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Abstract: The objective of this paper is to investigate and generalize fuzzy fixed
point theorems within the framework of G-metric spaces a class of generalized
metric spaces that provide a versatile structure for analyzing fixed point results
in more flexible and abstract settings. By revisiting several classical fuzzy fixed
point theorems, this study establishes new generalized versions that are specifically
adapted to the inherent properties of G-metric spaces. These generalizations not
only strengthen and extend existing results but also enhance their applicability to a
broader spectrum of problems characterized by uncertainty and imprecision, which
are frequently encountered in practical contexts. The outcomes of this research
underscore the significance of integrating fuzzy logic with advanced structures in
metric space theory, offering meaningful contributions to the mathematical founda-
tions that support applications in engineering, applied sciences, and related fields.
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1. Introduction

The concept of fuzziness, introduced by Zadeh [22], laid the foundation for the
systematic treatment of uncertainty and imprecision, leading to the development
of fuzzy set theory as a significant area in mathematical analysis and applied sci-
ences. Extending this framework, Kramosil and Michélek [7] proposed the notion
of fuzzy metric spaces, providing a structure capable of integrating the concept of
fuzziness within the topological framework of metric spaces. This extension has
been instrumental in addressing problems where classical metrics fail to capture
the inherent uncertainty of real-world phenomena. In the context of fixed point
theory—a fundamental area in nonlinear analysis—the integration of fuzzy struc-
tures has received considerable attention. Matkowski [9] and Grabiec [4] made
pioneering contributions by extending classical fixed point theorems to fuzzy met-
ric spaces. Subsequent studies have focused on generalizing contractive conditions
and exploring common fixed point results in various generalized spaces, as evi-
dent in the work of Aamri and El Moutawakil [1]. A significant advancement in
the generalization of metric spaces was achieved with the introduction of G-metric
spaces by Mustafa and Sims [14]. These spaces, characterized by a generalized tri-
angular inequality involving three variables, offer a broader analytical framework
compared to classical metric spaces. The flexibility of G-metric spaces has led to
extensive investigations into fixed point results under diverse contractive conditions
[3, 18], demonstrating their applicability in addressing convergence behaviors not
adequately captured by traditional structures. Parallel developments in cone met-
ric spaces [2, 5, 8], symmetric spaces [6], revised fuzzy metric spaces [11, 12, 20,
21], and modular revised fuzzy metric spaces [13] have further enriched the field of
fixed point theory, offering alternative frameworks to handle generalized notions of
distance and contraction. The work of Muraliraj and Thangathamizh [10, 11, 12,
13, 20] is particularly notable for advancing the theoretical underpinnings of revised
fuzzy spaces and establishing their relevance in modeling imprecision more effec-
tively than classical approaches. Additionally, recent research has extended fuzzy
fixed point theory to more specialized structures, including fuzzy 2-normed linear
spaces [16], 3-metric spaces [17], and relation-theoretic frameworks [12], thereby
broadening its scope and enhancing its applicability to complex analytical prob-
lems. Motivated by these developments, the present study aims to investigate
and extend fuzzy fixed point theorems within the framework of G-metric spaces.
By systematically revisiting existing results in fuzzy fixed point theory [4, 19] and
incorporating the unique structural characteristics of G-metric spaces, this work es-
tablishes new generalized theorems that not only refine classical outcomes but also
address broader classes of problems involving uncertainty and imprecision. The
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results presented herein underscore the significance of integrating fuzzy logic with
advanced metric structures, offering theoretical insights with practical relevance to
mathematics, engineering, and applied sciences.

The preliminary definitions needed for the primary results are listed below.

Definition 1.1. ([18]) If X is an arbitrary non-empty set, * is a continuous
t—norm, and G is a fuzzy set on X3 x (0,00) that satisfies the following conditions
for any t,s > 0 then the S-tuple (X, G, *) is referred to as a G- fuzzy metric space.

(i) G(p,p,q,t) >0 for all p,q € X with p # q.
(i) G(p,p,q;t) > G(p,q,7,t) for all p,q,r € X with q # r.

( t)
(iii) G(p,q,r,t) =1 if and only if p=q=r.
() G( )=

(

p,q,r,t) = G(n(p,q,r),t), where n is permutation function.

