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1. Introduction

Matrix is an essential basic element for modeling many physical phenomena
where interconnections between variables have to be considered. Such physical
phenomena exist in all disciplines such as social, physical and biological sciences,
computer sciences and robotics to name a few. As physical systems vary with time,
it is quite natural to study the rate of change of these phenomena with respect to
time. Thus the study of Matrix differential equations had attracted the attention
of many scientists.

Bellman in his book [ 6 | studied Matrix differential equations of the type
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X'=AX, X(ty)) = Xo and X' = AX + XB, X(ty) = C and obtained criteria for
the existence of solutions for the fore mentioned matrix differential equations.

Further, observing that networks are represented naturally by graphs and that
there exists an isomorphism between graphs and matrices, J. Vasundhara Devi et
al [ 9 ] introduced the concept of a graph differential equation and studied them
through Matrix differential equation.

The theory of fractional calculus had been attracting the attention of many
researchers since its inception as a query to Leibnitz by L’Hospital. Over the
300 years of its existence the theory of fractional calculus was fully evolved but
its study was restricted to mathematicians only. Further, the theory of Linear
fractional differential equations has been developed. With the book of Oldham
and Spanier [ 4 | this area caught the attention of applied scientists and the study
of fractional differential equations, fractional integral equations and so on took a
big leap. There are many interesting books on this topic of research and some of
them are [ 1,2, 3,5].

Fractional trigonometry also had its share of development in recent times. See
Kilbas [ 2 ] for developments in fractional trigonometric functions.

Recently it has been observed that the solutions of second order Caputo scalar
fractional differential equations and Riemann - Liouville scalar fractional differen-
tial equation of the type ‘D?x + 2z = 0 or D?x + z = 0,2(ty) = 2° are fractional
cosine functions and fractional sine functions [ 7 |.

Also the second order Caputo or Riemann - Liouville scalar fractional differen-
tial equations of the form “D?x — x = 0 has its solutions as fractional hyperbolic
functions | 8 .

In this paper we study Matrix fractional differential equations of the type
D?X =AX and DX = AX + XB.

2. Preliminaries

In this section we give the necessary definitions and results required to obtain
the main results. As we are studying Fractional Matrix Differential Equations
we state below Matrix ¢ - exponential function and other related definitions and
results.

Definition 2.1
Let M,(R)(n € N) be a set of all matrices A = [a;;] of order n x n with

ajr € R(j,k=1,2,--- ,n). The matrix ¢ - exponential function efz is defined by
Az qg—1 - k qu

The definition of fractional derivative for (t — t¢)"” by Riemann is given below.
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Definition 2.2
Riemann - Liouville fractional derivative for (¢t —to)" is given by
(t—t)" 1T (1 +w)
rl+w-—gq) ‘

D[(t —t9)*] = (2.2)
Next we present the Riemann - Liouville fractional derivative in-terms of integrals.
Definition 2.3

Riemann - Liouville fractional derivative of x(t) is given by

Dix(t) = ﬁ% /to (t—s) x(s)ds, (teR,). (2.3)

Next we introduce the definition of Riemann - Liouville fractional derivative of a

matrix A, xn
Definition 2.4
The Riemann - Liouville fractional derivative of a matrix A, , is defined by

a;;jds _
DY Apyn) = [ - ] _ where A = [ayj]xn € My(R), (2.4)
oy G]R(z j=12-- n)ty e R, .

We next state and prove the following Lemma from [2] which we have extended to
the matrices in the following section.
Lemma 2.5

Consider the ¢* order linear Riemann - Liouville fractional differential equation

Dix(t) + x(t) =0  with initial condition (2.5)
DIzt =b,beR, treR,, 0<qg<1. '
This problem can be written as
Dix(t) 4+ x(t) =0  with initial condition (2.6)
Vg (0= 1) (t) = 1. |

Proof : We know that
D~ (tO) t*)t+ D~ (1~9) (t)

t—nt+ ' x(t)

=I"z(tf) =b.
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Then

w(tg) = 197" (b)
— (=9 (b)
= D' (b)
t
o 1d b
T Tqdt ) (t—s)i-eRli=d
t

0

ds

t
_bdyp 1
- Tgdt ) (t—s)t-a0
to
t
_bd
- Tgdt

to
_bdf—grn Y
C Tgdt |—(g—1+1)
_ b d [e-s)
- Tgdt At/ P
b d '(t—to)q]

ds

(t—s)7ds

to

T Tgdt | ¢
_iq(t—lfo)q_1

I'q q

b
= —(t—t)*"

I'q
b
which implies (¢ — to)'~"(t§) = -
q
b

or (b —to) 0w (t) = -

t—td

q

3. Main Results

We now state and prove the following theorem which is useful in getting the
main results.
Theorem 3.1

Consider the ¢'* order linear Riemann - Liouville fractional matrix differential
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equation

DiX(t)=AX(t) with initial condition
DXt =C, Ce My,(R), treR, , 0<qg<1.

