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Abstract: In this paper, we find the integer solutions to the Diophantine equation
D : 2% — (a*V*¢® — ab)y? — (4ab — 2)x + (4a*b*c® — 4ab)y + 4(a?b* — a*b*c*) = 0
over Z and finite fields [F,, for a, b and c are integers and primes p > 2, respectively.
Moreover, We find positive integer solutions of the equation D in terms of gener-
alized Fibonacci and Lucas sequences.
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1. Introduction
We call a Diophantine equation an equation of the form

flz1, 29, ...,2,) =0 (1.1)

Where f is an n-variable function with n > 2. If f is a polynomial with in-
tegral coefficients, then (1.1) is an algebraic Diophantine equation. An n-tuple

(29,29, ..., 28) € Z" satisfying (1.1) is called a solution of the equation. An equa-

oy Ty
tion having one or more solutions is called solvable (see[l]). Diophantus’s work
on equations of type (1.1) was continued by Chinese mathematicians, Arabs and
taken to a deeper level by Fermat, Euler, Lagrange, Gauss, and many others. This
topic remains of great importance in contemporary mathematics (see[2],[3]). There
is no universal method for determining whether a Diophantine equation has a solu-
tion, or for finding them all if solutions exists. However, we are quite successful in

dealing with polynomials of low degree, or in a small number of variables (see[10]).
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In this paper, we consider the Diophantine equation of the form
ar? +bry + ey +dr+ey+ f=0 (1.2)

where all coefficients and variables are integers. Let d # 1 be a positive square free
integer and N be any fixed integer. Then the equation 2? — dy? = &N is known
as Pell equation and is named after John Pell, a mathematician who searched for
integer solutions to equations of this type in the seventeenth century. For N =1,
the Pell equation 2?2 — dy? = #1 is known as classical Pell equation and was
studied by Brahmagupta and Bhaskara. The Pell equation 22 — dy? = %1 has
infinitely many solutions (x,,y,) for n > 1. There are several methods for finding
the fundamental solutions of Pell’s equation 22 — dy? = 1 for a positive non square
integer ‘d’ e.g. the continued fraction method [12]. Continued fraction plays an
important to find solutions of the Pell equations 22 — dy? = +1. Whether or not
there exist a positive integer solution to the equation 22 — dy? = 1 depends on the
period length of the continued fraction expansion to v/d (see[5], [9]).

Let a=1t,b=1 and ¢ = 1 then the equation (2.1) reduces to x? — (t* — t)y* —
(4t — 2)x + (4¢* — 4t)y = 0 which is established in [16].

If a =1 and b = 1 then the Pell equation (2.4) reduces to the particular case
of 22 — (b* — b)y? = N when N € {£1, £4} which is studied in [11].

2. Preliminaries

The famous Diophantine equation 2 — dy? = 1 which is a special case of
(1.2) is known as Pell equation (see[2],[10]). This equation has infinitely many
integer solutions (z,,y,) for n > 1. The first positive integer solution (x1,y;) of
this equation is called the fundamental solution, because all other solutions can be
derived from it then the n'* positive solution is (z,,¥,), is defined by the equality
Tn + ypVd = (x1+ ylﬂ)" for an integer n > 2 (for further details on Pell and
Diophantine equations (see[1]-[16]).

The following lemma and theorems can be found from the references [4], [5],
6], [9], and [13].

Lemma 2.1. Let | be the period length of continued fraction expansion of \V/d. If |
is even, then the fundamental solution to the equation x> — dy? =1 is given by,

r1 + y1\/a =pi-1+ Cszl\/E

and the equation x* — dy?> = —1 has no integer solutions. If | is odd, then the
fundamental solution to the equation x* — dy? = 1 is given by x1 + y1Vd = pa_1 +
gu_1Vd and the fundamental solution to the equation x> — dy® = —1 is given by,

z +pVd = py + q_1Vd.
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Theorem 2.1. Let z; + y1Vd be the fundamental solution to the equation x® —
dy? = 1. Then all positive integer solutions of the equation x* — dy?® = 1 are given

by,
T + Yo Vd = (z1 + 1 Vd) ,withn > 1.