(’U) G p’q7T7t+s) Z G('T’(_Lc’t) * (p’x7l"s) for allp7q7c7x e X'

(vi) G(p,q,r,.): (0,00) = [0, 1] is continuous.
Definition 1.2. ([18]) If for every z,y € X and every t > 0, G(z,z,y,t) =
G(z,y,y,t), then a G-fuzzy metric space (X, G, *) is symmetric.
Definition 1.3. ([18]) If lim, oo M (ay, gan,t) = 1 for some t € X, then a pair
of self-mapping (k,1) of a fuzzy metric space (X, M, x) is said to satisfy the E.A
property.
Definition 1.4. ([18]) Given four self mappings defined on symmetric spaces
(X,d), let them be k,l,x, and n. If 3 two sequences {a,} & {b,} in X such
that lim,, ka,, = lim,, ya, = lim, kb, = lim, nb, = t with t = xu = nw for some
t,u,w € X then, the pairs (k,x) and (I,n) are said to have the common limit range
property (w.r.t x and n), sometimes indicated by CLR ., property.

If k =1 and x = n, therefore, CLR(, ) property is implied by the preceding

definition due to Sintunavarat et al. [19].

Definition 1.5. ([20]) If the following criteria are satisfied, the binary operation® :
[0,1] x [0,1] — [0,1] is a t — conorm:

(i) @ is commutative and associative,
(i1) @ is continuous,
(1) r®0=2a V¥V zel0,1],

() x By < z@v whenever x < z andy <v ¥ z,y,z,v € [0,1].
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Example 1.1. ([20])
(i) Lukasievicz t — conorm : x @y = max{x,y};
(ii) Product t — conorm :x @y =z +y — zy;
(iii) Minimum ¢ — conorm : x &y = min(z + y, 1).

Definition 1.6. ([20]) A revised fuzzy metric space is am ordered triple (X, u, ®)
such that X 1s a non empty set, & is continuous t — conorm and p 1s a Revised
fuzzy set on p: X% x RY — [0,1] satisfies the following conditions:

(1) plz,y,t) <

(2) p(z,y,t) =0 if and only if v = y;
(3) Wz, y,t) = ply, z,t);

(4) n(z, 2t +s) < p(z,y,t) & ply, 2z, 5);

(5) p(z,y,—):(0,00) = [0,1) is continuous for all z,y,z € X and t,s € RT.
Then i is called a Revised fuzzy metric on X.

Example 1.2. ([21]) Let (X, d) be a metric space. Define a & b = maz{a,b} for
all a,b € [0, 1], and define p: X x X x (0,00) — [0,1] as

d(z,y)

pw(w,y,t) = T+d(,y)

Va,y,z € X and t > 0. Then (X, u, @) is a Revised fuzzy metric space.
2. Main Results

Definition 2.1. A revised fuzzy G — metric space is an ordered triple (X, G, ®)
such that X is an non empty set, & is a continuous t — conorm and G is a Revised
fuzzy set on X3 x (0,00) satisfying the following conditions for each t,s > 0.

(1) G(p,p,q,t) >0V p,q € X withp # q.

(i) G(p,p,q,t) > G(p,q,r,t) ¥ p,q,r € X with q #r.

(iii) G(p,q,r,t)
(p

(iv) G

1if and only if p=q=r.

p,q,7,t) = G(n(p,q,r),t), where n is permutation function.
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(v) G(p,q,r,t+s) > G(x,q,r,t) % (p,x,x,s) for all p,q,r,x € X.
(vi) G(p,q,r,.): (0,00) = [0,1] is continuous.
Then G is called a Revised fuzzy G — metric on X.
Example 2.1. Let (X, d) be a metric space. Define G : X x X x X x (0, 00) — [0, 1]

as
mazx{d(p,q),d(q,r),d(r,p
G(p,qrt) = Wty 0).d(a.1). 4(.))
1+ max{d(p’ Q); d(Qa T)v d(T, p)}
V p,q,r € X and t > 0. Then (X, G, @) is a Revised fuzzy G — metric space.

Definition 2.2. A Revised fuzzy G—metric space (X, G, ®) is said to be symmetric
if G(z,x,y,t) = G(x,y,y,t) for all z,y € X and for each t > 0.

The first result is typical.Using a generalized strict contractive condition, The-
orem 2.1 of ([18]) is extended to yield a revised fuzzy fixed point for a pair of self
maps.

