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1. Introduction

Definition 1.1. Let T' be an operator mapping a Banach space X into a Banach
space Y. If there is a bounded linear operator ¢ from S a bounded subset of X into
Y such that

T(x+Azx)—T(z)=T (z),Az + ¢ (z,Az),

, and
A

=0 1.1A
l|z]|—0 | Az|| ( )

or

Lim |T (zo + Az) — T (20) — ¢ (Az)||
1Az]—0 | Azl

=0 (1.1B)
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or equivalently
T ) =T (z)—(t
LT ) - T@) e )
[ 2]l
1.1A and 1.1B are due to [3]. For Banach space X and Y and an open subset, S

with the map T : S — Y,z € N be such that

~0 (1.1C)

T(x+Ax)—T(x) =T (z) Az + ¢ (z, Ax)

for every h € X with x +h € S where T’ (x) : X = Y is a linear operator and

where T' (x) Az is the Fréchet differential of T at x with increment Ax. It is
important to note that with (1.1) satisfied, T is said to be Fréchet differential at x
and the bounded linear operator

/

T (x) = ¢ (1.2)

is called the Fréchet derivative of T' at x¢ and the limit in (1.1) is supposed to hold

independently of the way that Ax is approaches O and the he Fréchet differential
OT (xo, Ax) =T (zo) Ax (1.3)

1s an arbitrary closed approximation to the difference
T (xg+ Az) — T (x0)

relative to Ax for Ax small.

Definition 1.2. A definition by induction due to a Mosaic states that if T 1is
(m — 1) times Fréchet differentiable (m > 2, an integer) and an m linear operator
L from X into Y exists such that

p T (o Ar) = T (a0) — o (Aa) |
| Az|[—0 || Azl

=0 (1.4)

is due to [3] Then ¢ is called the m— Fréchet derivative of T' at xo and
L=T"(x) (1.5)

Note the Fréchet derivative of T at x is usually denoted by dT (x) or T' (x), is called
Fréchet differentiable on its domain if T' (x) exists at every point of the domain.
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Remark 1.1.

a) if X = R, Y = R, then the classical derivative T' (x) of real function T : R — R

at x defined by : Az) @)

, . T(r+Ax)-T(x

T(z) = Alir—rfo Arx

1s a number representing the slope of the graph of the function T at x. The

Fréchet derivative of T is not a number, but a linear operator on R into

R. The existence of the classical derivative T' (x) implies the existence of

the Fréchet derwative at x, and by comparison of the right-hand side and
left-hand side of equation (1.6) below

T(x+Az)—T(z) =T (z) Az + AF (Az)

(1.6)

we find that S is the operator which multiplies every Az by the number T (x).

b) In elementary calculus, the derivative at a point x is a local linear approzima-
tion of the given function in the neighborhood of x. Similarly, the Fréchet
derivative can be interpreted as the best local linear approximation. We con-
sider the change in T when its argument changes from Ax to x + Ax and
then approximates this change by a linear operator ¢ so that

T(x+Az) =T (x)+ ¢ (Ax)+ E,

where E is the error in the linear approrimation. Thus, E has the same
order of magnitude as Ax except when ¢ is equal to the Fréchet derivative
of. E = 0(Ax), so thatE is much smaller than Ax as Az — 0. In this

way, the Fréchet derivative gives the best linear approzimation of T near x.
c) It is clear from the definition that if T is linear, then
dl' (z) =T (x)

that is, if T is a linear operator, then the Fréchet derivative (linear approxi-
mation) of T is T itself.

2. Basic Fréchet Results

Theorem 2.1. [2] If an operator has the Fréchet derivative at a point, then it has

the Gateaux derivative at that point and both derivatives have equal values.
Proof. Let T: X — Y, and let T" have the Fréchet derivative at z, then
[T(x + Az) — T(z) — p(Az)|| _
m =
(1az]—0) |Az|

0
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for some bounded linear operator S : X — Y. In particular for any fixed nonzero
Ax € X, we have

lim T (x+nAzx) —T (x)
n—0 n

_ i T @+ nAz) = T(x) — S(Ax)

I
A
L 1Azl |Az]]

— S (Ax)

this implies that K is the Gateaux derivative of T" at z. In view of the uniqueness
Theorem of Gateaux derivative is unique and here Fréchet derivative is also unique.
However example show that the converse theorem is not true, in general.