Generalized Fibonacci sequence is defined by Fy(k,s) =0, Fi(k,s) = 1 and F,,41 =
kE,(k,s) + sF,_1(k,s) for n > 1 and generalized Lucas sequence is defined by
Lo(k,s) =2,Ly(k,s) = kand L1 = kL, (k,s)+sL,_1(k,s) forn > 1, respectively.

It is well known that F,(k,s) = a and L,(k,s) = o™ + f". The above

identities are known as Binet’s formula. For more information about generalized
Fibonacci and Lucas sequences one can refer [7],[8],[11],[13], and [14].
Now we consider the integer solutions of the Diophantine equation

D : 2* — (a®b*c — ab)y® — (4ab—2)x + (4a*b*c* — 4ab)y + 4(a*b* — a®b*c?) = 0 (2.1)

over integers. It is very difficult to solve equation (2.1) in this form. That is, we
can’t determine how many integer solutions (2.1) had and what they are. So we
transform (2.1) into an appropriate Diophantine equation which can be easier to
solve. To do this let

=u+ h,
T:{x B (2.2)
y=v+k

be a translation for some A and k. In this case the pair h, k is called the base of T'
and denoted by T'[h; k] = {h,k} . If we apply T to (2.1), then we get

T(D) =D : (u+ h)’—(a®*c® — ab)(v + k)* — (4ab — 2)(u + h)
+ (4a®b*c® — 4ab)(v + k) — 4(a®*b* — a®b*c?) =0 (2.3)

Equating the coefficients of u and v of (2.3) on both sides, then we get 2h—4ab+2 =
0 and —2a?b*c?k + 2abk + 4a*b*c* — 4ab = 0 and hence h = 2ab — land k = 2. So
for these values of h and k we get © = u + 2ab — 1 and y = v + 2. Consequently
(2.3) reduces into

D :u* — (a®b*c? — ab)v® =1 (2.4)
which is a Pell equation.

3. Main Results
3.1. Solutions of (2.4) over Z
Theorem 3.1.For the Pell equation (2.4), the following are true:
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1. The fundamental solution is (uy,vy) = (2abc® — 1,2c)
2. (Un,vy) 18 a solution of (2.4), where
Up, 2abc® — 1 2a2b*c3 — 2abe \" [ 1
(vn>:( 2¢ 2abc® — 1 ) (0)’ (3.1)
forn > 1.

3. The solutions (uy,,v,) satisfy the recurrence relations u, = (2ab62 —Dup1+
(2a%b*c® — 2abc)v,_1 and v, = (2¢)u,_1 + (2abc* — 1)v,_1 for n > 2.

4. The solutions (un,v,) satisfy the equation,

L, (4abc® — 2, —1
(U, V) = ( n(4a 02 ’ ),20Fn(4ab02 — 2,—1)) ,

Where F,, denotes Fibonacci sequence and L, denotes Lucas sequence.
5. Va*h 2 —ab = [abc; —2c, 2abc]

6. The n'" solution (u,,v,) can be given by

Un = [abc; (—20, 2abc)n,1, —QC] (3'2)

Un

forn > 1, where (—2c, 2abc),,—1 means that there are n — 1 successive terms
(—2c, 2abc).

Proof

1. Tt is clear that (u;,v1) = (2abc® — 1,2c¢) is the fundamental solution of (2.4).
Since (2abc® — 1)? — (a*b*c* — ab)(2c)? = 1.

2. By induction: Let first n = 1. Then by equation (3.1) we get (u1,v1) =
(2abc® — 1,2c¢) which is the fundamental solution. Let us assume that this

equation is satisfied for n — 1, that is, u?_| — (a®b*c* — ab)v?_; = 1. We have
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(

Unp,
Un

to show that this equation is also satisfied for n. Applying (3.1) we find that

~( 2abc? — 1 2a*0*c® — 2abe \" [ 1

- 2¢ 2abc? — 1 0

2abc? — 1 2a*b*c® — 2abe 2abc? —1 2a2b2c® — 2abe \"' [ 1
2¢ 2abc? — 1 2c 2abc? — 1 0

~( 2abc* —1 2a*b*c® — 2abe Up—1

- 2¢ 2abc® — 1 Up_1

[ (2ab® = Vup—1 + (2a*6*¢® — 2abc)v,—y
o 2¢Uy, 1 + (2abc® — 1)v,_y

(3.3)

and hence u? — (a®b*c® — ab)v? = [(2abc® — 1)u,_1 + (2a*V*c® — 2abc)v, _1]? —

n = -1
(a®b?c? — ab)|2cu,—1 + (2abc® — 1V)v,4]* = u?_; — (a®b?c* — ab)v?_; = 1. So
(un,vy,) is also a solution of (2.4).