Theorem 2.1. Let (X,G,®) be a symmetric Revised fuzzy G — metric space &
let k, 1, the two weakly compatible self maps on X satisfying

(1) CLR,, property.

(ii) G(kz, ky, kz, ft) < max {G(la:, ly,12), G(k;v,lac,lx,t)+G’(ky,éy,ly,t)+G(kz,lz,lz,t)

G(ky,lx,lx,t) + G(kz,ly, ly, t)G(kx,lz,1z,t) }
3

YV x,y,z in X with x not equals y. Thus k & | have a unique common Revised fuzzy
fixed point.

Proof. As k and [ satisfies CLR,, property, 3 a sequence {a,} in X so that
lim,, ka,, = lim,, la,, = la for some a € X. Consider

G(kap, kz, kz, ft) < max {G(lan, L, 1),

G(kap,lay,la,,t) + G(kx,lz,lx,t) + G(kx, lx, Lz, t)
3 )

G(kx,lay,la,, t) + G(kx,lz,lx,t) + G(kx,lz, 1z, t) }
3

Letting n — oo, we obtain G(lz, kz, kz) < 2G(lz, kx, kx) which implies

lx = kx
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As a result, x is where k and [ coincide. Assume that z = kx = [x. Given the weak
compatibility of (k, 1), we get kz = klz = lkz = lz. We are going to prove that kz
equals z. If kz # z, then

G(kz,z, z, ft) = G(kz, kx, kx, ft)

kx,lx,lx,t ky, ly, ly,t kz lz 1zt
<ma.X{G(kZ’kx’k$’t)’ G( x7 x7 .1‘7 >+G( y,Sy, y, )+G( Z, Z, Z, )7

G(ky,lx,lz,t) + G(kz, ly, ly, t) + G(kz,lz, 1z, t) }
3

< G(kz,z,2,t).

which is a contradiction. Hence kz = ¢ = [z. Therefore the common Revised fixed
point of k and [ is z.

It is simple to prove the fixed point’s uniqueness. This theorem can be demon-
strated with the help of an example.

Example 2.2. Let X = [2,20] and G : X3 x (0,00) — (0,00) be defined
as G(z,y,2,t) = max{z,y,z} in all other situations and as G(z,y,z,t) = 0 if
r =y = z. Then a Revised fuzzy G — metric space is (X, G, ®). Given two self
maps on X, k and [. Define

kx=5if e <5 kx=3if x> 5and
r+5

lx = if x <5, lx=104f © > 5.

Thus, &k & [ fulfill the common limit range property (w.r.t [). Now let us consider
a sequence

{a,} = {5 — %} for all n.

Then .
1 1 5—=45
ka, = k(5 — — 5andla, =1 ——)= —2— 35
a ( n)—> and la ( n) 5 —

Therefore lim,, ka,, = lim,, la, =5 = [5. Further (k,[) are weakly compatible and

kx,lz,lx,t ky,ly,ly,t kz,lz,lz,t
G(kx,ky,kz,ft) <maX{G(lx,ly,lz,t),G( €Ly b, LT, )+G( y’3ya Y, )+G( 202,02, )’

G(ky,lx,lz,t) + G(kz,ly,ly, t) + G(kx,lz,1z,t) }
3

Thus all the conditions of Theorem 2.1 are satisfied by k£ and [ and have a
unique Common Revised fuzzy fixed point at x equals 5. Mathkowski [9] presented
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the ® — map as the following in 1997. Assume that ® is the collection of auxiliary
function ¢ that satisfy lim, ¢"(t) = 0 for any ¢t — (0,00) and that ¢ : [0,00) —
[0,00) is a non decreasing function. A ® — map is defined as follows if ¢ € P,
then ¢(t) < t for every t € (0,00) and if ¢(0) = 0. The following result is the
extraction of unique common fixed point under Lipchitz kind of contraction for
two self mapping involving ¢ — map. Theorem 2 of [5] is extended and generalized
by this conclusion.

Theorem 2.2. Let (G, X,®) be a symmetric Revised fuzzy G — metric space and
the four self mappings k,l, x,n on X satisfy the following;

(i) (k,x)and(l,n)satisfiesC LRy, property

(1)) G(kx,ly,lz, ft) < ¢(max{G(xz,ny,nz,t), G(xx,ny,lz,t)G(ny,ly,lz,t),
G(lyv ny,nz, t)}) \V/I, Yy, 2 in X.