Theorem 2.2. [8] Let ) be an open subset of X and T : Q@ — Y be Fréchet deriva-
tive at an arbitrary point a of Q2. Then T s continuous. This means that every
Fréchet differentiable operator defined on a subset of a Banach space is continuous.
Proof. For a € €, let € > 0 be such that a 4+t € 2 whenever ||t|| < e. Then

IT(a+ Az) = T(a)|| = [ K(Az) + ¢(a, Az)|| = 0

This means that T is continuous at a.

Most of the results of classical calculus can be easily generalized Fréchet deriva-
tives. For example, the usual rules of sum and product produce cases of functions
of two or more that variable apply to Fréchet derivative.

We now present extensions of the chain theorem, the mean value theorem, the
implicit function theorem and Taylor’s formula to Fréchet differentiable operators.

Theorem 2.3. (CHAIN RULE) [8] Let X,Y,Z be real Banach spaces,S : X —
Y and T :' Y — Z are Fréchet differentiable at x and y = S,Y, respectively, then
U =T oS s Fréchet differentiable at x and

U'(x) =T'(S(x))S ()
Proof. For x,t € X, we have
U+ Az) —U(x) =T(S(x + Az) — T(S(x))

=T(S(x+Ax)—S(x)+ S(x) —T(y)=T(x+y)—T(y)
where z = S(z + Az) — S(x). Thus,

1U(z + Az) = U(z) = T'(y)z]| = o(||=])

1U(z + Az) = U(x) = T'(y)S (x) Az
= ||U(z + Az) = U(z) = T (y)z + T (y)S (2) Az
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= o(||Az]|]) + o(||2])

In view of the fact that S is continuous at x, and by a known theorem, we obtain
[2]| = o(|[Az[]) and so

/ /

U'(Az)t =T (S(x))S (z) Az

We require the following notation in the Mean Value Theorem and Taylor’s formula.
If a and b are two points of a vector space, the notation

[a,b] =2 =aa+ (1 —a)beX/ac|0, 1]

la,b] =2 =aa+ (1 —a)beX/aec(0,1)

are used to denote, respectively, the closed and open segments with end-point a
and b.

Theorem 2.4. (MEAN VALUE THEOREM) (8] Let T : K — Y, where is
an open convez set containing a and b,Y is a normed space and T’ (x) exists for
each x € [a,b] and T'(z) is continuous on [a,b]. Then

IT(b) = T(a)|| < sup T (y)llllb— all

(y€/a,b])

Proof. Let F' € T* and the real function h be defined by
h(a) = F((T(1 — (b)) for a€l0,1].

Applying the mean value theorem of the classical calculus to h, we have, for some
acl0,1]and z = (1 — @)a+ ab),

=1 (a) = F(T' () (b— a)),

where we have used the chain rule and the fact that a bounded linear functional is
its own derivative. Therefore, for each F' € Y*,

IF(T(b) = T(a))l| < [FIIT" (@) [ — all

now, if we define the function F;, on the subspace [T'(b) — T'(a)] of YV’
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then | Fy|| = |T(b) — T(a)||~'. If F is a Hahn-Banach extension of F, the entire
space Y, by making required substitution, then

L= IE(T0) = T(a)IT(®) = T(@)]| T @) I}~ al

Theorem 2.5. (IMPLICIT FUNCTION THEOREM) [2] Suppose that
X,Y,Z are Banach spaces, C is an open subset of X XY and T : C — Z is
continuous. Suppose further that for some (x1,y,) € C

i T(x17y1) = 07

ii The Fréchet derivative of T'(x1) when x is fized is denoted by T,(x,vy), called the
partial Fréchet derivative with respect to y, exists at each point in a neigh-
borhood of (x1,y1) and is continuous at (z,y)

iii [T, (z1,11)] '€B[Z,Y].

Then there is an open subset D of X containing x, and a unique continuous map-
ping y: D —Y such that T(x,y(z)) =0 and y(z1) = y1.

