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Abstract: In this paper, we have established a new identity for the product of
two partial theta functions. Certain interesting results have been deduced as the
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1. Introduction

We will use the standard g- notations,

[e.9]

(@ qloo = [J(0 = ag"™),

n=1

a1, a2, ..., ar; @loo = [a1; qloo]a2; Gloo---[ar; @loo,
la; glo = 1,

and
[a;q]n = (1 —a)(1 —aq)(1 — ag?)...(1 —ag"™ ') for n > 1.

Warnaar [6] proved the following generalization of Jacobi’s triple product identity,

{aq q} q"
+ (a” +") = lg 0, b;q] (q,a,b,ab; q] (1.1)

n=

The celebrated Jacobi triple product identity [3; Eq. (1.6.1) page 15] is

o0

> ()rarg™ "V = [g,a,q/a; oo (1.2)



2 J. of Ramanujan Society of Math. and Math. Sc.

Sums of the form -

S (ayge (13)
n=0
are called partial theta functions owing to the fact that the sum in (1.2) is usually
referred to as a complete theta function or a theta function.

The series
o0

> ()it (1.4)

n=0
is called the false theta series (c.f. [Rogers 5)).
In a recent communication Andrews and Warnaar [1] established the following
product formula involving partial theta functions,

(i( yang 1)/2) (i( yang 1)/2>

n=0 n=0

_lgab qmz labg™; qlng

—~ lg,a,b;q],
— lab/q; long”
=1¢,a,b; ¢l : L5
| | nzzo 9, a,b,ab/q; qn (15)
We shall make use of following results in our analysis.
n n(n—1)/2 _
q (9, a; 4]0 1.6
;( a) Z Tad. (1.6)
[Andrews, G.E. and Warnaar S.O. 1; (2.1a)]
o0 o0 2
(—a)"q"" " = [a; gl : (1.7)
,; ,; 9, a:]n
[Andrews, G.E. and Warnaar S.0O. 1; (2.1b)]
Yy oa =>" > An+rr). (1.8)
n=0 r=0 n=0 r=0

[Srivastava, H.M. and Manocha, H.L. 4; lemma 1(2) p. 100]

i(_a)nqn(nﬂm _ 1 aga(@® —q)ag’ alg’ — ¢°) (1.9)
I+1+ 1+ 1+ 1+... .

n=0
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[Andrews, G.E. and Berndt B.C. 2; (6.2.29) p.152]

0 2. 2
n(n+1)/2 __ [q 4 ]oo
q _ 1959 Jeo 1.10
nzzo (9 4] (1.10)
[Andrews, G.E. and Berndt B.C. 2; (1.1.7) p.11]
2. Theorem 1. . .
Z(_)nanqn(n—l)/Q Z(_)nbnqn(n—l)/2
n=0 n=0
_ Z(ab)rqr(rfl) _ Z (a2371 + 25— 1 s Z r+s 1)2
r=0 s=1 r=0
+ Z b23 52 Z(ab)rq(ﬂrsfl)(ﬂrs). (2‘1)
r=0

Proof of (2.1)
In order to prove (2.1) we shall establish following identity,

Zan25 —|—Zan§ —Zan25r—|—z&n2ar ) (2.2)
n=0 r=0 n=0 r=0

n=0 r=0

We know from Bailey lemma that,
If

= Z Uy Vg (2.3)
r=0

and

= f: Op Uy Up i, (2.4)

Then under suitable conditions of convergence

Z QnYn = Z 671571; (25)
n=0 n=0

where u,, v, «, and ¢, are functions of r alone and all infinite series involved in
(2.4) and (2.5) are convergent.
Now choosing u, = v, = 1 in (2.3), (2.4) and (2.5) we get,

If i
=> a (2.6)
r=0
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- i(sr (2.7)

Then under suitable convergence conditions we have

r=n n=0 r=0

which on simplification gives (2.2).
Again, taking a,, = (—)"a"¢"" /2 and §, = (—)"6"¢"""Y/2 in (2.2) and applying
the identity (1.8) on the right hand side we get,

Z( )nanqn(n 1)/2 Z(_)rbrqr(rfl)/2 + Z(abyzqn(nfl)
n=0 r=0 n=0
_ ab r 7‘7’ 1) Z n n(n 1)/2 m“(a _|_bn) (29)
r=0 n=0

On simplification, (2.9) takes the form,

Z(_)nanqn(n—l)/Z Z(_)nbnqn(n—l)/Q
n=0 n=0

:Z abr r(r—1) {1+Z n n(n 1)/2an(a +bn)} (210)
n=1

if we expand the right hand side of (2.10) we have,

o0

Z( nnn(n 1/22 nbnnn12

n=0

:iabrwl a+biaqur+a+b2qiabrTT+l
r=0 r=0 r=0

—(&3+53)(]2 Z(ab)rq(r-i-l) (Z +b4 q4z (Zb r (r+1 (r+2)
r=0 r=0

—(a® +6°)¢" > "(ab) gt + . (2.11)
r=0
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which is precisely (2.1).
If we make use of (1.5) in (2.11) we get,