(11i) (k,x) and (I,n) are compatibility weak.

Then, there is a unique Revised fuzzy common fixed point for k, [, xy and n.
Proof. There are two sequences, {a,} and {b,}, since (k,x) and (I,n) satisfy
theC' LR, property, such that

li;Ln ka, = li}ln na, = liTEn a, = li7rln na, =t
with ¢t = yx = ny for some t,z,y in X
Gk, by, by, ft) < gb(max {G(Xx, s by £), G (X, by, Uy, 1),
G(11bu, o, o, )G (I, by, 70, 1) ).

Letting n — oo, we get

Thus the coincidence point of k and y is x. As (k, x) are weakly compatible,
— kkx = kxx = xkx = ).
Now we prove that ny = ly. Consider
Gk, ly,ly, ft) < ¢>(max {G(Xan, ny,ny, t),

G (x, by, I, )G (1ib, 1o, b, 1), G (I, b, b, 1) })
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On letting n — oo, we have

G, ly,ly, t) < ¢(G(v, ly,ly, 1))

which implies G(v,ly,ly,t) = 0. Therefore ly = v = ny, that is the coincidence
point of [ and n is y. As (l,n) are compatibility weak, we prove that lly = Iny =
nly = nmy. Also note that kx = yx = lx = nx = v. Now we prove that kkx = k.
Suppose kx # kkx, then

G(kkx, kx, kz, ft) = G(kkz,ly,ly,t)
< ¢<maX{G(Xk‘:B,ny,ny,t),
G(xkz,ly, ly,t), G(xy, ly, ly, 1), G(ly,ny,ny, t) })
< G(kkx,kx, kx,t)
which is a contradiction. Hence kkx = kx = ykx, = kx is the common Revised
fuzzy fixed point of £ and x. Similarly it can be proved that ly is the common

Revised fuzzy fixed point of [ and n. The common Revised fuzzy fixed point of

k,l,x and nis kx = ly, z = kx. It is easy to see that the Revised fuzzy fixed point
is unique.

Corollary 2.1. Let (X, G, ®) be a symmetric Revised fuzzy G — metric space and
k,l, x,n for four self mappings on X such that

(i) (k,x) and (I,n)satisfiesC LR, property.

(ii) G(kz,ly,lz, ft) < ¢<max {G(X%ny,ny,t), G(xx,ly, ly,t)
G(ny, ly,ly,t), G(ly,ny,ny,t)}) Va,y,z in X.

(ii) (k,x)and(l,n) are weakly compatible.

Then k, [, x and n have a unique Revised fuzzy common fixed point.
Proof. With appropriate restrictions on k, [, x, n the following corollaries involving
two and three self mappings can be obtained.

Corollary 2.2. Consider a symmetric Revised fuzzy G — metric space, (X,G,®)
and consider three self mappings k,l,x on X such that

(1) (k,x)and(l, x)satis fiesC LR, property.

(i) G(kx,ly,lz, ft) < ¢p(max{G(xz, xy, xz,t), G(xx,ly, 1z, t)G(xy, ly,lz,1),
G(ly, xy, xzt)}) V,y,z in X.
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(111) (k,x)and(l,x) are compatibility weak.

Proof. By following from Theorem 2.2 and setting x = n follows from Theorem
2.2, we prove this theorem with the example as follows.

Example 2.3. Let X = [0,6] and G : X® x (0,00) — (0,00) be defined as
G(z,y, z,t) = mazx{z,y, z} in all other situations and as G(z,y,z,t) = 0 if z =
y = z. (X,G,®) is thus obviously a symmetric Revised fuzzy G — metric space.
Let k., 1, x,n be four self mapping on X defined by:

kx=3if <3, kx=4if v >3 and
xe=6—zifx <3 xr=>5ifx>3,
lr=4if v <3,

2¢+ 3
e =

if >3

The CLRy, property is now satisfied by (k,x) and (I,1). Choose two sequences
to view this

1
{a,} = {3 — E}for all n.
1
Then ka, = k(3+ —) for all n.
n

1
Then ka, =k(3——) — 3

n

1 1
a=xB-=)=6—(3-=)—>3
Xan = X( n) ( n)

1, 3+++3
la, =13+ —-) = —=— = 3 and

n 2

1. 23+1)+3
nanzn(3+ﬁ):—( 2") — 3.

