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1. Introduction

In the unorganized pages of his second notebook [I1], Ramanujan recorded 23
identities involving ratio of Dedekind’s eta function of which have been proved by
B. C. Berndt and L. -C. Zhang [5] by employing Ramanujan’s modular equations
of various degree, or via his mixed modular equations or via the theory of modular
forms. For the wonderful introduction to modular equations see [2], [3], [4],[10],
[11], [12] and for some beautiful subsequent work on modular equations see [I], [5],
6], [, [, [8].

In Section 2 of this paper, we set up some preliminary results which are useful
and in the final section we establish certain modular equations. We conclude this
section by recalling theta functions defined by Ramanujan.

In Chapter 16 of his second notebook [11], Ramanujan develops the theory of
theta function and his theta function is defined by

f(a7b) — Z an(n2+1)bn(n2—1)
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and

(@; )00 = [ [(1 — ag™), la < 1.
n=0
Following Ramanujan, we define
o(@) =fla) = ¢ = (0.0 )=

and
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2. Preliminary results
A modular equation of degree n is an equation relating o and 3 that is induced by

2F1( ,% 1,1—04) :2F1( ,% 1 1—5)
2 Iy (% % 1 CY) 2 I (%7%71,5) ’
where
Filabier) = 30 D00 2 < 1,

— (c)an!

is the ordinary or Gaussian hypergeometric function, where a, b and ¢ are complex
numbers such that ¢ is not a nonpositive integer with

(@) :=ala+1)(a+2)...(a+n—1).

Then, we say that 3 is of n'® degree over a and call the ratio

the multiplier, where 21 =5 Fy (3, 3;1; ) and 2z, = Fy (3,3;1;3).
Theorem 2.1
The following are the modular equations, formulas for multipliers, and identities

for degree 3:
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For a proof, see [2], Entry 5 (vii), [pp. 230- 238 |.
Theorem 2.2 The following are the modular equations and formulas for multipliers

for degree 5:
o w=(2)7GED)T-(ED) e
@ 25 (E) Gh) T e

For a proof, see [2], Entry 13 (xii), [pp. 280 - 288].
Theorem 2.3 Let 3 and v be of the third and ninth degrees, respectively, with

z z
respect to a. Let m = “Land m’ = = Then the following modular equations are
<3 29

(i) (5)1/8 + G - 2)1/8 - (%)w = (2.5)
() <%>1/8 + (1:3)1/8 - (H)US - :me (2.6)

For a proof, see [2], Entry 3 (x) and (xi), [pp. 352 - 358].
3. Main results

valid:

Theorem 3.1
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Proof. Let

Using Entry 10 (ii) and (iii) of Chapter 17 [p. 122] in P and @), it is easy to see

that
P 11—« 1/2 and P_ 23 2
Q \1-7 e \G )

Employing these in (2.1) and (2.2) respectively, it is easy to see that

0)-4 ()5

Multiplying the above,

(P-Q)?*=PQ-1)(Q~-9) (3.2)
On changing ¢ to -q in (3.2),
(R—Q)*=R(Q—1)(Q—9). (3.3)

Eliminating Q between (3.2) and (3.3)

P?R? + P> —2P?R — 44PR — 2R*P — 18P — 18R + R* + 81 = 0. (3.4)
Changing ¢ to ¢* in (3.4), we have

Q*S? 4+ Q% — 2QQ*S — 44QS — 2QS* — 18Q — 185 + S* +81 = 0. (3.5)

Eliminating Q between (3.3) and (3.5), dividing throughout by (RS)? and on sim-
plifying we have the result.
Theorem 3.2 If

then

25 <(5RS)2+ (5]%15)2) — 205 (er \3/%) ( ng %)

(s sis) (5 7) - (5 ) (V)
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Proof. Let ) 5 )
)y gl

~¥i(=a) P (—q?)
Using entry 10 (ii) and (iii) of Chapter 17 [p. 122] in P and Q,

P (1-p\" NN
Q_ l—a QQ_Zs.

Using these in (2.3) and (2.4), we have

() e = () -
From the above, we have
(P-Q)°=PQ-1)(5Q - 1). (3.7)
Changing ¢ to —¢ in (3.7)
(R—Q)*=R(Q—1)(5Q —1). (3.8)

Eliminating @) between (3.7) and (3.8),

P? —10P*R + 25P?R?* — 10R?P — 4PR — 2P — 2R+ R*+1 = 0. (3.9)
Replacing ¢ by ¢% in (3.8)
Q% —10Q%S + 25Q%S? —105%Q —4QS —2Q —2S + S* + S +1=0. (3.10)

Eliminating @ between (3.8) and (3.10), dividing throughout by (RS)?, and sim-
plifying we obtain the result.
Theorem 3.3 If
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then

