: In this paper, first we evaluate a class of MacRobert’s integral associ-
ated with the multivariable I-function defined by Nambisan et al [3], secondly we
evaluate a class of MacRobert’s with. the generalized incomplete hypergeometric
function, a general class of polynomials and the multivariable I-function defined by
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1. Introduction and preliminaries

In this document, we derive an integral involving the generalized incomplete
hypergeometric function, a class of multivariable polynomials and the multivariable
[-function. For this multivariable I-function, we adopt the contracted notations.

The multivariable I-function defined by Nambisan et al [3] is an extension of
the multivariable H-function defined by Srivastava et al [7].

The multivariable I-function is defined in term of multiple Mellin-Barnes type
integral :
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where ¢(s1, ..., S,), 0:(si), i = 1,...,7 are given by;
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For more details, see Nambisan et al [6].
Following the result of Braaksma [1] the I-function of r variables is analytic if :
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The complex numbers z; are not zero. Throughout this document, we assume the
existence and absolute convergence conditions of the multivariable I-function.
The integral (2.1) converges absolutely if

1
|arg(zx)| < EAkﬂ', k=1, ..r

where
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We will use these notations for this paper,

X =my,nu; M, Vo= p1,qus -5 Dy G (1.7)
A = (ay; oél), - oz?; Ay (1.8)
B = (b5, . 8 B (1.9)
C = (A O s s (2 C (1.10)
D = (d",5"; D), s s (@, 68 DY, (1.11)
the contracted form is
2| A:C
I . (1.12)
:zr B:D

Srivastava and Garg [6] introduced and defined a general class of multivariable
polynomials as follows

h1R1+---+huRu§L le ZRu
521 .... hu[zla-ﬂazu] = Z (_L)h1R1+.--+huRuB(E; Ry, .., Ry )ﬁ
Ri,...;Ry=0 R

(1.13)

The coefficients B(F; Ry, ..., R,) are arbitrary constants, real or complex.
We will note;
B, = (_L)thl“r..."rhuRuB(E; Ry, 7Ru) (1.14)
Ri!...R,!
2. Generalized incomplete hypergeometric function
The generalized incomplete hypergeometric function introduced by Srivastava

et al [4 page 675, Eq.(4.1)] is represented in the following manner.

(e1;0),(€2), s (ep) | > (€1;0)n(€2)n...(€p)n2"
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|z| < 1 where the incomplete Pochhammer symbols are defined as follows :

_v(a+n;0)

(a;0)y ') (a,n € C;z > 0) (2.2)



44 J. of Ramanujan Society of Math. and Math. Sc.

(s, x) :/ t*le7'dt  (Re(s) >0, > 0) (2.3)
0
3. Required integral
We have the following integral, see Mac Robert’s [2]

Lemma

/b(t a)* (b — )" b — a4 c(t —a) + d(b— )]}

(b—t)(1+4d)
a+c(t—a)+d(b—t)
A+ M+ )TN ()T A+ o —a — f)

(b—a)l(A+p—a)l(A+p—p)
valid for Re(u) > 0, Re(A\) > 0, Re(u —a — ) >0,b# a, t € [a,b] and b — a +
c(t—a)+db—t)#0
4. Eulerian integral involving the multivariable I-function
(t—a)(1+c)

dt
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(3.1)
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(f)n-(fo)n
The main result to be established here is
Theorem 1
b
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provided that Re(u) > 0, Re(A\) > 0, Re(u —a — ) >0,b# a, t € [a,b]; v; > 0,
i=1,.,rb—a+c(t—a)+db—1t)#0, the conditions (f) are verified and the
conditions of existence of the multivariable function are satisfied.

Proof.

Let

M{} = (zﬁlwy/L o] s TTOs00

We first replace the multivariable I-function by its Mellin-Barnes contour integral
with the help of (1.1), we get

/b(t —a) b=t b—a+c(t—a)+db—t)

(b—1t)(1+d)
b—a+c(t—a)+d(b—t)] dt

_ o)1 2 j=1v58;
X{{ (t—a)(1+) ] zfl...z:fdsl...dsr}dt (4.2)

b—a+c(t—a)+db—t)

X oFy {045;#;

Assuming the inversion of order of integrations in (4.2) to be permissible by absolute
(and uniform) convergence of integrals involved above, we have

b
M{(1 + ¢)Xi=15 551 o / (t —a) M Xi=1 Vs — Y b — a + c(t — a)

(b—1t)(1+d)
b—a+c(t—a)+db—1t)

dt}ds;...ds,

(4.3)
Now evaluating the inner integral with the help of Lemma (3.1) valid for Re(u) > 0,
Re(A) > 0, Re(p—a— ) > 0,b# a, t € [a,b] and finally interpreting the resulting
Mellin-Barnes contour integrals as a multivariable I-function, we obtain the desired
result.