This problem can be written as

Lt (t _ to)l_qX(t) _ C

DiX(t) =AX(t) with initial condition
t—td }
Proof: We know that
DX () =t . DTO-DX (1)

Tttt
S ()
=I'"IX(t]) = Cpun.
Then X@g) = IQil(Can)
- ]—(l—q) (Cnxn)
- Dliq(Can)
[ 1 d /
R Cig
- | Tgdt | (t —s)t-a—Rl-d ds
L to nxn
_ . .
Cij 1
S =y ——
Lgdt ) (t—s)l7970 °
to nxn
_ ; ¢
Cij -1
— | @l gy
[qdt (t=s) s
L to nxn

[ cij d [ (t—=s)'" !
Fgdt |—(¢g—1+1)
nxn

to

B _@i [(t—s)7]"
| Tgdt | —q

to

Cij d _<t — to)q :|
nxn

| Tgdt | ¢

. [ Cij Q<t - to)q_l ]
| I'q q nxn

115

(3.1)

(3.2)
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Cij -1
= | ==(t —tg)?
{Fq( 0 an

t—tg)0
— % [ Cij ]um
_ (t—to)! o
I'q
C
Iy
C
Iy
In this section we begin with the study of the Reimann - Liouville fractional
matrix differential equation ( RLEMDE ) of the form DX = AX and proceed to
extend this study to higher order systems.

which implies  (t — o) X (t]) =

or t—to) TIX(t) =

t—>t+ (

Theorem 3.2
Consider the system
DIX = AX, D" 'X(t)) = C (A,C € Myxm(R)), 0 < q< 1. (3.3)

The solution of the RLFMDE (3.3) is of the form X (t) = e; ™" C where ¢At=t0)
is the Mittag - Leffler Matrix function.

Proof: We know that from Theorem 3.1, D7 'X(t,) = C implies (¢t — t)'™¢
X(t)/ 1=ty = %}. By verification we show that X (¢) is the solution of the given
system (3.3).

Consider X(t) = ej?(t*tO)C

Differentiating w.r.t. ‘ t’ we get
A° A 2
= At — — —(t —tn)? (t —t,)%
(t — o)™ [ Tq + T2q (t—to)? + q(t to)* + ] C
= AX(t)

Hence X (t) is the solution of the given system.

Also (t — 1) "IX () /1y = (£ — o) "0 (t — t)T™ 12 0 t_to O/t t = ¢

F_q.
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Hence initial condition is satisfied.
Next we proceed to study the 2"¢ order system corresponding to (3.3).
Theorem 3.3

Consider the system

DX (t) = A2X(t) with initial data }

DX (t0) = Lun D "2X (t9) = Opn. (3-4)

Then the general solution is given by ¢; X (t) + c2Y () where ¢; and ¢y are arbitrary
constants and X (¢) and Y () are infinite series solutions of the form

o A2k<t o tO)qu

X(t)=(t—t)"" kz_o m and

B > A2k+1<t —t )(2k+l)q
Y(t) = (t —to)*™" Z I'(2k +02)q

k=0

1
where o = 2q, §<q<1,t€R+.

Proof: Given o = 2q where % < q < 1. We transform the given system into two
first order system of equations

DIX(t) =AY (t), DY (t) = AX(t) (3.5)
with initial conditions
fitqu_lX(t) = In><n 9 tLitqu_IY(t) — On><n- (36)

We know that from Theorem (3.1)

ITL n
L DT X(t) = Lyx, implies (t—to)" 1 X(t),/ 1=ty = ——

t—to Fq
and ,:Litqu_l Y (t) = Opxpn implies (t — 1) 1Y (1), 1=, = Onxn-

By verification we show that X (¢) and Y (¢) are the solutions of the given system.

AZk(t - tO)qu

NE

Consider X () = (t —to)?!

