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1. Introduction:

Throughout this note, we shall adopt following notations and definitions. The
q-shifted factorial is denoted by

[a; q]n = (1− a)(1− aq)...(1− aqn−1), n = 1, 2, 3...

[a; q]0 = 1,

[a; q]∞ =
∞∏

r=0

(1− aqr).

Basic hypergeometric series is defined by,

rΦs

[
a1, a2, ..., ar; q; z
b1, b2, ..., bs; q

]

=
∞∑

n=0

[a1, a2, ..., ar; q]n
[b1, b2, ..., bs; q]n

[
(−)nqn(n−1)/2

]1+s−r
zn,
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where [a1, a2, ..., ar; q]n = [a1; q]n[a2; q]n...[ar; q]n.
Recently, McIntosh [1] introduced three second order mock theta functions as,

A(q) =
∞∑

n=0

q(n+1)2 [−q; q2]n
[q; q2]2n+1

=
∞∑

n=0

qn+1[−q2; q2]n
[q; q2]n+1

, (1.1)

B(q) =
∞∑

n=0

qn(n+1)[−q2; q2]n
[q; q2]2n+1

=
∞∑

n=0

qn[−q; q2]n
[q; q2]n+1

, (1.2)

C(q) =
∞∑

n=0

(−)nqn2
[q; q2]n

[−q2; q2]2n
. (1.3)

We can write these functions as

A(q) =
q

(1− q)2
lim

α→∞ 3Φ2

[
α,−q, q2; q2;−q3/α
q3, q3

]
, (1.4)

=
q

(1− q)
2Φ1

[
−q2, q2; q2; q
q3

]
. (1.5)

B(q) =
1

(1− q)2
lim

α→∞ 3Φ2

[
α,−q2, q2; q2;−q2/α
q3, q3

]
, (1.6)

=
1

(1− q)
2Φ1

[
−q, q2; q2; q
q3

]
. (1.7)

C(q) = lim
α→∞ 3Φ2

[
α, q, q2; q2; q/α
−q2,−q2

]
. (1.8)

We shall make use of following known results

2Φ1

[
α, βq; z
γ

]
2Φ1

[
α, β; z
γ

] =
1

1−
zβ(1− α)(
1− γ

βq

)
+

γ(1− βq)

(
1− αβzq

γ

)
/βq

1−

zβq(1− αq)(
1− γ

βq

)
+

γ(1− βq2)

(
1− αβzq2

γ

)
/βq

1−
zβq2(1− αq2)(
1− γ

βq

)
+ ...

(1.9)
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[Singh, S.N. [3]]

3Φ2

[
a, b, c;

de

abc
d, e

]

3Φ2

[
aq, b, c;

de

abc
dq, e

] = 1−

de

abc
(a− d)(1− b)(1− c)/(1− e)(1− d)(1− dq)

(1− e/aq)

(1− e)
+

(1− aq)(1− dq/b)(1− dq/c)
e

aq
/(1− e)(1− dq)(1− dq2)

1−
deq

abc
(a− dq)(1− bq)(1− cq)/(1− eq)(1− dq2)(1− dq3)

(1− e/aq)

(1− e)
+ ...

(1.10)

[Singh, S.N. [2]]
Putting β = 1 in (1.9) we find,

2Φ1

[
α, q; z
γ

]
=

1

1−
z(1− α)

(1− γ/q)+

γ(1− q)

(
1− αzq

γ

)
/q

1−

zq(1− αq)

(1− γ/q)+

γ(1− q2)

(
1− αzq2

γ

)
/q

1−
zq2(1− αq2)

(1− γ/q) + ...
(1.11)

Putting a = 1 in (1.10) we have,

3Φ2

[
b, c, q;

de

abc
dq, e

]
=

1

1−

de

bc
(1− d)(1− b)(1− c)/(1− e)(1− d)(1− dq)

(1− e/q)

(1− e)
+

(1− q)(1− dq/b)(1− dq/c)
e

q
/(1− e)(1− dq)(1− dq2)

1−
deq

bc
(1− dq)(1− bq)(1− cq)/(1− eq)(1− dq2)(1− dq3)

(1− e/q)

(1− e)
+ ...

(1.12)



90 J. of Ramanujan Society of Math. and Math. Sc.

2. Main Results:
In this section we shall give continued fraction representation of mock theta

functions of order two. (i) Replacing q by q2 in (1.11) and then taking α = −q2

and γ = q3, z = q we get from the definition of A(q) in (1.5),

A(q) =

(
q

1− q

) {
1

1−
q(1 + q2)

(1− q)+

q(1− q4)

1−
q3(1 + q4)

(1− q)+

q(1− q8)

1− ...