Proof. For the sake of convenience. We may take x; = 0,9, = 0 . Let A =
[T,(0,0)]7" € B[Z,Y]. Since C is an open set containing (0,0) , we find that
0e€C, =yeY/(zx,y) € C for all z sufficiently small, say ||z|| < J. For each z
having this property, we define a function

Sz, :Cp =Y (2.2.1)

by
S(z,y) =y — AT (x,y) (2.2.2)

in order to prove the theorem, we must prove (i) the existence of a fixed point for
S(z,.) under the condition that ||z|| is sufficiently small, and (ii) continuity of the
mapping x — y(z) and y(x1) = y; . Now

Sy(w,y)(u) = u — AT, (2, y)(u)

and AA™! = AT,(0,0) , therefore, assumption on T guarantee the existence of
Sy(z,y) for sufficiently small ||z| and||y||

Sy, y)(u) = A[Ty(0,0) — T, (x, y)l(w).

Hence
1S(z, 9|l <= [[AllIT,(0,0) — T}, (x, y)||-



On Analysis of the Fréchet Derivatives 71

Since T}, is continuous at (0,0) . There exists a constant L > 0 such that
1Sy (z,y) <L (2.2.3)

for sufficiently small ||z| and |ly||, say, ||z]] < e1 < 0 and |ly|]| < €. Since T is
continuous at(0,0) , there exists an ¢ < ¢; such that

1S (x,0) || = ||AT (z,0) || < e2(1 — L) (2.2.4)

for all x with ||z|| < e. We now show that S(z,.) maps the closed ball (S)(0) =
{yeY/||ly||<ez} into itself. For this, let ||z|| < € and ||y|| < €5 . Then by (2.2.1),
(2.2.3) and (2.2.4), we have

15 (@, y)ll < [1S(z,y) — Sz, 0)[ + [[S(z, 0)]]
< sup [15y(z, y) [yl + 15 (2, 0)]
0<e<1

S L€2+€2(1 —L) = €2

Therefore, for ||z]] < €,S (z,.) : Sex(0) — Sea(0). Also, for y1,y2 € Sea(0), we
obtain by (2.2.1) and (2.2.3)

1S(z,y1) — Sz, 2)[| < H$||u<p 1Sy (@, y)|[lyr — vl <Lllyr — val|
Yl|=€2

The Banach Contraction Mapping Theorem guarantees that for each z with ||z <
€, there exists a unique y(x) € Sey(0) such that

y(r) = (v, y(z)) = y(v) — AT (z,y())

that is, T'(z,y(z)) = 0. By uniqueness of y, we have y(0) = 0 since 7'(0,0) = 0.
Finally, we show that x — y(x) is continuous. For if ||z|| < € and ||z3|| < €, then
selectingyy = y(z2) and y; = S(z1,y0), we have by the error bound for fixed point
iteration on the mapping S(z1,.)

[y(z2) — y(z)| < 1/(1 = L)l[yo — w
We can write
Yo — y1 = y(x2) — S(z1,y(@2) = S(@2,y(22)) — S(z1,y(22))

= —A[T(x,y(x2) — T(x1,y(x2))]
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Therefore, by the continuity of T', ||y(z2) — y(x1)|| can be made arbitrarily small
for ||zo — 1] sufficiently small.

Corollary 2.6. [2] If, in addition to conditions of the above theorem T,(z,vy),
also exists on the open set, and is continuous at (x1,y), then F': x — y(z) has a
Fréchet derivative at x1 given by

/

F (171) = _[Ty(xhyl)]_lTI(xhy)

Proof. We set © = 21 + h and G(h) = F(x) — y;. Then G(0) = 0, and

IG(h) + [Ty (1, y0)) " 2l < Ty (20, y0)] Ty (21, 91) G (R) + To(1, 1) 2|
and
Ty(z1,y1)G(h) — To(1, y1)
=—T(x1+h,y1 + G(h)) +T(x1,y1) + Ty(x1,y1)G(h) + Tp(z1, y1)h.

if 61,605 are numbers in (0,1) , then
1Ty (21, 91)G(h) + To(1, y2) |

< GSUQPHTx(% + O01h,y1 + 0:.G(h)) — To(zy, y1)|| [ 2]
1,02

+98Ug?||Ty($1 +01h,y1 + 6:G(h)) = Ty (w1, y) [ G(R)]
1,V2

Thus, applying continuity of T}, T, for e > 0 , we find that § = J§(€) such that on
|z — x| <0, we have