— I['(2k+1)q
A A2 Al
=(t—t)T | == 4+ Z—(t—t))*M + ——(t—t)* "+
(t —to) . + 1ﬂSq( 0) + F5q( 0)" +
Differentiating w.r.t. ‘t’ we get
A? A*
DUX(t) = ——(t —t0)*™ " + ——(t —tx)* ™t +--.
(X (1)) FQq( 0) + F4q( 0) +
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Again differentiating w.r.t. ‘ t’ we get

D2qX g q—1 A4 3q—1
t t—t = (t—t
(t) = Fq( o)+ T3g (t —to) +

= A%X(t)

Hence X (t) is the solution of (3.4) .
Similarly Y'(¢) is the solution of (3.4) .
o~ AZE(t — )2 I

Also (t = o) "I X () /ety = (t —t0) "0 (t —t0) Ty e iy =

S0 ( 0) ( )/t—to ( 0) ( 0) kZ:O F(2k+ 1)q /t—tO Fq
and similarly (¢t — )" 9Y (t),/ 1=, = Onxn-
Hence initial conditions are satisfied.
We next state and prove theorem as 3" order system corresponding to (3.3).
Theorem 3.4

Consider the system
D*X(t)=A*X , 2<a<3,tcR, (3.7)
with initial data
D* ' X (to) = Luxn , D ?X(to) = Onxn » D**X(to) = Opsn. (3.8)
Then the general solution of ( 3.7 ) and ( 3.8 ) is given by ¢1 X () + oY () + 3 Z(t)

( ¢1,¢o and ¢3 being arbitrary constants ) where X (¢),Y (t) and Z(t) are infinite
series solutions of the form

X(t) =(t—to)‘1‘1Z—A = t0)™

£ T3k + 1)g
© A3k+1(t )(3k+1)q
Y (t) =(t —to)" !
0 A3k+2 (t _ to)(3k+2)q 9
Z(t) =(t —to) ! h =3q, = 1, teR,.
() ( 0) Z F<3k+ )q , where « 3q73<q< ) € +

il

0

Proof: We write a = 3¢ and transform the given IVP to a system of equations of
the ¢ order, 2 < ¢ <1 as

DIX(t) = AZ(t), DY (t) = AX(t) and DZ(t) = AY (t) (3.9)
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and corresponding initial conditions
tato D* lX( ) Inxnv tato D 1Y( )= Onxna t~>t0 D™ 1Z< ) = Onxa. (3.10)

From theorem (3.1)

. . — ’[TL n
oy DX (0 = Ly imples (6= )~ X(8) /1csy = T2
t—>t0 DY (t> = Opxpn implies (t - tO)l_q Y(t)/t:to = Onxn

and t—>to DIt Z Z(t) = Opxy, implies (t — to)l_q Z(t)/ t=to = Onxn.

By verification we show that X (t), Y (t) and Z(t) are solutions of the given system.

0 t _ tO 3k:q
Consider X (t) = (t — ty)? Z

—~ Sk: + 1)q
A° A3 AS
t —to) — t—1t0)3 + —(t — to)%
= ( 0) { Tq " Tdg =t —10)" + 7 ( 0) 4+
Differentiating w.r.t. ‘t’ we get
A3 AS
DX (¢ 3q—1 il A 6g—1 L.
(1) = fg-t =t + Felt =) +
Again differentiating w.r.t. * t ’ we get
2 ’ 21 AS 5q—1
DX (t t—10)2 Tt 4 S (t— 1) 4
(t) = qu( 0) + F5q( 0) +
Again differentiating w.r.t. ‘<t~ we get
t—to)? ! (t —to)h !
prx(p) = AT et )T
(®) I2q + I'dq +
= A3X(t)

Hence X (t) is the solution of the given system .
Similarly Y'(¢) and Z(t) are also the solutions of the given system.

Also (t —t0) "I X () /1ty = (t — to) "0 (t — 1) i ATt~ ) tO)gkq/ _ Jwxn
- t=to = (£ — - t=to =
22 T(3k+1)g Tq

and similarly (¢t — )" 1Y (t),/ 1=ty = Onsxn » (t —10)' "2 Z(t) /t=tg = Onxn-
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Hence initial conditions are satisfied.
4. Riemann - Liouville Fractional Matrix Differential Equation

This section deals with the study of the Riemann - Liouville fractional matrix
differential equation ( RLFMDE ) of the form DX = AX + XB. We further
proceed to extend this study to higher order systems.
Theorem 4.1

Consider the system

DX =AX +XB, 0<q<1 with initial data }

DI X(t) = C , (A, B,C € Myun(R)) , to € R, . (4.1)

Suppose that AB and BC' commute with each other.
Then the solution of (4.1) is of the form X (t) = eATB)t=t)C
Proof: We know that from theorem (3.1), D% ' X(ty) = C implies

(= o) X (1), 1ty = &
By verification we show that X (¢) is the solution of the given system.
Consider X (t) = elM+P~) C
DIX(t) = (A+ B)ed+B)i—h) ¢
= AX + XB ( Since A, B and B, C commute with each other ).