+H(b— )] MR R {a,ﬁ;u;

5. Particular cases

The integral formula (4.2) has manifold generality. By specializing the various
parameters and variables involved, the formula can suitable applied to derive the
corresponding results involving remarkably wide range of useful functions.

(1) Putting 5 = p in (4.1), provided that Re(\) > 0, Re(x) > 0 and b — a + c(t —
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(b—1t)(1+d)
b—a+c(t—a)+db—t)

a)+db—1t) #0;b#a;t € la,b

transformation

< 1 and using the

oFi(a,byb;2) = (1 —2)7¢ (5.1)
we get

Corollary 1
b
/ (= @)=L (b— )b — a + c(t — a) + d(b — ]I (5, X" 2 X7 )t
21| =X+ a;vy,..,v051),A:C
_ Gl IO,TL+1;X , (52)

p+1l,g+LV
e | I=A—=p+a;v1,...,051),B: D
C(u)(1+c) (1 +d)™*

where G; = 2
—a
(2) Puttingc=d=0and v; = ... = v, = 1, we get
Corollary 2
b b—t
[ =i tan, [a,ﬁ; " b—] (@YY, 5 Y o)t = T() (b — a)*!
a —a
2| (I=X1,..,51),0=-A—p+a+p5;1,..,1;1),A: C
0,n+2;X
=LY gy
| =A=—p+ao;l,.. 1), =A—p+p;1,...,1;1),B: D
(5.3)
b—t
where Y =
—a
i 1
(3) Puttmg)\:uzi; c=d=1v,=..=v.,=1and a =0, we get
Corollary 3
b ) b—t
J R I (O e O e
u —a

2| (51, 51),A:C
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2z | (0;1,...,1;1),B: D
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6. Multivariable I-function with the extension of Hurwitz generalized
hypergeometric function and a class of polynomials

In this section, we evaluate a class of MacRobert’s integral associated with the
Generalized incomplete hypergeometric function, a general class of polynomials
and the multivariable I-function defined by Nambisan et al [2], we have

Theorem 2

/b(t —a) o=t b —a+c(t—a)+db—t)

(b—t)(l —|—d) (61'0’) (62) (6 )
X F LB ’ 3 ) y \Ep X{
2 {O‘ B =) 7 do =] | (A1), o (fo) :
oo hiRi+..+hyRy <L
521 ..... hu(le%7 ...,yuX%)I(levl, '.‘Zerr)dt =G Z Buyfl...yf“
n’=0 Ry,...,R,=0
e 21 A (1 —=X=n'¢=>"0 Riyis v, .y 0 1),
n ]O,n+2;X .
n' P+2,q4+2;V u
' N B,(1-XA—p+a—n'&—=> " Ry, ..., v 1),

Ql=-A—p+a+p-—n€=3" Ri;vi,...,051) : C
(6.1)
Q=A—p+B—-n&=>" Rvivr,...,v31) 1 D
provided that Re(u) > 0, Re(A\) > 0, Re(u —a — ) >0,b# a, t € [a,b]; v; > 0,
i=1,..,rv>07j=1..,u,&>0,b—a+c(t—a)+d0b—1t) # 0, the series
is absolutely and uniformly convergent and the conditions of the multivariable

function are satisfied.

Proof.
Let

(2W1w)T/L L‘w(sl,...,sT)HQk(sk){}

To prove (6.1), expressing the general class of polynomials of several variables

M{} =

metric function ,7, in series with the help of (2.1) and the I-function of r variables
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in Mellin-Barnes contour integral with the help of (1.1), changing the order of in-
tegration and summation (which is easily seen to be justified due to the absolute
convergence of the integral and the summations involved in the process), we get

oo hiRi+...4+hy Ry <L i

An/z" b _ _
>y BT [0 ie-

n'=0  Ri,...Ru=0
e b—1t)(1+d)
— _ — A-k R - (
L e ]
t—a)(l+c MR e Ryt s .
X{[b—aic(t—xa)—l—;(b—t)} 2t zyrdsy..ds, pdt (6.2)