Therefore lim, ka,, = lim, xa, = limla, = lim,na, =t = 3 with 3 = x3 = n3.
Also (k, x) and (I,n) are weakly compatible. Let ¢ : [0,00) — [0, 00) be a function
defined by ¢(v) = 7, for all v € [0,00). Then ¢(0) = 0 and 0 < ¢(v) < v, for all
v € (0,00). Further,

G(kzx,ly,lz, ft) < ¢(maX {G(Xl’, ny,ny,t),
G(xw,ly,lz,t) + G(ny, b, 1z, t) + G(lz,ny, 1z, 1)
3 b)
Gny,ly,lz,t) + G(kz, ly,ly, t) + Gk, lz,1z2,1) })
3
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Therefore, all of the requirements of Theorem 2.2 are found, and x = 3 is the
unique common Revised fuzzy fixed point of k,[, x and 7.

The following two theorems generalize the findings in Theorems 2.8 [2], Theorem
2.2 [2], and Theorem 3.11 [5] and deal with Hardy Roger’s type of contractive
condition for two pairs of self maps.

Theorem 2.3. Let (X,G, @) be a Revised fuzzy G — metric space & let k1, x,n,
the four self map on X such that
(i) (k,x)&(l,n) satisfies the common limit range property (w.r.t x and n).

(ii) G(kx,ly,lz, ft) < pG(kz, xx, x2,t) + qG(xx,ny, Ny, t) + rG(ny,lz,12,1)
+w|G(kx,ny,nz,t) + G(xx, ly,lz,t)] Vo,y,z in X

where p,q,r,w € [0,1) which satisfy sum of p,q,r & 2w is less then 1. Then
in X, (k,x) and (I,n) have unique point of coincidence. In addition, (k,x) and
(I,m) have a weak compatibility, then Revised fuzzy common fized point is unique
for k.1, x and n.

Proof. As (k,x) and (I,7) satisfies CLR,, property, there are two sequences
{a,} and {b,} such that

lim ka,, = lim ya — n = limla,, = limna, =t
and also t = yx = ny for some ¢,z in X. Let

G(kx,lb,, b, ft) < pG(kz,xx,xz,t) + qG(xx,Nbn, Nbn, t) + rG(Nby, by, 1by,, 1)
+w|G(kx,nby, nby, t) + G(xx, by, by, t)]

On letting n — oo, we get
1—(p+w)|G(kz,e e t) <0

which gives kx = e = xx, sincep+q+r+2w < 1. Thus, X is where k and  coincide.
In the same way, y is where [ and 7 coincide. Thus e = kz = yz = ly = ny.
Uniqueness of coincidence point.

Let us consider the two points of coincidence of (k, x) and (I,7) be e; and es.

er = k1 = xo1 = ly1 =

and
ey = kxy = xx3 = lys = NYyso.
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Consider

G(er,er,e,t) = G(kxy,lys,lys,t)
pG(kxy, xx1, x21,t) + qG (X201, Y2, NY2, 1) + rG (N2, ly2, ly2, y, 1)
Fw([G(kx1, ny2, lya, t) + G(x21, Y2, ly2, 1)]

IN

which implies [1 — (¢ + 2w)]G(ey, e1,e2,t) < 0 that is e; = ey. Since (k,x) and
(I,m) are weakly compatible, we have

kkx = kxx = xkr = xxz
and

lly = Iny = nly = ny.

Now we prove that kkx = kx. Consider,

G(kkz,, kx, kx,t) = G(kkx,ly,ly,t)
< pG(kka, xkx, xkz,t) + qG(xkz,ny,ny, t) + rG(ny, ly, ly, t)
Fw[G(kkz,ny,ny, t) + G(xkz, ly, ly,t)]
Which gives
[1— (q +2w)|G(kkz, kx, kx,t) < 0.
Hence kx = kkx = ykx. That is the common Revised fuzzy fixed point of k£ and y
is kx. Likewise we can prove that the common Revised fuzzy fixed point of [ and

7 is ly. Therefore the common Revised fuzzy fixed point of k, [, x and n is z = kz.
We can prove the uniqueness of the Revised fuzzy fixed point easily.

