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1. Introduction

For o and g real or complex (|g| < 1), we define

[n = [a5¢)n = A-a)1-ag)...(1—ag"™"), n>0, [oJo=1

o)

[a]s = [qloc = H(l—aq").

n=0

With the help of above notations, we define a basic hypergeometric function

a1,ag, .50 G2 | = lai]n [ag)n - - [ar]n 27
T@S[bl’b%'”’bs ; :| a Z[Q]n[bl]n[bﬂn[bs]n’ (11)

n=0
valid for |z| < 1.

We also define a basic bilateral hypergeometric function

ai,ag, - yar g2 | = laaln [a2]n . [ar]n 2"
T\Pr[blab%"'abr ) :| N Z n e |Op (12)

valid for |b1bs ... /ajas...a.| <|z| < 1.

(1.2) reduces to (1.1) if any of the denominator parameters tends to g.
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We define Dedekind Eta function

n(r)e” ™12 = [g]o, where ¢ = €*™7, Im(r) > 0.

We shall also make use of the following Ramanujan’s ;1 ¥; summation

a ;q¢z | _ [b/al[02]0 [9/a2]o0 [qoo
l‘I’l[b ; ] = [4/a]oo [b/2]o0 [Bloo [2loc (1.3)

Any other notation appearing herein shall carry its usual meaning.

2. Main Results
In this section, we shall discuss our main results.
Setting a = é, b = 3 and replacing z by —azq'/? in (1.3), we get

[—2¢"?]o0 [~ 4"/%/ 2]00 [d]oo [@B) oo
[—a2q'/?)o0 [—B/2¢"?] 00 [2q) oo [B)os

=§: [1/ax ozqu/2 +§: [a/ 8 ﬂq S M 2.1)

aq)k

On differentiating both sides of (2.1) with respect to z, we set after some
simplification,

[Q]oo [O‘ﬁ]oo [*Zq1/2] [ 1/2/z q3/2 i
(oo [Bloo | [~2qoc [-B/24" o | | 1+ zq1/2 1+ 2¢%/2
/2 ag®
B z2(1+ql/2/:<t)Jr 2(1 +q3/2/z + 1+azq1/2+1+azq3/2+”'

Bq~1/? Bq'/? Bq®/?
T\FE+ ) AR R+ A

_ - (k4 Dlg/ofk(—a2)* @*D2 S Bla/Bk (<B)*q M2
B =0 [B]k+1 g [kt (2:2)
Now putting z = —¢~'/2 in (3.2), Bhargava and Somashekara [1] received
the following result,
% 08 _ S (k4 Digfolio® 3 Kla/Bl 8 )
- 3
QLR T 2 Pha T2 laha (23)
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and made use of this relation to derive several Eta-function identities.

In this paper we would like to point out that proper choice of other values of
z (2.2) can lead to several new and interesting Eta function identities. We shall
also derive several other identities from (2.3) which were possibily not noticed by
Bhargava and Somashekara [1].

For z = —q'/2 (2.2) leads to the following new relation,
(1-0a) [gf3 o~ (k+1 Q/a (agq)® kla/B)k (B/a)*
(1-8/q9) [af% [ oo q; Blr+1 " Z [ k11 24

3. Eta-Function Identities

In this section, we shall establish certain interesting Eta-function identities.

(i) Taking a = w and 8 = w?q(w = €*™/3) in (2.3), we get the following
identity
1 — (k+1Dw — kw? g*
—) - >k = R Bt (3.1)
(1-w k:o (1 —w?3q k:O(l wqk)
(ii) Next, setting o = —w and 3 = —w?q in (2.3), we get,
2 2 o0 o0
n(r)n”(27 ) k:+ 1) (
3.2
(iii) Again, taking a = iq and 8 = —iq in (2.3), we get
1 n4(7) = k:+1 (1+14)( Ookzl—z iq)*
-+ Z
_ RHT) k+1
(1-9q) —  (l+i -
(3 3)
(iv) Further, setting o = iq and 8 = —iq in (2.3), we get,
~3/8,3 3 o0
q () n° (27
3.4
,74(4T) Zo 1+ Zq2k+1 kz 1 _ Zq2k+1 (3-4)
(v) setting o = 3 = ¢ in (2.3), we get,
0o 2k+1 o k:q (2k+1)/2
Z 2k+1 + Z (1— g2 (3-5)
k=0 k=0
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Now, we shall establish Eta function identities with the help of (2.4). Re-
placing g by ¢% in (2.4), we get,

(1—a) [¢%¢3 [oB; ¢ anm (B +1) 2/0é @I (ag?)*
(1- ﬂ/q2) [a,q ] [ﬂ, ] 4 ; ]k+1
+i 2/@ K (B/¢%)* (3.6)

k+1

Now, replacing 3 by B¢ in (2.4) and 3 by 3¢? in (3.6), we get, respectively,
the following relations,

(1— o) [g; 413 [«Bg; q] . Q/a gk (ag)” klq/B; qlx B*
(1-0) [oql% [5(1,] qzo (B4 @lk+1 +Z [a; qlkt1
(3.7)
and
(1-0a) [¢% ¢ [aB%; ¢ anm (k4 1) [/ a5 ¢k (ag?)*
-9 ek Beel Zg ﬂq i1
k
+Z 1Oiﬂq’ ]k]iﬂ (38)

k=0

(vi) If we replace a and 3 by wq and w?q in (3.8), we get, after some simplifi-
cation, the following interesting identity,

g 21+ q+ ) nP(r) n*(27) n*(67)

(1-¢% n?(37)
o0 3)k <k (w2q) i/
_2mi
Z 1 fw2 2%+3) w/q) Z wq2k+1 w=e
parl o (

(3.9)

(vii) Next, we put a = w and 8 = w?q in (3.7), we get, after some simplification,

(1-w’q) 1) _ o~ (k+1 o k(wq)
Tt e ~ D ““’/‘”;m
(3.10)
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(viii) Again, if we take a = —wy, 3 = —w?q in (3.7), we get, after some simplifi-
cation,
A+w) n(0)n*@r)n*Br) i (k +1)(—wq)*
90w P W)
— k (—w?q)
3.11
) Y Gl 31)

=0

(ix) Further, taking a = 8 = ¢ in (3.8), we get,

1/2,8 00 0o
g/ n°(27) 3= (k+1)q
A+ nin ¢ 3.12
(1+q)n*(7) — (1-— q2k+3 ; 1— q2k+1 (3.12)

(x) Next, if we put « = 3 = —¢q in (3.8), we get,

¢ Pyt (r)nt(4r) _ ~ (E+1)(-)* g k()
,,74(27-) Z +q3k+3 Z 1+q2k+1

=0 k=
(3.13)

(xi) Again taking o = —wq and 8 = —w?q in (3.8), we get,

¢ 21— q+¢*) n* @)’ (3r) P (121) _ — (k + 1) (=)F(we?)k
(1—-¢% n*(67) n?(47) n?(7) k:o I+w q2’“+3)
(1+w/q) i 21@2 (3.14)
o L+ wa

(xii) Lastly, if we put a =iq and 8 = —iq in (3.8), we get,

q 5 n5(27) i (k+1)( : i k(—
(1 —q ) (47- k:o 1+ 7Jq2k—&-3 0 1 _ 7Jq%—&-l
(3.15)
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