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(A) Introduction: Let, for |q| < 1

(a; q)n = (1− a)(1− aq)...(1− aqn−1)

and

(a; q)0 = 1

Then Heine series has been defined as,

2Φ1[α, β; γ; z] =
∞∑

n=0

(α; q)n(β; q)nz
n

(q; q)n(γ; q)n

Taking α = aq, β = q & γ = bq,

F (a, b, z) = 2Φ1[aq, q; bq; z] =
∞∑

n=0

(aq)n

(bq)n

zn
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The function F(a,b,z) has been extensively studied by Fine [1]. It is easy to see
that F(a,b,z) satisfies the following relations.

F (a, b, t) =
(1− atq)

(1− t)
+

(1− aq)(b− atq)

(1− bq)(1− t)
tqF (aq, bq, tq) (1.1)

F (a, b, t) =
1

(1− t)
+

(b− a)tq

(1− bq)(1− t)
F (a, bq, tq) (1.2)

F (a, b, t) =
b

(b− at)
+

(b− a)t

(1− bq)(b− at)
F (a, bq, t) (1.3)

F (a, b, t) =
−(1− b)aq

b− aq
+

(1− aq)(b− atq)

(b− aq)
F (aq, b, t) (1.4)

In the present paper we have established many continued fraction representation
for F(a,b,z) by making use of relations (1), (2), (3) and (4).
As an application of our results obtained in section -B, we have a number of special
cases in section -C.
(B) Main Results: In this section, we establish the following results,

F (a, b, t)

F (aq, bq, tq)
= A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...

(1.5)

where

Ai =
1

(1− t)

[
(1− aqi+1)(b− atqi+1)tq2i+1

(1− bqi+1)
+

(1− atq2i+1)(1− tqi+1)

(1− atq2i+3)

]

Bi =
(aqi+2 − 1)(b− atqi+2)(1− atq2i+1)tqi+2

(1− tqi)(1− bqi+2)(1− atq2i+2)

F (a, b, t)

F (a, bq, tq)
= A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...

(1.6)

where

Ai =
(1− tqi+1)

(1− tqi)

[
1 +

(bqi − a)tqi+1

(1− bqi+1)(1− tqi)(1− tqi+1)

]
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Bi =
(a− bqi+1)tqi+2

(1− tqi)(1− bqi+2)

F (a, b, t)

F (a, bq, t)
= A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...

(1.7)

where

Ai =
1

(bqi − at)

[
(bqi − a)t

(1− bqi+1)
+

(bqi+1 − at)

q

]
Bi =

(a− bqi+1)t

q(bqi − at)(1− bqi+2)

F (a, b, t)

F (aq, b, t)
= A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...

(1.8)

Ai =
1

(b− aqi+1)

[
(1− aqi+1)(b− atqi+1) +

(b− aqi+2)

q

]
Bi =

(aqi+2 − 1)(b− atqi+2)

q(b− aqi+1)

Proof of (1.5)

F (a, b, t) =
(1− atq)

1− t
+

(1− aq)(b− atq)

(1− bq)(1− t)
tqF (aq, bq, tq)

F (aq, bq, tq) =
(1− atq3)

(1− tq)
+

(1− at2)(bq − atq3)

(1− bq2)(1− tq)
tq2F (aq2, bq2, tq2)

(1− atq2)

(1− tq)
F (a, b, t) =

[
(1− atq3)(1− aq)(b− atq)

(1− tq)(1− bq)(1− t)
tq +

(1− atq)

1− t

]
F (aq, bq, tq)

−(1− aq2)(bq − atq2)(1− atq)

(1− bq2)(1− tq)(1− t)
tq2F (aq2, bq2, tq2)

(a, b, t)

F (aq, bq, tq)
=

[
(1− aq)(b− atq)

(1− bq)
tq +

(1− atq)(1− tq)

(1− atq2)

]
1

(1− t)

− (1− aq2)(b− atq2)(1− atq)tq2

(1− t)(1− bq2)(1− atq2)
F (aq, bq, tq)

F (aq2, bq2, tq2)
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F (a, b, t)

F (aq, bq, tq)
= A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...

where

Ai =
1

(1− t)