Example 2.4. Consider X = [0,4] and G : X? x (0,00) — [0, 00) defined as

G(z,y,z,t) = max {d(m, y,t),d(y, z,t),d(z, x, y)},
where d is the usual metric on X. Then obviously (X, G, @) is a Revised fuzzy
G — metric space. Let k, [, xn be four self mapping on X defined by

oxr + 12
11

kx =2, xx=4—x,lr=

and

_x+2

nr = B

for all x € X. The CLR,,, property now is satisfied by (k,x) and (I,n). To see
this, consider two sequence {a,} = {2+ 2} and {b,} = {2+ %} for all n. Then
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1 1 1

kan =k(2+ =) = 2, xa, = X2+ =) =4—(2+ =) = 2,
n n n

1. 5(2—-1)+12

b, =12—-—-)= I — 2,
n 11
1. 2—142
b,=n2—-—-)= —2— — 2.
by =1(2 = ) 5
Therefore
lim ka,, = lim x,, = limla,, = limna, =t =2
with

2=x2=n2.

Further, (k, x) and (I,n) are weakly compatible and k, [, x, n satisfy the contractive
condition of equation (ii) for

1
LW = .

ool

7=

W —

JR— 1 JR—

p= 8>q =

Thus, all conditions of Theorem 2.3 are satisfied and the unique common Revised
fuzzy fixed point of k, [,y and n is x = 2.

Theorem 2.4. Let (X,G,®) be a Revised fuzzy G — metric space & let k,lx,n,
the four self maps on X such that

(1) (k,x)&(l,n)satis fiesC LR, property.

(i) G(kx,ly,lz, ft) < jr(z,y,2,t),j € (0,1) for all z,y,z € X and r(z,y,z)
6{G%%XLX%ﬂiﬂxumMWJ%GW%uJawf““mW”fW“”W”}

(iii) (k,x)&(l,n) are compatibility weak.

Then k,l, x and n have a unique Revised fuzzy common fized point.
Proof. As (k,x) & (I,n) satisfies CLR ) property then there are 2 sequences
{an} & {b,} so that

lim ka,, = lim ya,, = lim (b, = limnb, = t,t = xyr = nx

for some t,z,y in X.
Let,
G(kx,lby,, by, ft) < jr(x,lb,, by, y)

where
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(@, by, b, fE) € {G(kdf,xx,xm,t),G(Xm,nbn,nbn,t),G(nbn,lbmlbmt),

G(kx,nby,nb,, t) + G(xz, b, lb,,t) }
2

On letting n — oo,
G(kz,r,rt) < jr(x,lb,,lb,,t)

Where » t
P&, by b, f1) € {Glka, . 8), %}
If
(@, bn, b, f1) = G(kx,7,7,1)
then

G(kz,r,rt) < jG(kx,r T 1)

which also gives

kx =r = yx.
i G(k t
’T‘(ZL‘, bn; bnv ft) = w
then ok .
Olkz,r,r,t) < SHETTE) - )
which also gives
kx =r = yxx.

Hence in both cases kx = yx = t and therefore the coincidence point of k and [ is
x. Likewise the coincidence point of [ and 7 is y, thus

r=kr=yxxr=Ily=ny.
Since (k, x) and (I,7n) are weakly compatible, we have
kkxr = kxyx = xkx = xxx

and
lly = Iny = nly = ny.

Now we prove that kkx = kx. Consider

G(kkx, kx, kz,t) = G(kkz,ly,ly,t) < jr(kz,y,y,1),
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where

r(kz,y,y, ft) € {G(k’k’x, xkx, xkz,t), G(xkz,ny,ny,t), G(ny, ly, ly,t),

G(kkx,ny,ny,t) + G(xkz,ly,ly,t) }
9

That is
r(kz,y,y, ft) = G(kkz, kz, kz,t).
Therefore
G(kkx, kx, kz,t) < jG(kkx, kx, kx,t)
this implies
kx = kkx = k.
Hence the common Revised fuzzy fixed point of k£ and x is kxz. Likewise we can
prove that the common Revised fuzzy fixed point of [ and nisly. As kx = ly, 2z = kx
is the common Revised fuzzy fixed point of £, [, x and 7.
We can prove the uniqueness of the Revised fuzzy fixed point easily.

