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1. Introduction, Notations and Definitions

We know that the second order differential equation
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− abw = 0 (1.1)

has three regular singularities at 0, 1 and ∞. If we put z/b for z in (1.1) we get
the new form of this equation as,
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which on simplification gives,
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It has three regular singularities at 0, b, ∞.
Now, let b→∞ in (1.2), then it takes the form

z
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dw

dz
− aw = 0. (1.3)

In (1.3), there is the confluence of two singularities, so it is called confluent hyper-
geometric equation.
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Equation (1.1) has two solutions,

2F1 [a, b; c; z] and z1−c2F1 [1 + a− c, 1 + b− c; 2− c; z] , (1.4)

where c is not an integer.
Putting z/b for z in these expressions and then taking b→∞ we get that expres-
sions takes the form 1F1 [a; c; z] and z1−c1F1 [1 + a− c; 2− c; z] ,

which are solutions of confluent hypergeometric equation (1.3) around z = 0.
These solutions are valid over the whole complex plane, since 1F1 is an entire func-
tion. The hypergeometric function 1F1 [a; c; z] is called confluent hypergeometric
function. Thus the differential equation (1.3) has the complete solution as,

w = A1F1 [a; c; z] +Bz1−c1F1 [1 + a− c; 2− c; z] . (1.5)

There are following three relations between the 1F1 and pairs of its contiguous
functions.

(a− c+ 1) 1F1 [a; c; z] = a1F1 [a+ 1; c; z]− (c− 1) 1F1 [a; c− 1; z] , (1.6)

c (a+ z) 1F1 [a; c; z] = ac1F1 [a+ 1; c; z]− (a− c) z1F1 [a; c+ 1; z] , (1.7)

c1F1 [a; c; z] = c1F1 [a− 1; c; z] + z1F1 [a; c+ 1; z] . (1.8)

2. Kummer’s Transformations
(a) Kummer’s first transformation

If c is neither zero nor a negative integer

1F1 [a; c; z] = ez1F1 [c− a; c;−z] . (2.1)

Proof
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Now, taking r + s = n, ie r = n – s then
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n!
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c

]

=
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n=0
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(c)n n!

= 1F1 [c− a; c;−z] . (2.2)

For the convergence of 1F1 [a; c; z] it is essential that neither c is zero nor negative
integer. Also, from (2.2) we have

1F1 [a; c; z] = ez1F1 [c− a; c;−z] , (2.3)

which is precisely (2.1).
Again, if we consider the Paff’s transformation

2F1

[
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c

]
= (1− z)−b 2F1

[
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1−z
c

]
, (2.4)

Then putting z/b for z in (2.4) and then taking b→∞ we get

1F1

[
a; z
c

]
= ez1F1

[
c− a;−z
c

]
, (2.5)

which is (2.3).
(b) Kummer’s second transformation
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]
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Proof; If we take c = 2a is Kummer’s first transformation (2.1) we find,
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(2.7) shows that the function e−z1F1

[
a; 2z
2a

]
is an even functions of z.
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By expanding e−z1F1
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in the form of series we have,
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Taking r + s = n we have
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Since, left hand function of (2.8) is an even function so
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= 0,

Thus we have
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Let us now determine a differential equation whose solution is 1F1 [a, 2a; 2z] . We
know that the differential equation

z
d2w

dz2
+ (c− z)

dw

dz
− aw = 0. (2.10)

has a solution w = 1F1 [a, c; z] .
Putting c = 2a and replacing z by 2z and w by ezw we find that (2.10) takes

the form,

z
d2w

dz2
+ 2a
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dz
− zw = 0. (2.11)

whose one solution is e−z1F1 [a, 2a; 2z] .
Now taking σ = z2

4
in (2.11) the differential equation becomes
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If 2a is not an odd integer, the general solution of (2.12) is

w = A0F1

[
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1
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)
;
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4

]
+Bz1−2a0F1
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4

]
. (2.13)

But solution of (2.12) is also e−z1F1 [a, 2a; 2z] . Therefore there exist constant A
and B such that right hand side of (2.13) becomes e−z1F1 [a, 2a; 2z] . It is easy to
see that B = 0 and A = 1. Hence

e−z1F1 [a, 2a; 2z] = 0F1
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If we compare (2.14) and (2.9) we find
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]
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. (2.15)

Again, if we consider the transformation
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Putting x/2b for x in (2.16) and then taking b→∞ we get

1F1 [a, 2a; 2x] = ex0F1

[
−,
(
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1

2

)
;
z2

4

]
, (2.17)

which is Kummer’s second transformation.
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