Assuming the inversion of order of integrations in (6.2) to be permissible by absolute
( and uniform) convergence of integrals involved above, we have

oo hiRi+...+hy Ry <L A Zn/
R Ry, 0/ nEFS Y L Rivi4+Y T sivi s Sy
E E Byt ..y, M{(1+c) SHjo Rivitajaasivi pm

n'! "

b
’ u o~ T s 1(b—t)1 b— t)(l + d)
t_ An 5+Z],:1 R]7J+Zj=1 VjS; l(b t)# F .. (
/a( a) 241 a’ﬂ”u’b—a—i—c(t—a)—l-d(b—t)

[b—a+clt—a)+db—t)) PR BT s g1l s, ds, (6.3)
To evaluate the inner integral, use the Lemma valid for Re(y) > 0, Re(A) > 0,
Re(p—a—p)>0,b#a,t € lab],b—a+c(t—a)+db—t)# 0, the multiple
series is absolutely and uniformly convergent and finally interpreting the resulting

Mellin-Barnes contour integrals as a multivariable I-function, we obtain the desired
result.

7. Multivariable H-function

If A, = B, = ¢ = D = 1, the multivariable -function defined by Nam-
bisan et al [3] reduces to multivariable H-function defined by Srivastava et al [6]
and we obtain the following multiple integral transform

Corollary 4
/b(t —a) o=t b—a+c(t —a)+db—t) M

(b—)(1 +d) (e130), (€2), ., (&)
—a+c(t—a) +d(b—t)] vl [ (f1)s s (fo) X

X o F {a,ﬁ;u; b
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00 hiRi+..4+hyRu<L

SE X7yl X H (2 X L, X )dE = G Y Byl .y
n'=0  Ri,..Ru=0
<1 u
n' A, 1—A—n'é— i Rz iy Uly ooy Up ),
Az 0,n+2;X . ( §= L B )
n'! p+2,4+2,V

B,(1-XA—p+a—n€&—=>3"" Ri;v1, ..., Ur),

Zr
Q1-A—p+a+p—-—n&=3" Ryi;vr,...,v) 1 C
(7.1)
1=A—p+B-—n'&=>"  Ryivr,...,v) 1 D

under the same conditions and notations that (6.1) with A} = B} = C]/.(i) = D;.(i) =
1.

8. Srivastava-Daoust function
If

A B’ B®W ; (u)
. ] ’ u s b/' /e . b u
B(L: Ry, R,) — HZ=1<GJ>R19j+...+Ru9;- = ) ragy - 1= () )Ru<z>§ ) (8.1)

C D! DM/ o(u)
Hj:l <Cj)m1¢;.+...+mu¢§“> Hj:l (d;')Rﬁ;--- Hj:l (dju )Ru(s](-U)

then the general class of multivariable polynomial SZl """ fu (21, ..., 2] reduces to
generalized Lauricella function defined by Srivastava et al [5].

2 | (L) Ra, oy R[(a); 6, .., 0] £ [(0); 8] s [(B()); 0]

o | 5, 0] [(@); 6 (0950
(82)

and we have the following formula

Corollary 5
/b(t —a) b=t b—a+c(t —a)+db—t)

(b— 1)1 +d) (e1:0), (€2), s (€1)
b—a+c(t—a) —|—d(b—t)} ra { (f1); 5 (fg) X

X o Fy {04,5;#;
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yi X" | [(=L); Ry, ..., R)[(a); 0, ..., 0] - [(1); ¢']; .. [(B™); )]

GuX0 | (s ] [(d); s [(d9); 6

/

oo h1R1+~-+hURu§L

Ay 2"
[(2 X", 2, XYt = G Y > Ly,
'=0  Ri,...,Ru=0 e
“1 A (1 —=XN=n'é=>"" Ryisvr, ..., vy 1),
IO,n—i—Q;X .
P+2,q+2,V u
N B,(1-XA—p+a—n'&—=>" Ry, ..., v 1),

Q-A—p+a+—-n€=>"  Ri;v1,...,051) : C

(L=A—p+B—-n'¢=3000 Rivijvr, . 051) 0 D
under the same conditions and notations that (6.1) and

L)thl-‘r...-‘rhuRuB(E; R17 LX) Ru)

B/ — (_
“ Ryl .. R}

; B(L; Ry, ..., R,)

is defined by (8.1).

9. Conclusion

In this paper we have evaluated a general Eulerian integral involving the multi-
variable I-function defined by Nambisan et al [2], a class of polynomials of several
variables and the generalized incomplete hypergeometric function. The integral
established in this paper is of very general nature as it contains multivariable I-
function, which is a general function of several variables studied so far. Thus, the
integral established in this research work would serve as a key formula from which,
upon specializing the parameters, as many as desired results involving the special
functions of one and several variables can be obtained.
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