[
(1− aqi+1)(b− atqi+1)tq2i+1

(1− bqi+1)
+

(1− atq2i+1)(1− tqi+1)

(1− atq2i+2)

]

Bi =
(aqi+2 − 1)(b− atqi+2)(1− atq2i+1)tqi+2

(1− tqi)(1− bqi+2)(1− atq2i+2)

Proof of (1.6)

F (a, b, t) =
1

(1− t)
+

(b− a)tq

(1− bq)(1− t)
F (a, bq, tq)

F (a, bq, tq) =
1

(1− tq)
+

(bq − a)tq2

(1− bq2)(1− tq)
F (a, bq2, tq2)

1

(1− tq)
F (a, b, t) =

F (a, bq, tq)

(1− t)

[
1 +

(b− a)tq

(1− bq)(1− t)(1− tq)

]
− (bq − q)tq2

(1− t)(1− bq2)(1− tq)
F (a, bq2, tq2)

F (a, b, t)

F (a, bq, tq)
=

(1− tq)

(1− t)

[
1 +

(b− a)tq

(1− bq)(1− t)(1− tq)

]
− (bq − a)tq2

(1− t)(1− bq2)
F (a, bq, tq)

F (a, bq2, tq2)

F (a, bq, tq)

F (a, bq2, tq2)
=

(1− tq2)

(1− t)

[
1 +

(b− a)tq2

(1− bq2)(1− tq)(1− tq2)

]
− (bq2 − a)tq3

(1− tq)(1− bq3)
F (a, bq2, tq2)

F (a, bq3, tq3)

F (a, b, t)

F (a, bq, tq)
= A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...



On continued fraction representations of certain function... 81

where

Ai =
(1− tqi+1)

(1− tqi)

[
1 +

(bqi − a)tqi+1

(1− bqi+1)(1− tqi)(1− tqi+1)

]
Bi =

(a− bqi+1)tqi+2

(1− tqi)(1− bqi+2)

Proof of (1.7)

F (a, b, t) =
b

(b− at)
+

(b− a)t

(1− bq)(b− at)
F (a, bq, t)

F (a, bq, t) =
bq

(bq − at)
+

(bq − a)t

(1− bq2)(bq − at)
F (a, bq2, t)

F (a, b, t)

F (a, bq, t)
=

[
(b− a)t

(1− bq)(b− at)
+

(bq − at)

q(b− at)

]
− (bq − a)t

q(b− at)(1− bq2)
F (a, bq, t)

F (a, bq2, t)

F (a, bq, t)

F (a, bq2, t)
=

[
(bq − a)t

(1− bq2)(bq − at)
+

(bq2 − at)

q(b− at)

]
− (bq2 − a)t

q(bq − at)(1− bq3)
F (a, bq2, t)

F (a, bq3, t)

F (a, b, t)

F (a, bq, t)
= A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...

where

Ai =
1

(bqi − at)

[
(bqi − a)t

(1− bqi+1)
+

(bqi+1 − at)

q

]
Bi =

(a− bqi+1)t

q(bqi − at)(1− bqi+2)

Proof of (1.8)

F (a, b, t) =
−(1− b)aq

(b− aq)
+

(1− aq)(b− atq)

(b− aq)
F (aq, b, t)

F (aq, b, t) =
−(1− b)aq2

(b− aq2)
+

(1− aq2)(b− atq2)

(b− aq2)
F (aq2, b, t)

qF (a, b, t)

(b− aq2)
=

[
(1− aq)(b− atq)q

(b− aq)(b− aq2)
+

1

(b− aq)

]
F (aq, b, t)
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−(1− aq2)(b− atq2)

(b− aq2)(b− aq)
F (aq2, b, t)

F (a, b, t)

F (aq, b, t)
=

[
(1− aq)(b− atq)

(b− aq)
+

(b− aq2)

q(b− aq)

]
− (1− aq2)(b− atq2)

q(b− aq)
F (aq, b, t)

F (aq2, b, t)

F (aq, b, t)

F (aq2, b, t)
=

[
(1− aq2)(b− atq2)

(b− aq2)
+

(b− aq3)

q(b− aq2)

]
− (1− aq3)(b− atq3)

q(b− aq2)
F (aq2, b, t)

F (aq3, b, t)

F (a, b, t)

F (aq, b, t)
= A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...