[Ty (1, y0)] ™" € [+ [Ty (@1, y)I " To (2, y)][1R1])
1= [Ty (1, )]l

The coefficient of ||| can be made as small as needed as ||h|| — 0 . Thus,

1F(x) = [F(21) = [Ty (@1, 51)] " Ta(zr, y1) (@ — 21)] = 0 (2 — 2]]) |

Definition 2.7. IfT : X — Y 1is Fréchet differentiable on an open set ) C X
and the first Fréchet derivative T' atw € ) is Fréchet differentiable at x, then the
Fréchet derivative of T at x is called the second derivative of T at x and is denoted
by T (x). It may be observed that if T : X — Y is Fréchet differentiable on an
open set Q C X, then T' is a mapping on X into B[X,Y] . Consequently, if T  (x)
exists, it is a bounded linear mapping from X into B[X,Y] . If T exists at every

G (h)+[Ty (@1, y0)] ™ To(r, yo)hl| <
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point of Q, then T" : X — B[X,[X,Y]].

Theorem 2.8. (TAYLOR’S FORMULA FOR DIFFERENTIABLE FUNC-
TIONS) [3] Let T : Q C— Y and let [a,a + h] be any closed segment in Q. If T
1s Fréchet differentiable at a , then

T(a+ h) =T(a) + T (a)h + ||h|e(h), (2ir%)e(h) =0
—
Theorem 2.9. (TAYLOR’S FORMULA FOR TWICE FRECHET DIF-
FERENTIABLE FUNCTIONS) [3] LetT:QC X — Y and let [a,a + h] be

any closed segment lying in 2. If T s differentiable in 2 and twice differentiable
at a, then

T(a+h)=T(a)+T (a)h+ % (T" (a) h) h+ ||h||*e (R) lime (h) = 0

for proofs of these two theorems and other related results, we refer to Cartan/3] and
Nashed[6].

Theorem 2.10. [15] Let f : R* — R possess continuous second partial derivatives
with respect to all three variable, and let F : C[a,b] — R be defined by

F(@:/ Falt), 2 (t), H)dt

Then the Fréchet derivative of F,dF (x)h, is given by

a

_[[of d [of of "

b

Proof.
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gi' (z(t),z (t), t)h(t)dt + r(h, h)

Where r(h,h) =0 (||h]|clay). i-e.,

_|_

h,h
M) — Oasl|h||C[a,b] — 0
1Plletfa

Hence,

dF(z)h :/ [g—i(x(t),x/(t),t)h(t) + %(x(t),x'(t),t)h(t)] dt

_["Tof d (of of 1°
-/ [%‘%(%)]WWL

after integration by part.

Theorem 2.11. [6] Let a(s,.) : X X X — R be a bounded symmetric bilinear form
on a Hilbert spaces X and J a functional on X. often called “energy” functional”,

defined by
T(w) = Sa(u,uw) ~ Fu)

where F' € X* then the Fréchet derivative of J = dJ(u)@ = a(u, @)
Proof. For an arbitrary

1
@EXJ(u—l—@):§a(u+®,u+@)—F(u+®)

%a(u, u) + %a(@,u) + %a(u, @) + %a(@, @) — F(u) — F(2)

J(u+ @) = {%a(u,u) — F(u)} +a(o,u) — F(2)+ %a(@, &)

= J(u) + a(u, @) — F (@) + %a(@, o)
I (u—2) = J(u) — a(u, @) = F(2)]] _ 1]a(2,2)|
2l X 2 [lgllx

1 Mjje||X|[a|X
2 flellx
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as a(s,»)is bounded. This implies that

lim |J(u+ &) — J(u) — a(u, @) — F()]
12]| X —0 ||| X

= 0dJ(u)2 = a(u, D) — F (D)

Theorem 2.12. [6] A linear operator T from a Banach space X into a Banach
space Y is Fréchet differentiable if and only if T is bounded.

Proof Let T be a linear operator and Fréchet differentiable at a point. Then T
is continuous (and hence bounded) by Theorem 5.2.4. conversely, if 7" is bounded
linear operator, then ||T'(z +t) — Tx — Tt|| = 0, proving that T" is Fréchet differ-
entiable and 7" = T

Example 2.1. Prove that for f € C5°(Q),Q C R?, there is a constant K depending

on 2 such that ) )
af af
K/f”‘”ﬁ/[(a—m) “(5) ]‘”
Q 1%

Solution. Let f € C5°(9). Consider a rectangle Q = [a, b] x [c, d] with Q C IntQ.
Note that f vanishes outside €2. Then

Y

fley) = / %f(m) forall(z.y) € Q.