Example 2.5. Consider X = [0,4] and
G : X?x (0,00) = [0, 00)
defined as
G(u,v,w,t) = max {d(u,v,t), d(v,w,t),d(w,u, t)},

where d, the usual metric on X. Therefore (X, G, ®) is a Revised fuzzy G —metric
space. Consider the four self mapping on X be k, [, x,n which are defined by

24
ku:?),xu:u,lu:u—;
and +3
nu:u forallue X

Now the C'LR,, property are satisfied by (k, x) and (,7).
To see this, consider two sequences

{an} = {3+ %} and {b,} = {3 — %} for all n.

1 1 1
Then ka, =k(3+—) = 3,xan =xB+—-)=3+——3
n n n
1, 3—++24

b, =1(3 — — 3

( n) 9 -
1. 3—143

nb, =n3—-—-)=—=2— —3.

n 2
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Therefore
lim ka,, = lim ya,, = limla,, = limna, =t =3

with

3=x3=n3.
Further, (k, x) and (,7n) are weakly compatible & k, 1, x & 7 satisfy the contractive
condition (i) for j = . Thus all the conditions of Theorem 2.4 are satisfied and
the unique common Revised fuzzy fixed point of k,[, x and 7 is z = 2.

Our final end results is likewise a common revised fuzzy fixed factor theorem

however expansive sort of contractive condition, which increase the effects Theorem
3.1 of [777].

Theorem 2.5. Let the 2 self mapping of a Revised fuzzy G—metric space (X, G, @)
which satisfy the property of CLR; be k,l and

G(lx,ly,lz, ft) > PG(kx,ky, kz,t) + QG (kz,lx,lz,t)
+ RG(ky,ly,ly,t) + SG(kz,lz,1z,1)

V z,y,z in X. Where 0 < P,Q, R,S then there is a coincidence point of k and
[.The coincidence point is unique, if P > 1. Moreover, a unique common Revised
fuzzy fized point exists for k and | if they are weakly compatible.

Proof. As k and [ satisfies CLR; property, there is a sequence {a,} in X such
that

lim ka,, = limla,, = [z
for some x € X. Consider,

G(kay,lz,lz, ft) > PG(kay, kx, kx,t) + PG(kay,lay,la,,t) + RG(kx,lx,lz,t)
+SG(kx,lx, lx,t)

On letting n — oo, We obtain
P
(5 +Q+ R)G(kz,lx,lx,t) <0
which implies kx = lx. Hence the point of coincidence of k£ and [ is x.

Uniqueness of coincidence point.
Consider the of coincidence points of £ and [ be

z=kx=lx
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and

Then,

G(z,r,r,t) = G(lz,ly,ly,t)
> PGk, ky, ky,t) + QG(kz, Lz, Lz, t) + RG(ky, ly, Iy, £) + SG(ky, Ly, Iy, 1

That is
(P —1)G(z,r,r,mt) <0.

As P > 1, we obtain z = r. Now (k,1) are weakly compatible
= kkzx = klx = lkx = llx.
To prove that kx = kkx. Consider

G(kkx, kx, kz,t) = G(lkx,lx, lz,t)
> PG(kkx, kx, kx,t) + QG(kkx, lkx, lkx, t) + RG(kx,lz, lz,t) + SG(kx, Lz, lx,t)

which implies
kkx = kx = lkx.

Hence kz is the common Revised fuzzy fixed point of k£ and [.

3. Conclusion

In this paper, the study of revised fuzzy fixed point theorems in G-metric spaces
significantly advances the understanding and application of these mathematical
concepts. By adapting traditional fuzzy fixed point theorems to the more complex
structure of G-metric spaces, this research bridges a crucial gap in the literature,
providing a more comprehensive framework for addressing problems involving un-
certainty and imprecision. The enhanced theorems extend the utility of fuzzy fixed
point results, making them more applicable to a wide range of fields, including
mathematics, engineering, and the applied sciences. This work not only broadens
the theoretical foundation but also offers practical tools for researchers and practi-
tioners dealing with complex systems. The integration of fuzzy logic with G-metric
spaces thus emerges as a powerful approach, fostering further exploration and in-
novation in the study of fixed point theory.
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