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1. Introduction, Notations and Definitions

Let, for |g| < 1

(@;@)n = (1 —a)(l —aq)..(1-ag"™") & (a;jq)o=1

Then 3®5[a; b, ¢, d; t] series has been defined as,

[e.e]

Jn(b)n
3®2abcdtzz (a)

Cndn

n:O

The function F(a,b,c,d,t) has been extensively studied. It is easy to see that
F(a,b,c,d,t) satisfies the following relations.

F(a,b,c,d;t) =1+ %tF(aq, bq, cq, dq; t) (1.1)
(1 —t)F(a,b,c,d;t) + [(a +b)tg* — (c + d)q]F(a,b,c, d;tq)
+(cd — abtq®)F(a, b, c,d;tq*) = cd — (c +d — q)q (1.2)
(1—c)1—=d)(1 —t)F(a,b,c,d;t)
=(1-c¢)(1=d)+ (c+d—a—"0b)tF(a,b,cq,dq;tq)
+(ab — cd)tF(a,b, cq, dq, tq*) (1.3)
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In the present paper we have established many continued fraction representation
for F(a,b,c,d,t) by making use of relations (1.1),(1.2) and (1.3).
2. Main Results

In this section, we establish the following results:

F(a,b,c,d;t) By

=A 2.1
Flag b, cq.dgit) 0" 4, B 2y

where a (1 — be)
—aq')(1 —bg'
A = . Ji 41
(1 —cq’)(1 —dg)
(1 — ag)(1 — bgith)
(1= eq™) (1 — dg'™)
F(a,b,c,d;t) By
all Sttt et |
F(a,b,c,d;tq) ot A By
1

B,
A
2t

Bi:_

(2.2)

A, = S(tg') = cd—(c+d—q)q _ la+0)tg™*? — (c +d)q]
PV T 2 =t Fa, b, e, di tg ) ¢*(1 —tq?)

(abtq™? — cd)
(1 —tq')
F(CL, ba cq, dg) t) BO
= A
Flabcq.dgitg) " ° 7 J B,
1

By
A
2t

B; =

(2.3)

where

(1 —c)(1 — d)[(atq’ + btq" — c — d) + (tq" — 1)(c + d)]

A; = S(tgh) = . , .
$= U0 = U=t + b= c = d)Fa, b cq, dg, tg*)

(c+d — atq' — btq")
(1 —tq")
(ab — cd)(atq' + btq' — c — d) — (1 — tg")[ac(d — b) + bd(c — a)]
(1—-tg)(a+b—c—d)
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3. Proof of (2.1)
We have

F(a,b,c,d;t) =1+ %tﬂaq, bg, cq, dg; t) (3.1)

Replace a by aq, b by bq, ¢ by c¢q and d by dq in (3.1) we have

1—ag)(1 —
(1~ aq) bQ)tF(GQQ,bq2,Cq2adq2;t) (3.2)

F(agq,bq, cq,dg;t) =1+
( = i —dg)

Subtracting (3.2) from (3.1)

F(a,b,c,d;t) = {8:38:237&H F(aq, bg, cq, dg; t)
(1 —aq)(1 —bq) 2792 2 ;9
_(l—cq)(l _dq>tF(aq ,bq”, cq”, dq”; t)
F(a,b,c,d;t)
F(aq,bq,cq,dg;t)
_[@=a)@-b) (1 —aq)(1 - bq) t
- {(1 —c)(1 - d)t * 1} (1 —cq)(1—dg) Flag,by,cqg,dg;t) &3

F(ag®, bg?, cq?, dg*; 1)
Again replacing a by aq, b by bq, ¢ by ¢q and d by dq in (3.3) we have
F(aq,bg, cq, dg; 1)
F(ag?,bg?, cg?, dg?; t)

(1 —ag®)(1 - bg*) t
(1 —cq®)(1 —dg?) F(ag®,bg?, cq?, dg?; )
F(ag®, bg®, cq?, dg?; t)

Similarly a repeated iterations yields, the following Continued fraction,

{(1 —aq)(1 — bq)

<1—cq><1—dq>“1] -

F(a,b,c,d;t) By
b Y Y — A
Flag.bg,eq.dgit) 4, B
Ay 2
2 R

where




64 J. of Ramanujan Society of Math. and Math. Sc.

(1 _ aqurl)(l _ bqi+1)

B, = — . .
(1 —cqgt1)(1 — dgi*1)

Proof of (2.2)
We have

¢*(1 = t)F(a,b,c,d;t) + [(a+ b)tg” — (c + d)q|F(a, b, c, d; tq)