C

By Hlder’s inequality, we get

)P < /ydt /y(%fdt)<<dc>/d(%<m>)2

c c

Integrating over (), we get

3. Main Results
Theorem 3.1. [ON ITERATIVE FRECHET DERIVATIVES] Let = be a

fized point in a Banach space X and Y another space and also let the continuous
linear operator S : X — Y be the Fréchet derivative of the operator T : X — Y
such that
i M (@ +Ax) — T (2) — p(Az)|
im
A0 [Az]]
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Then the higher order Fréchet derivatives successively can be generated in iterative
manner such that

n n

HT {x +3 (A:Ei)] -7 {x - n;l (Axi)} — > vi (Ar)

i=1 i=1

lim — =0
2 Axi]—0 > Ax;
- i=1
n > 2 and an integer.
Proof. Given that
, lim ||T [z + Azx] — T (x)] — S(Az)||
T (z) =||Az|| = 0 TAz] =0
For n = 1 but if n = 2, where
2 2
HT {a: +> (Axl)] =Tz + Az] = 3 @i (Azy)
T// (SL’) — lim i=1 - i=1 -0
2
i:1HAxiH—>O Z:ZI HAIZ”

Continuing, we can assume that the above Fréchet result holds for every n = k, we
now show it holds for n = k+ 1. So

k+1 k k+1
HT {x + 2 (Amz)} -T {x +2 (z,)} — ¢ 2. (Azy)
TH (z) = lim = ST E— = =0
k+1
2 lax]—0 >on||Az|

=1

Since this holds for n = k 4 1 then it holds for all n = k the earlier assumption
that the proof holds for n = k is hereby justified, hence

T+ (Aay)| =T |a E(A:@) — Y (Ay)
T (@)= Jim lJr” } i[nle } = -

i=1

Theorem 3.2. [ON THE CHAIN RULE FOR ITERATED FRECHET
DERIVATIVE Let A, B and C be a unitary spaces, if S: A— B and T : B —
C' are Fréchet differentiable at z and v’ (v) = u(s(z)) o s’ (). Then the higher
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order Fréchet derivative for U™ (x) can be generated with U = S o T generating
o™ (z) = U™ (2) if and only if

o[ )] ol (5] ()
serles (gan)] ser e (E)] ()

Proof. Let and suppose U" (z) can be generated with U = S o T such that the

generalized Fréchet derivative
i=1

i=1
S (xo + i Aazi> S (i Axi> T \|x+ i Ay;
i=1 i=1 i=1

= lim

o (@) = U" () = U

(xe)

where
ZA@- =9 <x+ZA%> -5 (ZA$2>
i=1 i=1 i=1
Thus
Ule+ Az) — (Z sz) T (w)a| = o ()]
Since
Z Ax; — S" (z) Z Azg|| =o' (||z]])
i=1 i=1
We get

U(Himi)— (ZM)- 20) S™ () Az

U (a: + Z:; Axi) —~ (Z sz)

—T"(y)x —T" (y) S" (z) Az
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In view of the fact that S is continuous at x, we obtain

> Azl = o (| Ax]))
i=1
Therefore
n n—1 n
[sor fo+ ()| -sorle- (Son) o (San)]|
SOn (33) _ ) hm =1 _ =1 =1
> [l Az -0 > Az
=1 i=1
Conversely
n n—1 n
HSOT {a:—l— (ZA@)] —SoT {a: — (Z Axi> — <Z sz)} H
lim i=1 i=1 i=1
> Azi]|-0 || Ay
=1 i=1
implies
ToS QS—FZAZBZ' —ToS(x)
i=1
=ToS ZA@- + x,ZAmi =ToS ZA@ + @ ZA@
i=1 i=1 i=1 i=1
and
n—1
ToS|v+ > Azl +SoT (x)
i=1
n—1 n n n
=ToS ZA@- + @ x—ZAaji =ToS ZAmi + ZAQ?Z'
i=1 i=1 i=1 i=1
n—1 n
‘ToS[x—l—ZAxi] —ToS {x— > Axi] - [ZA@} ‘
zulAimH = = =
x;||—0
' A.I‘z
i:Zl [ Az

=1 .
Sans0 S Az Amns0 Ay (By L’Hospital rule)
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Hence U" (z) = ¢™ (x) is Fréchet differentiable and the proof is complete.

