J. of Ramanugjan Society of Math. and Math. Sc. ISSN : 2319-1023
Vol.5, No.2 (2016), pp. 99-112

TRANSFORMATION FORMULAE INVOLVING PARTIAL
MOCK THETA FUNCTIONS

G.S. Pant, V.P. Pande and Mohammad Shahjade*

Department of Mathematics,
S.S.J. College, Almora (U.K.) India

*Department of Mathematics,
MANUU (Central University), Poly. 8th Cross,
1st Stage, 3rd Block, Nagarbhavi, Bangalore -560072, India.

E-mail:- gspant2070@rediffmail.com, mohammadshahjade@gmail.com

Abstract: In this paper certain transformation formulae involving partial mock
theta functions have been established.

Keywords and Phrases: Mock theta function, partial mock theta function,
transformation formula.

2000 AMS Subject Classification: 33A30, 33D15.

1. Introduction Notations and Definitions

Early in 1920, three months before his death, Ramanujan wrote his last letter
to Professor G.H. Hardy. In the course of it he said: “I discovered very inter-
esting functions recently which I call ‘Mock’ theta functions. Unlike the ‘False’
theta functions they enter into mathematics as beautifully as the ordinary theta
functions. I am sending you with this letter some examples.”

The first three pages in which Ramanujan explained what he meant by a “Mock-
theta function” are very obscure. They will be made clearer by Hardy’s comment
that a Mock theta-function is a function defined by a g-series, convergent when
lg| < 1, for which we can calculate asymptotic formula when g-tends to a rational
point e*™/¢ of the unit circle, of the same degree of precision as these furnished
for the ordinary theta functions by the theory of linear transformation. The last
two pages of Ramanujan’s notes consist of lists of definitions of four sets of Mock
theta-functions with statements of relations connecting members of each of the first
three sets; for fairly obvious reasons the functions in the various sets.
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Mock theta functions of order five
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2. Identities
In this section we shall establish certain identities by making use of Bailey’s
transform. Identities established here will be used in next section.
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The well known Bailey’s transform is stated as,

If .
B, = Z Uy Upygors (2.1)
r=0
and - .
Tn = Z 5rur—nvr+n = Z 6T+nurU7‘+2n7 (22)
r=n r=0
then

n=0 n=0

subject to the convergence of infinite series and the sequences a,., u,, v, and ¢, are
rational functions of r alone.

If in Bailey’s transform (2.1)-(2.3) we set u, = v, = 1 and J, = 2" then we have
the following identity; If

Bn = Z (678 (24)
r=0
then
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Again, setting u,, = v, = 1 in Bailey’s transform we get
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Choosing 9, = (0, 5:)ra" in (2.6), we have
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is basic analogue of Gauss’s hypergeometric series and

a, B0 ]~ (89"
i { afq L N ; (4 2B4; 9).
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is a truncated basic hypergeometric series.
Making use of the summation formula [2; App. II (IL.8)] and [1; (2.1) p. 389
n (2.7), we have
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Thus, from Bailey’s transform we find another identity in the following form,

If §
=> (2.9)
r=0

then
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(2.10)
3. Transformation Formulae Involving Mock-Theta Functions of order
Three
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in (2.4) and using (1.1), we get

(=¢;9)7
Putting these values of «,, and 3, in (2.5), we find
Y qq = (210)00 D fulq)2", (3.1)
n:O ! n=0

provided |z| < 1.
(ii) Putting the values of ay,, 8, given in (3.1) in (2.10) we obtain,

(aq, By Q)oof(q) (1= ocﬁ Z
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n=

(iii) Putting «, = in (2.4) and using (1.2), we find

.
(_QQ; q2)r
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Substituting these values of o, and 3, in (2.5) and (2.10), we have following trans-
formation respectively;

(24; @) = (210)00 »_ Pulq)?", |2 < 1. (3.4)
n:0 =
and : )
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(iv) Taking o, = # in (2.4) and using (1.3), we get