where

Ai =
1

(b− aqi+1)

[
(1− aqi+1)(b− atqi+1) +

(b− aqi+2)

q

]

Bi =
(aqi+2 − 1)(b− atqi+2)

q(b− aqi+1)

(C) Applications (Special cases)
From equation (1.4), we have,

F (a, b, t) =
−(1− b)aq

(b− aq)
+

(1− aq)(b− atq)

(b− aq)
F (aq, b, t)

−(1− b)aq

(b− aq)F (aq, b, t)
+

(1− aq)(b− atq)

(b− aq)
=

F (a, b, t)

F (aq, b, t)
= A Say

−(1− b)aq

(b− aq)F (aq, b, t)
= A− (1− aq)(b− atq)

(b− aq)

−(1− b)aq

(b− aq)F (aq, b, t)
=

A(b− aq)− (1− aq)(b− atq)

(b− aq)

F (aq, b, t)

−(1− b)aq

(b− aq)

=
1

−(1− aq)(b− atq)

(b− aq)
+ A
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From equation (1.8), we have,

(b− aq)

−(1− b)aq
F (aq, b, t) =

1

−(1− aq)(b− atq)

(b− aq)
+ A0 +

B0

A1 +
B1

A2 +
B2

A3 + ...

Putting b=0 in above we get

F (aq, 0, t) =
1

−(1− aq)t + X0 +
Y0

X1 +
Y1

X2 +
X2

X3 + ...

Xi = (1− aqi+1)t + 1

Yi = (aqi+2 − 1)t

Now set a =
b

tq
to get,

F (b/t, 0, t) =
1

−(1− b/t)t + P0 +
Q0

P1 +
Q1

P2 +
Q2

P3 + ...

Pi = (t− bqi) + 1

Qi = (bqi+1 − t)

From N.J. Fine [7.3(i)], we have

1

1− t

∑ (−b)n

(tq)n

q
(n2+n)

2 =
1

−(t− b) + P0 +
Q0

P1 +
Q1

P2 +
Q2

P3 + ...
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Let t → 0, in above,∑
n≥0

(−b)nq
(n2+n)

2 =
1

b + P0 +
Q0

P1 +
Q1

P2 +
Q2

P3 + ...

(1.9)

Pi = (1− bqi)

Qi = bqi+1

Case (a)
For b= -1, in equation (1.9), yields∑

n≥0

q
(n2+n)

2 =
1
−q

1 + q +
−q2

1 + q2
−q3

1 + q3 +
−q4

1 + q4 + ...

Now we write, by NJ. Fine [7.32(i)]∑
n≥0

q
(n2+n)

2 =
∏
n≥1

(1− q2n)

(1− q2n−1)

Hence we can write,∏
n≥1

(1− q2n)

(1− q2n−1)
=

1
−q

1 + q +
−q2

1 + q2
−q3

1 + q3 +
−q4

1 + q4 + ...

This is a required result, equating a product to a continued fraction.
Case (b)

For b= 1, in equation (1.9), yields∑
n≥0

(−1)nq
(n2+n)

2 =
1

2 +
q

1− q +
q2

1− q2 +
q3

1− q3 + ...
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Also, by N.J. Fine [7.32(ii)],

(q)2
∞

∑
n≥0

qn

(q)2
n

=
1

2 +
q

1− q +
q2

1− q2 +
q3

1− q3 + ...

These are also required results, equating a sum to a continued fraction.
Case (c)

If we put b = q−1/2 in equation (1.9) and then replacing q → q2,∑
n≥0

(−1)nqn2

=
1

1 +
q

1− q +
q3

1− q3 +
q5

1− q5 + ...

Also by Auluck, we have,∑
≥=0

q2n

(q)2n

=
1

(q)∞

∑
n≥=0

(−1)nqn2

Hence we can write,

(q)∞
∑
≥=0

q2n

(q)2n

=
1

1 +
q

1− q +
q3

1− q3 +
q5

1− q5 + ...

If we put b = q−1/2 in equation (1.9) and then replacing q → q2,∑
≥=0

qn2

=
1

1 +
−q

1 + q +
−q3

1 + q3 +
−q5

1 + q5 + ...

Hence we obtained a continued fraction for a well known theta function.
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