Theorem 3.3. [ GENERALIZED FRECHET MEAN VALUE THEO-
REM)] Let T : A — B where A is an open convez set containing xy and x,, and C
is a normed space. T™ (x) exists for each 1 € [x1,x,], then

170D () = 7O @) | € Sup [T (@) T, = T2 (1)

xe[:c1,:1:n]

Proof. Let T': K — B where K is an open convex set containing x; and x,. B is
a normal space and T (z) exists for each z € (1, 2,) and T" (z) is continuous in
(x1,x,) such that

IT (zn) =T (z1) | £ Sup |[[T"(x) 2 — ]|

z€[z1,2n]

Then by induction for the nth complex iterative Fréchet derivative of T, the mean
value theorem becomes

1709 (@) =T @) [ < Sup [T (@) T2, — T2 (1) |

J}E[:ﬂ,xn]

Theorem 3.4. (Generalized Implicit Function Theorem) Suppose that
A, B.C are complex Banach Spaces. D is an open subset of Ax B andT : D — C
is continuous. Suppose further that for some (r1*,x,*) € D, then

T(n) (.’,Ul*, xn*) =0

The nth Fréchet derivative of T (.,.) where x is fived is denoted by T™,, .« (x1*, 1,*)
called the nth partial derivative with respect to x,, exists at each point in a neigh-
borhood of (x1*,x,*) and is continuous (x1*,x,").

T, (%, 2,%) " € B(C, B)

Then there is a subset E of A containing x1* and a unique continuous mapping
S : E — C such that T™ (z1*, 2,,* (£1*)) = 0 and S™ (%) = z,,*.

Proof.

For the sake of convenience we may take z; = 0, x5 = 0. Let A=T""1_,(0,0)]
€ B(C, B). Since D is an open set containing (0,0), we find that

-1

0e l)x1 = {IL'Q € C/ (l’l,ZL‘Q) € D}
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For all x sufficiently small, say x; < ¢ for each x; having this property, we define
a function

S (21,): Dy, — C

by
S (21, 19) = 29 — FTTY (21, 25)

In order to prove the theorem, we must prove the existence of a fixed point for
S(=1 (z,,.) under the condition that x; is sufficiently small and Continuity of the
mapping x; — x (z1) and x5 (1) = x2*. Now,

sz(nfl) (xh I'Q) (U) =U — Fng (x17x2) (U) ’

and
FF'=FT,"(0,0);

therefore, assumptions on 7"~Y guarantees the existence of S~V (z;,2,) for
sufficiently small ||z;|| and ||| and

sz(n_l) (21, 22) (U) = F[Ty, (=) (0,0) - 7,V ((z1,22)] (U),]

Hence
12, " (@1, @) || < | FINT, "™ (0,0) = T, Y (g, 20) |

(n—1)

Since T, is continuous at (0,0) there exists a constant L > 0 such that

Smg(n_l) (xly'TQ) < L

For sufficiently small ||x1] and ||z2]|, we say that ||z;|| < &1 < § and [|z2]| < eo.
Since TV is continuous at (0,0), there exists an ¢ < ¢, such that

1S (@1, 0) | = |FT™ (21,0) | < &2 (1~ L)
For all z; with ||z,|| < ¢ We now show that S~V (x1,.) maps the closed ball

Ss(n_l) (O) = {.TQ S B/xg S 82}

into itself. For this, let ||z;]| < & and ||z3|| < €5. Then by the mean value theorem
and, we have

HS("_l) (951,$2)|| < ||S(n_1) ($1,902) - S(n_l) (xlaO)H + ”S(n_l) (xl’O)H

< Sup |[Sa,™ (@1, @) || |zl + |57 (21,0)|| € Lo, + 22 (1= L) = &

0<a<l
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Therefore for ||z,]| < ¢,

(n—1)

(n—1)

St=D(z, ) S, (0) =S, (0)

Also for xy*, 25" € S, (O). We obtain by mean value theorem 3.3

S0 (1, 2) = S (1, 2| S e [0 (o)l = 2 )