B = ¥n(q). (3.6)

Putting the values of «,, 5, from (3.6) in (2.5) and (2.10), we obtain following two
transformation respectively;
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(v) Taking o, = in (2.4) and making use of (1.4), we find
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n(n+1)
(viii) Taking o, = q—2 n (2.4) and using (1.7), we find
(—=¢; ¢*)ns1
ﬂn = Vn(q>‘
For these values of o, and (3, (2.5) and (2.10), yields
0 n(n—l—l)z 0
(2q:q ooz - = (= D)oo Y vn(@)2", |2 < 1. (3.16)
n= T4 n+ n=0
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L (=af) & (o B (a,ﬁ;q)nq”y
(1—a)(1-5) ; (¢ aB; @)n(—4; ¢*)nt - nz_% (¢, a8q;9)n n()- (3.17)

4. Transformation Eormulae for Fifth order Mock-Theta Functions

(i) Taking o, = ( a ) in (2.4) and using (1.8), we get 5, = fo.(¢). Putting
—4;9)r
these values of o, and (3, in (2.5) and (2.10) we get,
oo anZn o0
(2¢; @)oo —— = (z:0)se Y _ fom(@)2", |2 <1, (4.1)
n=0 (_q’ Q)n n=0
and
aq, B¢ ) 1—@6 (o 5,
#fo(@ = Z )
(¢, aBG; @) (1—a) ) = (4,085 q)n(—0; q)n
(1-— ozﬂ = gt >
+ fon 4.2
(1—a 7;(17045 ,;q,aﬁqq on(2); (42)
respectively.

(ii) Taking o, = (—q; q)rq" VT *+2/2 in (2.4) and using (1.9), we find 8, = ¥, (q).
For these values of ay, and 3, in (2.5) and (2.10) yield following results respectively.

(2¢; @) s g = (21q)0e Y Won(g)z", |2l <1, (43)
n:O =
and
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Q%(q) — Z g +2)/2
(Q)aﬂ(fb Q)oo (1 - O{ q,OZ@,

nO



Transformation Formulae Involving Partial Mock-Theta Functions 107
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M

n:O n=

T

7
(qr—‘rl q)
Xo.n(q). Putting these values of «,, and 3, in (2.5) and (2.10) we get the following
transformations respectively.

(iii) Taking o, = n (2.4) and by an appeal of (1.10), we get /3, =

(2q;q OOZ n+1 (2;¢) o0 ZXO" )2, 2] < 1, (4.5)
and
(2q, 84 ¢)oo (1-af) < q"
— q P
(¢ aBG; @)oo olg) = (l—a nz q7046 ”“ ;O
(1- Ocﬁ - " (o, B; )nq"
+ —————Xon(q)- 4.6
(1—a % q,aﬁ, "“ $@)n nz%(q,ozﬁq;q)n 0 (9) (46)

(iv) Taking o, = (—¢; ¢%)»¢" in (2.4) and using (1.11), we find 3, = ®o,(¢). For
these values of o, and B in (2.5) and (2.10) yields following results respectively.

(26 D)oo D (=€ 0)nd" 2" = (2:0)00 p_ Pon(@)2", |2] <1, (4.7)

n=0
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272
(v) Choosing «,. = (quz) in (2.4) and applying (1.12), we have 3, = Fy,(q). For
these values of «, and B, (2.5) and (2.10) yield following results respectively.
o0 2n? n o
q =z n
(2¢; q)oo o (21 @)00 D _ Fomla)2", |2 <1, (4.9)
n=0 1’ " =
and ,
(2q, 84; ) (1- Ozﬁ . ¢
Fo(q) =
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1_ B 00 2n2+n 0o
(1—oza Z +Z

(¢, ozﬁ Dn —

q,ozﬁq o FOn( ). (4.10)

r(r+1)
(vi) Taking o, =

( ) in (2.4) and using (1.13), we get 8, = f1.(¢). Putting
these values of a,, and 3, in (2.5) and (2.10) we have following transformations
respectively.