=~ [ab/q; qland"
4, a,b; qooz

“—[q,a,b,ab/q; qln
z:abrr(r1 a—i—bZabrqr—i-(a —|—b2anb”T(r+l)
r=0 r= r=0

(a® + b%) qzz ¢ 4 (at 4 1Y) q4z rHD+2)
r=0 r=0

—(CL5 +b5)q6 Z(ab> (r+2)2 + ..
r=0

Using (1.6) in (2.11) we find,

(9, @ @locla: b oo D
n=0

e}

q" q"
9, a; qn nzg (4, b; qn

Zabrr(r1 a—i—bZabqu+a+b2q2abrr(”1)
r=0 r=0 r=0
a + b3 q2 Z r+1 a + b4 q4 Z ab T (7“—{-1) (r+2)
r=0 r=0

—(a® +b°)¢° Z(ab)rq(r+2)2 -
r=0
Using (1.7) in (2.11) we obtain

I
(]
—~
Q
=
~——
<
L)
.
e
=
—~
S|
+
=
N~—
[
—
IS
=
N—
%
L)
.
+
—
IS
+
=y
™o
K
Q
=
B
=
=
+
=

r=0 r=0 r=0

—(CL3 + b3)q2 Z(ab)rq(r+1) a + b q4 Z r+1 (r+2)
r=0

(2.12)

(2.13)
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—(a® +b°)¢° Z:(ab)rq(rﬂ)2 + ... (2.14)
r=0

3. Special Cases
In this section we shall discuss certain special cases of the results established in

previous section.
(i) Taking b=a in (2.11) we get,

n=0
Z 2r r(r 1) — %4 Z a2rqr + 2a2 q Z a2r r(r+1)
r=0 r=0 r=0
—26L3q2 Z a?rq(r—f—l)z + 2a4q4 Z a?r (r+1)(r+2) 2a5q6 Z r+1 ' (3]_)
r=0 r=0

Taking a = —¢ in (3.1) and then using (1.10) we get,

= r(r+1) 2 - r(r+2) 2 3 - r(r+3)
D T H20) T 420 g
r=0 r=0 r=0

6 - r(r+4) 10 - r(r+5) [q27 qz]go
r=0 r=0 ! 00

Taking aq for a in (3.1) and using (1.9) we have

2 a2r r(r+1) 2aq§ a2r r(r+2) +2a2q3§ a27" r(r+3)

—9a3 q Z 2r rr+4)+2a4q102 2r rr+5) )

r=0
1 aqa(¢® —q)ag’ a(q" - q2) : (3.3)
1+1+ 1+ 1+ 1+. ' '
Taking a=q in (3.1) we get,

n=0
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0 o o
Z r(r+1) Z qr(r+2) + 2q3 Z qr(r+3)
r=0 r=0 r=0
_2q6 Z qr(r+4) + 2q10 Z qr(r+5) . 2q15 Z qr(r-‘rﬁ) + . (34)
r=0 r=0 r=0

(3.4) gives series expansion of the square of false theta function.
Taking b=-a in (2.11) we get,

[e.9] [e.9]

Z(_a)nqn(n—l)/2 Z anqn(n 1)/2

n=0 n=0
00
§ r2r 7‘T1+2aq§ r2r 7‘7‘+1)
r=0

+2a4q4z ’r‘ 27‘ (T+1 (r+2) 4o (35)

For a=q, (3.5) yields

q q 00 Z n n(n+1
_ i r r(r+1 + 2q3 Z r r (r+3) + 2(]10 Z T (r+5) .. , (36)
r=0

which is another form of false theta function.
Comparing (3.4) and (3.6) we have,

[q’ qz]io - r 7“(7‘+1 r r (r+3) 10 r r (r+5)
e S Y SR VRT3
) 0 [ r=0
0o 0o 00
Z r(r+1) — 2 Z qr(r+2 + 2q3 Z q r(r+3) Z qr(r+4) + 2q10 Z qr(r+5).“
r=0 r=0 r=0

(3.7)
Taking b=q in (2.12) we get,

[4: alc[a; g i Lo dlona”

— [q,a; 4]
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o0 o0 o0
=>"a'q" —(a+q)Y_aq" V+qla® + ¢ a'q "
r=0 r=0 r=0

a—l—a Zarrr-‘rl% a_|_q Zarrr+4)

CL +q 102 r r(r+5) ] (38)

For a=q, (3.8) yields

0 2 n
q q nq q;9" [n|—9;49|nq
qqm§ 2 = (g3 > [ ]Lg]
n=0 n=0 [q’q]n

_ Z qr(r—i-l) . 2q Z qr(r+2) + 2q3 Z qr(r+3) . 2(]6 Z qr(r+4)
r=0 r=0 r=0 r=0
+2q10 Z qT(T+5) . 2q15 Z qT‘(T+6) 4o ) (39)
r=0

For a=0, (3.8) gives

[e.9]

.12 q
%>
n=0 n
:1—q+q3—q6+q10—q15—|—...
_§: gt/ (3.10)

Right hand side of (3.10) is false theta function.
Taking a=b=q in (2.13) we get,

[e.e] n 2
Rt q
[%d“{zghmh}
_ io: r(r+1) _ QqZ qr(r+2) + 2q3 Z qr(r+3)
r=0

r=0

_2q6 Z qT(T+4) 4 2q10 Z qT(T+5)”. ) (311)
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Comparing (3.10) and (3.11) we get,

n=0

e}

)
qr(rJrl) . 2q Z qr(r+2) + 2q3 Z qr(r+3)

r=0 r=0

NE

I
o

T

00 00
—2(]6 Z qr(r+4) + 2q10 Z qr(r+5)m ) (312)
r=0 r=0
which is (3.4)

A number of similar results can also be deduced.
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