(ER)Q + (%)2 -8 (g + %) + ((RS)2 + (}?;)2> +8 (RS+ %)
) (535 ) (97 ()
+4 ( VRS + 32}25) <(§)1/2 + (%)1/2> +12. (3.11)

p(=a) p(—¢*)
P = and Q=">r—=
p(—q"*)
On using Entry 10 (ii) and (iii) of Chapter 17 [ p. 122 | in P and Q,

P (1_@>1/8 1 P Z
— = an — =/ —.
Q 1—x Q2 Z1

Employing these in (2.5) and (2.6), we obtain

(1) =9@-D (a)”s P(Q —3)

Proof. Let

a P-Q g QP -Q)
From the above, we arrive at
(P-Q)?=PQ-1)(@Q-3)=0. (3.12)
Changing ¢ to -¢ in (3.12),
(R-Q)* - R(Q—-1)(Q~—3)=0. (3.13)

Eliminating ) between (3.12) and (3.13),
P? 4+ P?R* - 2P?R — 2PR*> — 6P +4PR+ R*> —6R +9 = 0. (3.14)
Replacing ¢q by ¢* in (3.14),

Q%+ Q%*S% —2Q%5 — 2Q5% — 6Q +4QS + 5 — 65 +9 = 0. (3.15)
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Finally, on eliminating Q between (3.13) and (3.15), dividing throughout by (RS)?
and on simplifying we have the result.
Theorem 3.4 If

R C) n _ H(=¢?)
B=wicy ™ 5= piiy)

) 2 (e ) (7))

81 9 R\'?  [/S\"?
= RS+ ﬁ +9 (v RS + \/ﬁ) (g) + <§) + 90. (3.16)
Proof. Let

then

~ q) nd O~ @)
F= g (g?) a6 > (q5)

On using Entry 11(i) an (iii) of Chapter 17 [p.123] in P and @),

P 1/2 2 2

N

Q a Q Z3
Using these in (2.1) and (2.2) we obtain

1-6\"* P@1-P) 1 1-a\"* QO-P)
<1—a> - rP-q@ (1—ﬁ) |

P
From the above, we arrive at
P2+ 8PQ + Q* —9Q — P?Q = 0. (3.17)
Changing ¢ to -¢q in (3.17), we have
R* —8RQ + Q* — 9Q — R*Q = 0. (3.18)
Eliminating @) between (3.17) and (3.18),
P? —10PR+ R? + P’R — PR*> — 9P + 9R = 0. (3.19)
Replacing ¢ by ¢* in (3.19), we have
Q* —10QS + S* + Q*S — QS* —9Q + 95 = 0. (3.20)
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On eliminating @ between (3.18) and (3.20) and on dividing throughout by (RS)?,
we have the result.
Theorem 3.5 If

,(/12 _ ¢2 2
= med ™ 5= pmcam
then 32 32
5 5 R
Rs+ﬁ—(\/ﬁ+ RS S> - ) )
5 R
w5 (VRS + ) ( 9 ) )
2
—g % (g) + (;) — 30. (3.21)
Proof. Let wz( ) wQ( 2)
q q
A M YT gy

Using Entry 11(i) an (iii) of Chapter 17 [p. 123] in P and @,

P B\ P2 ()

—_(Z d —=(2) .

Q (a) 0 ()
Employing these in (2.3) and (2.4), we find that

1-\"* P(1-P) 1-a\"* Q(G-P)
(=) e o (55) iear

From the above, we arrive at

PP 4 4PQ + QP — 50 — PO —0. (322)
Changing ¢ to -¢ in (3.22)

—4RQ + Q* —5Q — QR* = 0. (3.23)
Eliminating ) between (3.22) and (3.23)

P> —6PR+ R*+ P?R— PR?> - 5P + 5R = 0. (3.24)
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Replacing ¢ by ¢* in (3.24),
Q* —6QS5 + S* +Q*S — QS* —5Q + 55 = 0. (3.25)

Eliminating @ between (3.23) and (3.25) and on dividing throughout by (RS)?, we
have the result.
Theorem 3.6 If

e I
s (8- (i)
» ((g)?’/l (g)”) + RS+
Proof. Let o ¥(q) - o0 D) |
q¥(¢°) *(q™)

Using Entry 11 (i) and (iii) of Chapter 17 [p. 123] in P and Q,

P\ . P (= 1/2
om @7 me 5-(2)
Using these in (2.5) and (2.6), it is easy to see that

<1—7>1/8:M o <1—a)1/8: QB-P)

11—« P—-Q 1—7v
From the above, we arrive at
P*+2PQ +Q* - 3Q — P2Q = 0. (3.27)
On changing ¢ to -q in (3.27)

R* —2RQ + Q* — 3Q — P*’Q =0. (3.28)
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Eliminating @ between (3.27) and (3.28), we have

P? —4PR+ R*4+ PR — PR* - 3P +3R=0. (3.29)
Replacing ¢ by ¢* in (3.29)

Q> —4QS +S* + Q%S —QS* - 3Q +35 =0. (3.30)

Finally, on eliminating @) between (3.28) and (3.30) and on dividing throughout by
(RS)?, we have the result.
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