< g < Lfjag™ — xp™|
The Banach contraction mapping theorem guarantees that for each z; with x; < ¢,
there exists a unique x5 (z1) € S.," " (O) such that
Ty (21) = STV (21, 29(21)) = 2 (21) — FTTV (21, 29(21))

That is TV (21, 29(21)) = 0. By uniqueness of x5, we have z, (O) = 0 since
T=1(0,0) = 0. Finally, we show that z; — x5(z;) is continuous. For if ||lz,*|| < ¢
and [|lz1**|| < e, . then selecting x5 =z (2**) and zo* = S~ (21*, z,"), we have
by the error bound for fixed point iteration on the mapping S™=Y (z,*, 0)

|22 (217) — 22 (21) || < [Ea|

1-L
can write
Ty — " = Xo (x1™) — =1 (21", o (x1™))
— g1 (21, @9 (21)) — T(n=1) (1%, @ (21™))
=-F [T( 1) (21", @ (1)) — 71 (1, x9 (xl**))}

Therefore by the continuity of 7"V ||zy (2™ — x5 (2,*)) || can be made arbitrarily
small and hence the proof.

Corollary 2.4. If in addition to conditions of theorem 3.4 T, "™V (x1, x3) also
exists on the open set, and is continuous at (x1*,x5"), then F :xy — x9 (1) has
the nth Fréchet derivative at x1* given by

-1

T(n) (1‘1*) = - [T:B2(n_l) (Ilv 1‘2)] Twl(n b (xl y L2 )

Proof. We set 21 = z1* + Az*, and G (Ax*) = F™ (21) — 5.
Then G™ (O) = 0 and

IG"Y (Az*) + [T, ™V (w1, 22)] Az
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— * * -1 n— n— * n— *
< T, " (1%, 207)] [T, ™Y (21, 22) GO (A ) + T, Y (21, 2) Ay

and
T, " (w1, 22) G (Awy*) = T, Y (21, 22) Az

= —T(nil) (1’1 -+ Aﬂll*, To + G(nil) (Al’l*)) —+ T(nil) (561*, LUQ*)
70,7 (w1, 2) GOV (Awy*) + T, "7 (1 4 a2) Az
If Oy, O are numbers in (0,1), then

||TI2 (n=1) (.]71, xQ) G(nil) (Axl*) + Trl (n=1) (xl, «TQ) ALEl*H

< Sup |70, "D (@ + 0187, 1 + 026D (Awy*) — Ty, (2, xg*)H 1Az,
01,02

+ Sup Tm(”_l) (1‘1* + O1Ax ", 29 + 0,G 1 (Azy*) — Tm(”_l) (21", 22") ) H
01,02

I (A

Thus applying continuity of T3, "~V T, "™ for € > 0, we find that § = § (¢) such
that on 1 — x1* < 6, we have

-1

HG(n_l) (Azy™) + [Tm(nfl) (1‘1*71‘2*>} Ty, 7Y (21, @) Ay

1 -1
7070 @) e 1 || ) || T (@) A

X

(n—1) -
]_ — H |:Tw2 " (I‘l, Ig)]

The coefficient of Ax1* can be made as small as required as Az;* — 0. Thus

HF(H)$1 — <F(n) (%1*> — [sz(n_l) (561, I‘Q)] Twl(n_l) (%1, x1*> (:1:1 — Il*)) H

=0 (.fl — I’l*)

Hence .

F (21%) = =[T, " (21, )] T, "0 (0, 227)
Theorem 3.5. [Taylor’s Formula for the nth Fréchet differentiable func-
tions] Let T : Q C A — B and let [(a,a + nAzx) be any closed segment lying in 2.
If T is differentiable in € and nth differentiable at a, then

T (a+nAz) =T (a)+ T (a) Az + % (T" (a) Az) Az + ... + (T<"> (a) (Ax)(”))

SRS
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+Az"e (Ax)
Ay ® (8e) =0

Theorem 3.6. [On the Generalized Inverse Function Theorem]| Let X
and Y be Banach Space and let S be an open subset of X. Define a continuously

differentiable function f : S — Y on S and assume that f is one to one and onto
Fréchet differentiable function at the point (So, f (so)) with

Siqy=f1 (Yic1), VS;1 €S, yi1 €Y
then i
(S.Y) =S f(s:)
i=1
with . .
S=UUsi=USs ) w)=f"1(Y), seS yev
i=1 i=1
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