Hence X (t) is the solution of the given system .
Also (t — o)1 X () /1y, = (t — to) TR o %. Hence the initial
condition is satisfied.
Next we proceed to study the 2" order differential system corresponding to (4.1).
Theorem 4.2

Consider the system

1
DX = A’X 4+2AXB+B*, 1<a<2,a=2q, 5<q<1,te]12<+ (4.2)

with initial conditions D* ' X (tg) = Lixn ; D* X (o) = Opxn. (4.3)

The general solution is given by ¢ X (t) + c2Y (t) where ¢; and ¢y are arbitrary
constants and X (t) and Y (¢) are infinite series solutions of the form

L (A4 B)(t — tg)*k
Z ['(2k+1)q ’

(A+ B) 2k+1 (4 _ ¢ )(2k+1)g
R

X(t) = —to)"

k=0
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Proof: Given o« = 2¢q where %, < g < 1. We transform the given system into two
first order system equations.

DIX(t) = (A+ B)Y(t) and DY (t) = (A + B)X(t) (4.4)

with initial conditions [, D' X(t) = Lixn » 1, D" 'Y () = Opxn.  (4.5)

We know that from theorem (3.1),
t—>t0Dq " X(t) = Inxn implies (£ —to)'"" " X(t),/ 1=, = Irfzn and

t_ﬁqu 'Y (t) = Opxn implies (¢t —to)' " 2Y (t) /1=ty = Opnxn-
By verification we show that X (¢) and Y'(¢) are the solutions of the given system .

, _ixm (A+ B)?(t — tg)?
Consider X(t) = (t —t) " E
— I'(2k +1)g

i (A+B Qk( ) @D
= ['(2k + 1)q

0
Differentiating w.r.t., ‘t’ we get

i (A+ B)?(t — tg)%~1 T(2k + 1)q
['(2k + 1)q ['2kq

DiX(t) =

k=0

Differentiating w.r.t., ‘t’ we get
(A+ B)*(t -t
['(2k—1

(A+ B)*(t -t
2k —1

(2k—1)q—1r2k.q
qI"2kq

(2k—1)g—1

D*X(t) =

M I

~ | ~ |

q

B
Il
—

Consider
A%2X +2AX B + X B?
oo 2k(y (2k+1)g—1 2k (2k+1)g—1
:AQZ(A+B) (t—to) QAZ (A+B) to) B

p I'(2k+1)g 2k + )
oo (A+ B)2k(t o to)(2k+1)q_l
+
— I'(2k+1)g

e [(t —t) | A+ BYE b A+ BYC )

I'q I'3¢q I'5¢q
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(t—to)"  (A4+ B2t —t)* 7"  (A+B)'(t —to)!
2A ...|B
* { I'q + ['3q + I'5q *
L[0T A Bt (A B -
I'q ['3q I'5q
— )07t t —tg)31?
= (A +2AB + B?) (t = to) + (A* +24B + B?)(A + B)Q%
I'q I'3q
t—tg)>!
+ (A2 +2AB + B*)(A + B)4% + -
t—tg)? ! (t —to)?11 (t —to)>r !
=(A+B 2t = 0T A+ B —— + (A+ B
(+)Pq +(+)F3q +(+)F5q+
— ['(2k —1)q
= D¥X(t).
Hence
DX = A’X + 2AXB + X B~
Thus X (¢) is the solution of the given system.
Similarly Y'(¢) is also the solution of the given system.
Also
_ 1—q — _ 1— q . q 1 - nxn

=0

and similarly
(t = t0) "Y' (), 1=t = Onxa.