o n (n+1) >
(2¢;q OOZ = (210)se Y _ frml@)2", |2 <1, (4.11)
n=0 n=0
and :
(04,860, v (1—af) & (o B;q)g"" !
(%Oéﬂ(ﬁ q)oof1<Q) B (1 - Oé)(l - ﬁ) % (Q> O‘ﬁv )n( )
l—aﬂ - q)nq" *+2n = (o, B:Q)ng
(1-a) nz q,aﬁ D= @)n +; (4, B¢ Q) ) 412)
(r+1)2

(vii) Choosing o, = (—¢;¢%).q in (2.4) and making use of (1.14), we have
Bn = ®1.,(q). For these values of o, and /3, in (2.5) and (2.10) yields following
results respectively.

(2 Qoo Y _(—0:¢*)ng™ ™ 2" = (2;0)s Zfbln )", 2l < 1, (4.13)
n=0 n=0
and
oG, Be; @)oo (1- aﬁ > (o, B q) 2), ¢+
(4,843 ¢)oc - (1-a) = cmﬁ, )
1 —Ozﬁ > a 57 7. q ) n2+3n+1 0
+ G (q). (4.14
(-1 Z q,aﬁ Qn Z q,aﬁq,) 1a(g)- (414)

n= n=0

(viii) Substituting o, = (—¢;¢),¢"" /% in (2.4) and using (1.15), we get 5, =
Uy ,,(¢). Putting these values of o, and /3, in (2.5) and (2.10), we obtain following
results respectively.

(2¢; o0 Y (G Ond" " V72" = (570)e Y Wialg)z", o[ <1, (415)
n=0 =
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and
(g, 84: 9)oo (q) = (1 —aﬁ Z (@, 85 @)n(—g; Q)nqn(n+1)/
(¢ B @)oo (I-a) —~ (g aﬁ Dn
(1—ap) i o, 35 @)= a; @)ug "+ +i (B0 ) (416)
(-1 - q,a@ Dn —~ (q,0Bq;q)n "
2r(r+1)
(ix) Taking «, = (Zqﬁ n (2.4) and making use of (1.16), we find 38, =

Fy,.(q). Putting these values of o, and f, in (2.5) and (2.10) we get following
transformations respectively.

- 2n(n+1) ,n 0
(2;4 OOZ = (50w Y Fra(@)z", |2 <1, (4.17)
and ot 1)
(29, B @)oo o (1= aﬁ - )"
(¢, @B q) oo )= (1-a) ,; q,aﬁ, (43 @ )nt1
 (-af) o (af Q)nq2” &
A= o)1~ B) 2= (0,08 9ule: P *Z i P OBMCEL
qr

(x) Putting o, = in (2.4) and appealing of (1.17), we get 5, = x1..(q)-

(@5 @)
For these values of a, and 3, in (2.5) and (2.10) yield following results respectively.

(a:9 OOZ n+1 O = (%00 ) x1a(0)2", 2] <1, (4.19)
”:O ’ n=0
and
(g, B¢ @)oo 1-aB) < - )ng"
309, P8 Doo () =
(4, B¢ 4)oo 9) = (1—a nz:% 61,046 Dn ”“,q)nﬂ
(1 _aﬂ (a 57 — (@, 8;9)ng"
R (). (420
(1-a) z% (9,5 9) "H Q)n+1 " nz_% (q,aﬁQ;Q)nxL @ (4.20)

5. Transformation 2Formulae for Mock-Theta Functions of order Seven

(i) Taking v, = T, in (2.4) and using (1.18), we get £, = Fon(q). For these
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values of a,, and f3, in (2.5) and (2.10) yield following results respectively.