}
(2.1)

(ii) Replacing q by q2 in (1.12) and then taking b = α, c = −q, d = q, e = q3 we
get from the definition of A(q) in (1.4)

A(q) =
q

(1− q)2
{ 1

1+

q3

α
(1− α)(1 + q)/(1− q3)(1− q3)(

1− q

1− q3

)
+

(1− q2)(1− q3/α)(1 + q2)q/(1− q3)(1− q3)(1− q5)

1+

q4

α
(1− αq2)(1 + q3)(1− q3)/(1− q5)(1− q5)(1− q7)(

1− q

1− q5

)
+ ...

} (2.2)

= lim
α→∞

q

(1− q)2
{ 1

1+

q3(1 + q)

(
1

α
− 1

)
/(1− q3)2(

1− q

1− q3

)
+

(1− q4)(1− q3/α)q/(1− q3)2(1− q5)

1+

q4(1− q6)

(
1

α
− q2

)
/(1− q5)2(1− q7)(

1− q

1− q5

)
+ ...

}

=
q

(1− q)2
{ 1

1−
q3(1 + q)/(1− q3)2(

1− q

1− q3

)
+

q(1− q4)/(1− q3)2(1− q5)

1−

q6(1− q6)/(1− q5)2(1− q7)(
1− q

1− q5

)
+ ...

} (2.3)
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A(q) =
q

(1− q)2
{ 1

1−
q3(1 + q)/(1− q3)

(1− q)+

q(1− q4)/(1− q3)(1− q5)

1−
q6(1− q6)/(1− q5)(1− q7)

(1− q) + ...
} (2.4)

(iii) Replacing q by q2 in (1.11) and (1.12) we get,

2Φ1

[
α, q2; z
γ

]
=

1

1−
z(1− α)(
1− γ

q2

)
+

γ(1− q2)

(
1− αzq2

γ

)
/q2

1−

zq2(1− αq2)(
1− γ

q2

)
+

γ(1− q4)

(
1− αzq4

γ

)
/q2

1−
zq4(1− αq4)(
1− γ

q2

)
+ ...

(2.5)

and

3Φ2

[
b, c, q2;

de

bc
dq2, e

]
=

1

1−

de

bc
(1− b)(1− e)/(1− e)(1− dq2)(

1− e/q2

1− e

)
+

e

q2
(1− q2)

(
1− dq2

b

) (
1− dq2

c

)
/(1− e)(1− dq2)(1− dq4)

1−
deq2

bc
(1− dq2)(1− bq2)(1− cq2)/(1− eq2)(1− dq4)(1− dq6)(

1− e/q2

1− eq2

)
+ ...

(2.6)

Now, choosing b = α, c = −q2, d = q, e = q3 in (1.16) and using the definition (1.6)
we get

B(q) =
1

(1− q)2
lim

α→∞
{ 1

1+

q4

αq2
(1− α)(1 + q2)/(1− q3)2(

1− q

1− q3

)
+

q(1− q2)

(
1− q3

α

)
(1 + q)/(1− q3)2(1− q5)

1+
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q4

α
(1− q3)(1 + αq2)(1 + q4)/(1− q5)2(1− q7)(

1− q

1− q5

)
+ ...

}

=
1

(1− q)2
{ 1

1−
q2(1 + q2)/(1− q3)2(

1− q

1− q3

)
+

q(1− q2)(1 + q)/(1− q3)2(1− q5)

1−

q6(1− q3)(1 + q4)/(1− q5)2(1− q7)(
1− q

1− q5

)
+ ...

(2.7)

3. Bilateral extension of mock theta functions of order two B(q)
We can introduce the bilateral extension of B(q) in the following form

Bc(q) =
∞∑

n=−∞

qn[−q; q2]n
[q; q2]n+1

. (3.1)

Let us now consider the following summation formula,

∞∑
n=−∞

[a; q]nz
n

[b; q]n
=

[q; q]∞[b/a; q]∞[az; q]∞[q/az; q]∞
[b; q]∞[q/a; q]∞[z; q]∞[b/az; q]∞

. (3.2)

Bc(q) =
[q4; q4]∞
2[q; q2]2∞

. (3.3)

Bc(q) =
[q4; q4]∞
2[q; q2]2∞

=
[q4; q4]∞[−q; q]2∞

2
=

[q4; q4]∞[q2; q2]2∞
2[q; q]2∞

=
η(4τ)η2(2τ)

2q1/4η2(τ)
. (3.4)

where η(τ) = q1/24[q; q]∞, q = e2πiτ , such that Im τ > 0.

Acknowledgement

The second author is thankful to University Grants Commission, New Delhi for
sanctioning the minor research project no F. No. 8-2 (229)/2011(MRP/NRCB)
under which this work has been done.



A note on mock theta functions of order two 93

References

[1] McIntosh, R.J., Second order mock theta functions, Canad. Math. Bull.,
vol. 50(2), 2007, pp. 284-290.

[2] Singh, S.N., On q-series and continued fractions, Proc. Math. Soc. B.H.U.,
3 (1987), pp. 119-123.

[3] Singh, S.N., Basic Hypergeometric Series and Continued fractions, Math.
Student, 56 (1988), Nos. 1-4, pp. 91-96.