Hence initial conditions are satisfied.
Next we proceed to study the 3" order RLMFDE corresponding to (3.1).
Theorem 4.3

Consider the system

D*X = A3X + 3A°XB + 3AXB? + XB?,
2
2<a<3,a=3q, §<q<1,te]RiJr (4.6)
with initial conditions

D X (ty) = Lnxn , D* 72X (to) = Onxn , D**X(to) = Onxn. (4.7)
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Then the general solution is given by ¢1 X (t) + oY (t) + c3Z(t) where ¢y, ¢ and ¢3
are arbitrary constants and X (¢),Y (t) and Z(t) are infinite series solutions of the
form

e A+B3k tOSkq
Z( )" (t —to)

— I'(3k +1)g ’
o A + B 3k+1 —t (3k+1)q
k=0

oo Bk+2 (4 (3k+2)q
Z(t) = (t —to)T™" Z A B)I‘(Sk(+ 3)t0)

>
I
o

Proof: Given a = 3¢ where % < q < 1. We transform the given system into three
first order system of equations

DiX(t)=(A+B)Z(t),DY(t)=(A+ B)X(t),DZ(t) = (A+ B)Y(t) (4.8)
with initial conditions
t—>t0Dq 1X< ) - InXTLa t—>tqu IY( ) = Oan7 t—)t()Dq lZ( ) Oan. (49)

We know that from Theorem (3.1) ,

1 ] - In n
o DI X (t) = Ly, implies (8 — o) ™7 X (8),/ 1ty = F_; 7
t—nsqu 1Y( ) = Opxn implies (t — to)l_q Y (t),/ 1=ty = Onxn and

DY Z(t) = Opyyp implies (¢ — tg)* 4 Z(t) /1=ty = Onxn.

t—>t0

By verification we show that X (¢), Y (t) and Z(t) are solutions of the given system.

L (A4 BY*(t — tg)3k
Z I3k +1)q

Consider X(t) = (t —tg)?
k=0
— ¢t )(3k+1)q71

i (A+ B)*(t — tg
prd '3k +1)q

Differentiating w.r.t., ‘t” we get

i (A+ B)3(t — to)%k 1 T(3k 4+ 1)q

DiX(t) =
®) ['(3k + 1)q T'3kq

k=0
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Again differentiating w.r.t., ‘t’ we get

i (A+ B)*(t — to)3F—Da~1 T3kq

DQqX
3k —1)q I'3kq

k=1

Again differentiating w.r.t., ‘t’ we get

3 n= (A+ B (t —t) B2 D(3k — 1)q
DRx() = ; ['(3k —1)q F(3k: —2)q
_ e (A+B)3k(t )3k 2)q
B Z '3k —2)q

i

1

Consider A3X 4+3A4%2XB+3AXB?+ XB3

o (A—{—B)?’k( —t )(3k+1
Z I'(3k+1)q

1)
(A + B)?’k( 0)(3k+1 ) (A—i— B>3k( _ t0>(3k+1)q—1
B
34 ’;0 ['(3k +1)g * Z I'(3k + 1)q
B

k=0
(t—t)""  (A+B)’ (t — to)*s” LAEBre v }
Iq I'4q I'7q
t— to)r! LA B)3(t — to)%a! LA B)°(t — to)"! Y } B
Tq I'4q I'7q
+34 { (t=to)™ | (A4 BP(t—to)™"  (A+ Bt 1)
Ty T4q I'7q
N [ECENCEE. TS LRSS

— A3 +3A2 B

0 A—l— B 3k( to)(3k+1)q—1
kz I'(3k +1)q

0

B3

+ 3A2-{ (

I'q ['dq I'7q
t—tg)7 !
= (A® 4+ 3A°B + 3AB? + B%%
q
(t —tg)ta!
+ (A + 3A°B + 3AB* + B*)(A + B)3T
q
t—tg)" !
I'7q
(A4 B)P(t—to)r! N (A+ B)S(t — tg)ta! N (A+ B)?(t —tg)™a !
a I'q I'dq I'7q

+ (A°+3A’B+3AB*+ B?)(A+ B)6(
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_ Z (A+ B Sk( )3k
I'(3k —2)q

= D3‘1X( )

which implies that X (¢) is the solution of the given system.

Similarly Y'(¢) and Z(t) are also the solutions of the given system.
Also

_ 1—q — (4 — 1—qry g—1 - (A + B)gk(t - tO)Skq _ Lxn
(t tO) X(t>/t=to (t tO) (t tO) p F(3k+ 1)(] /t:to Fq

and similarly  (t — )" 1Y (t),/ 1=ty = Onxn , (t —t0) "1 Z(t),/ 1=ty = Onxn.

Hence initial conditions are satisfied .

Conclusion: In this paper we have studied matrix differential equations of the
type D1 X = AX and D? X = AX + X B and introduced fractional Cosine Matrix
function and fractional Sine Matrix function as solutions of second order fractional
matrix differential equations.
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