Applying (3.3), We see that u,, = (2abc® — 1)u,_1 + (2a*b*c® — 2abc)v,,_; and
vp = (20)Un_1 + (2abc? — 1)v,_; for n > 2.

Let d = a®b?c®* — ab. Then the fundamental solution to the equation (2.4) is
uy 4+ v1vVd = 2abc® — 1+ 2¢V/d.

Let
a=2abc® — 1+ 20\/3,5 = 2abc® — 1 — 20\/8,

a+ B =4ab® —2,a— B =4cVd,af = 1.

Therefore,

Uy + Un\/a = (ul + Ul\/a)n7 Up, + Un\/a = an’ Up — Un\/a = /Bna

1
Un = E(Ln(4ab62 - 27 _1))7 Up = 20Fn(4ab62 - 2’ _1)

Therefore, all positive integer solutions of the equation (2.4) is,

Ln(4abc® — 2, —1
(tn, Vy) = < (4a 62 : ),2an(4abc2—2,—1)>

with n > 1.
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a?b%c? — ab
abc + vV a?b%c2 — ab — abce
1
abe + T
a2b?c? — ab — abe
1
abe +

a2b?c? — ab + abe

a?b%c? — ab — a2b%c?

1
abe +
vazbic? — ab + 2abc — abe
—ab
be + !
abc
2abc N Va2bic?2 — ab — abe
—ab —ab
1
abe + 5 T
—ecH —ab
va2b2c? — ab — abe
1
abe + e+ T
—2c
—ab(va2b?c® — ab + abe)
a2b?c? — ab — a?b?c?
1
abc +
—2c+ L
Va2b2c? — ab + abe
1
abc + T
—2c+ T
2abc+
2ab
—2c + @

a2b%c? — ab — abe

Hence the continued fraction expansion of v/d is v/d = [abc; —2¢, 2abc].

6. Note that % =
1

2abc? — 1

, which means that (uj,v;) is the fundamental

solution. Let us assume that (u,,v,) is a solution of (2.4). Then by (3.2), we
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derive

Up, 1
L abe +

Un+1 —92 +

2abc +
—2c+

1
2abc +

1
oo + 2abc + 5
(2abc® — 1)u, + (2a*b*c® — 2abc)v,
2cuy, + (2abc? — 1)v,.

2

SO (Unt1,Vny1) 1 also a solution of (2.4). Since u?,, — (a*b*c® — ab)v2,, =

u? — (a®b*c? — ab)v? = 1.

Using the above theorem we can give the following corollary.

Corollary 3.1. The base of the transformation (2.2) is the fundamental solution
of (2.4), that is, T[h; k] = {h, k} = {us,v1}.

Proof. We proved that (u,v;) = (2abc* — 1,2c¢) is the fundamental solution of
(2.4). Also we showed in (2.3) that h = 2ab— 1 and k = 2. Hence the result is clear.

We see that (2.1) could be transformed into (2.4) using the transformation (2.2).
Also we showed that x = u+2ab—1 and y = v+ 2. So we can retransfer all results
from (2.4) to (2.1) by using the inverse of (2.2). Thus we can give the following
main theorem.

Theorem 3.2. Let (2.1) be the Diophantine equation. Then we give the following:
1. The fundamental solution of (2.1) is (x1,y1) = (2abc® + 2ab — 2,2c + 2).

2. For the sequence {(Tn,Yn)},>1 = {(un + 2ab— 1,0, +2)}, where {(un,v,)}
defined in (3.1), (zn,yn) is a solution of (2.1). So (2.1) has infinitely many
integer solutions (xp,yn) € Z X Z.