(2q5 9 OOZ pre i G Doo Y Fom(@)2", |2 <1, (5.1)
n:O n=
and : ) ,
aq, Bq; q)o (1= aﬁ - q"
(Q7 OéBQ7 q)oof()((z) (1 - CY HZ:O Q7 aﬁa n—i—l Q)n
L (1=af) & (@B N
(1—a)(1-5) ,; (4, 2B q)nlq ”“ . ; (4, aﬁq Dn Foale). (32)
GRS

(ii) Taking o, = m in (2.4) and using (1.19), we get 3, = F1,,(q). Putting

these values of «, and 3, in (2.5) and (2.10) we obtain following transformations
respectively.

o0 q(n+1)2 [e'e]
(2q:q ooz prect = (21q)00 Y Finl0)?", |2 <1, (5.3)
nZO n=0
and s
(aq, B¢ q)so 1-af) = (a,B;q).q"V
T F —
(¢, 2Bq; @)oo 1(9) (1=a)(1=p) ; (4, B3 On(q"; O
1 - aﬁ . 6 q nqn “Hntl
(1-a) nZ:O a0 85 )n(q" ' +Z q,ocﬁq Dn FM( - 64
q'r(r—i-l)

(iii) Substituting o, = in (2.4) and using (1.20), we get 3, = Fan(q).

(qurl Q)T—i-l
Putting these values of o, and /3, in (2.5) and (2.10) we obtain following transfor-

mations respectively.

* n(n l)Zn 00
aq?ﬁqu 00 . ].—Oéﬁ ﬁ’ nn+1
m}—2(q) - (I-a)(1-7) nZ: (¢, aB;q)n ( @t
(—af) (@B
(1—a)d-p) 2 « (2,08 0)n ("5 OJnia +Z q,a/aq o fn( ). (5.6)

n= n=0
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6. Special Cases
(i) (3.2) can be written as,

(04, 50 D)o i": (g, Bg; q q("+1 - i (@)
(q,aﬁq;q) +q)* “= (¢, aBq; q) — q,aﬁq,
(6.1)
(ii) Taking @ = = —1in (6.1), we get
T A S L
-+ . (6.2)
n 1
(qq) — (¢:9);, +q+ —~ (g:9)

(iii) For « = f = —¢q, in (6.1) yields

2. )2

(=05 0) 4 o~ d" O~ (aa)nd”
(4,¢% @)% fla) 1+q22 @0 +nZO @), fule). (6.3)

n=

(iv) Taking o = 0 in (6.1) we have,

Bt Do, v 1 = (Bg;q)ug™V’ 6, nq

(¢; @)oo a; ¢)n( —~ (¢:q

(v) For g =gq, (6.4) yields

1 _ qn-i-l) (n+1)2

Z Z Fal@)q™ (6.5)

(vi) Taking f = —q in (6.4) we have

—q; Q)nJrl

2 IEY 0
) - <1+1q> <q7—qﬂq +nZO L@ 60)
(vii) Taking z = ¢ in (3.1), we find,
i qn " - an . (6.7)
(viii) Taking z = —q (3.1) yields,
-~ D = (1+q) an . (6.8)

(~q92

n=0
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(ix) Also, for z = —1, (3.1) gives

> % =2 (=1)"fulg). (6.9)
(x) (4.2) can be written as,

(q, aBq; q)n ( ¢ Qnst + ;0 O,n(q>- (6.10)

(g, aﬁq Qn

(agq, Bg; q)oo — (aq.B¢9)aq
(@ 0B )P = nz

(xi) For a = —1, (6.10) yields

(—0.86 D0 , = (Baq)ng" Y’ =, (=1, 8;0)ud"
mf()(q> B nz( —B¢; q)n(1 + g*t1) +nZ:0 (@, —BL Dn fon(q). (6.11)

(xii) Taking f =0in (6.11) we have,

4 f} q(nH)Q fj nf @ (612)
—_— + nlq). .
(¢; Q) (g q)a(l+¢") :
(xiii) Taking o = 8 =0 in (6.10) we get,
0 q(nJrl)2 S~ n
QQOOZ N QQOOZ fon (6.13)
n= n:0

Similar other results can also be scored. One interesting paper mock-theta functions
is [3].
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