+(cd — abtq*)F(a, b, c,d;tq*) = cd — (c +d — q)q

F(a,b,c,d;t)
F(a,b,c,d;tq)
| ed=(ct+td—qq  [(a+b)tg® = (c+d)q]
¢*(1 —t)F(a,b, c,d;tq) ¢*(1 —1)
(cd — abtq?) 1

(1 —1t) Fla,b,c ditqg)
F(a,b,c,d;tq?)
F(a,bc,d;t) 0) (abtq® — cd) 1
F(a,b,c,d;tq) (1 —t) Fla,b,cd;tq)
F(a,b,c,d;tq?)

where

B cd—(c+d—q)q [(a+b)tq* — (c+ d)q]
SO = | Ea =D F(abedite) 20 =1

Replacing t by tq in equation (3.4)

F(a,b,c,d;t abtq® — cd 1

( .QQ)ZS(Q)'*'(QQ ) 22

F(a,b,c,d;tqg?) (1 —tq) Fl(a,b,c d;tq?)
F(a,b,c, d;tq?)

Similarly, a repeated iterations yields, the following Continued Fraction,

F(a,b,c,d;t) By
— L =A

F(a,b,c,d;tq) ot A By

1A + 32
2T Ay
where
, d — d— b)tgt? — d
A = S(tg') = cd —(c+d—q)q _[(a+0)tg""* — (c +d)q]

¢*(1 — tq')F(a, b, c, d; tq) ¢*(1 —tq")
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(abtq™? — cd)

B, = ,
¢*(1 —tq")
Proof of (2.3)
We have
(1—-c)1=d)(1 —t)F(a,b,c,d;t)
=(1-c¢)(1=d)+ (c+d—a—"0b)tF(a,b,cq,dq;tq)
+(ab — cd)tF(a, b, cq, dq; tq*)
and

(1 —-c)(1—=d)(at +bt —c—d)F(a,b,c,d;t)
=(c+d)(c—1)(1—=d)+ (a+b—c—d)tF(a,b,cq,dq,t)
+[ac(d — b) + bd(c — a)|tF(a,b, cq, dq, tq*)
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(3.6)

Multiplying equation (3.5) by (at+bt-c-d) and equation (3.6) by (1-t) and then

subtracting (3.6) from (3.5)

(at+bt—c—d)(1—c)(1—d)+ (at +bt —c—d)(c+d—a—b)tF(a,b,cq,dg,tq)

+(ab — cd)t(at + bt — ¢ — d)F(a, b, cq, dq, t¢*)
(1~ )tfac(d — b) + bd(c — @) F(a,b,cq, dg, t¢?)

—(c+d)(c—1)(A1-d)(1—-t) =1 —-t)t(a+b—c—d)F(a,b,cq,dq;t)

F(a‘7 b? CQ7 dc]? t)

F(a,b,cq,dg,tq)

_ (A=A =d)(at+bt —c—d)+(t—1)(c+d)] (ct+d—at—0b)

t(l—t)(a+b—c—d)F(a,b,cq,dq,tq) (1—1)

+(ab —cd)(at + bt —c—d) — (1 —t)[ac(d — b) + bd(c — a)]

F(a,b,cq,dq,tq)
1—t b—c—d
( Jatb=c—d) (a,b, cq,dq, tq?)
F(a,b,cq,dg,t)
F(a,b,cq,dq,tq)

(ab — cd)(at + bt — ¢ — d) — (1 — t)[ac(d — b) + bd(c — a)]

— S(t) + F(a,b, cq, dg, tq)

1—t b—c—d
A=Dlatb-c )(a,b,cq,dq,tQZ)
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where
1—-c)(l—-d)(at+bt—c—d)+(t—1)(c+d)] (c+d—at—10t)
t(l—t)(a+b—c—d)F(a,b,cq,dq,tq) (1—1)
Now replacing t by tq in above equation,
F(a,b,cq,dq, tq)
F(a,b,cq,dq,tq?)
(ab — ed)(atq + btq — c — d) — (1 — tq)[ac(d — b) + bd(c — a)]
F(a,b,cq,dq,tq®)
(a,b, cq, dg, tq®)

S(t) =

= S(tq) +
(1—tg)(a+b—c—d)

Similarly, a repeated iterations yields

F(a,b,cq,dqg;t) A4 By
F(a,b,cq,dq;tq) 0 By
Al—A B
2 + pn
where
A, = S(tq') = (1-— c)(l — d)‘[(atq" + btq' —c—d) + (tq¢" — 1)'(0 + d)]
t¢'(1 —tqg")(a +b—c—d)F(a,b,cq,dq, tg+!)
(c+d—atq’ — btq")
(1—tq)

B — (ab — cd)(atq" + btq* — c — d) — (1 — tq")[ac(d — b) + bd(c — a)]

(1—tg)(a+b—c—d)
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