3. The solutions (x,,y,) satisfy the recurrence relations X,, = (2abc®* —1)X,,_1 +
(2a2b*c® — 2abc)Y,, 1 — 4a*b?c® — 4a*b*c® + 2abc® + 4abe + dab — 2 for n > 2
and Y, = 2cX, 1 + (2abc* — 1)Y,,_1 — 4abc® — dabc + 2¢ + 4 for n > 2.

4. The n'" solution (x,,y,) can be given by % = [abc; (—2¢, 2abc)

and —Xn;ffg“ = (—L"(‘L‘”’C;’Q”l),2an(4abc2 -2, —1)) forn > 1.

2],

n—17
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Example 3.1. Consider d = a?b*c®—ab. Leta =1,b=2 and c = 3 then (uy,vy) =
(35,6) is the fundamental solution of the Pell equation u®> — 34v* = 1 and hence
(ug,v9) = (2449,420) and (us,vs) = (171395,29394) and etc. After substituting
the values of a,b,u,v, h and k in the transformation (2.2) we get, (z1,y1) = (38, 8),
(x2,y2) = (2452,422), (x3,y3) = (171398,29396) and etc.

Further we can check the integer solutions of the equation u? — 34v* = 1 using
Fibonacci and Lucas sequences. Substitute a = 1,b = 2,¢ = 3 and n = 2 in 4"

result of Theorem 3.1 we find (ug, vo) = (2449,420), (22, y2) = (2452,422) and etc.

3.2. Solutions of (2.4) over finite fields F,

In this section, we will find the integer solutions of (2.4) over finite fields [, for
primes p > 2, where a,b,c € F). For p = 2,b =1 and ¢ = 1 then the equation
u?—(a®—a)v? = 1(mod 2) has two solutions (1 0), (1,1) and for p = 3, the equation
u? — (a* — a)v? = 1(mod 3) has six solutions (1,0),(1,1),(1,2),(2,0),(2,1),(2,2)
for @ = 1 and has four solutins (0, 1), (0, 2), (1,0),(2,0) for a = 2.

Now we consider the general case for primes p > 5. Let a* — a = d(mod p). Then
equation (2.4) transforms to

D;l cu? — dv? = 1(mod p) (3.4)
Let 55(1&) = {(u,v) € Fy x F, : u*> — dv? = 1(mod p)}. Then we can give the
following theorem.

Theorem 3.3. Let l~)g be the Diophantine equation in (3.4). Then the number of
solutions in

~d - p_1> fO’I" de@m
Do) = { p+1, for d¢Q,

where Q,, denotes the set of quadratic residues modulo p.

Proof. Refer [16].

Note that for p = 2, (2.1) has two solutions (1,0), (1,1) and for p = 3 it has
six solutions (0,0),(0,1),(0,2),(1,0),(1,1),(1,2) for a = 1,b = 1,¢ = 1 and has
four solutions (0,0), (0,2),(1,1),(2,1) for a = 2,b = 1,¢ = 1. So we can give the
following result.

Theorem 3.4. Let (2.1) be the Diophantine equation. Then
{ p—1, for a**c® —abeQ,,

D(F,) =
(Fy) p+1, for a*v*c* —ab ¢ Q,,
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where D(IF,) denotes the set of integer solutions of (2.1) over F, for primes p > 5.
Example 3.2. Let a = 2,b =2 and ¢ = 1. Then 12 € Q3 and 12 ¢ Qq9. So

DI, (0,1), (0,12), (1,0), (2,6), (2,7), (6,2),
13413 (6,11), (7,9), (7,11), (11,6), (11,7), (12,0)
(1,0),(2,14),(2,15),(3,7),(3,22), (4,9), (4,20),(7,2),(7,27), (10, 1),
D%(F%) = { (10,28),(1 13 ),(12716),(1473),(14,26),(17, 13)7(177 16)7(19,1) (19 28),( 2), }
(22,27), (25,9), (25, 20), (26,7), (26, 22), (27, 14), (27, 15), (15, 3), (15, 26), (28, 0)
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