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1. Introduction, Notations and Definitions

Transformation theory is a beautiful tool of special functions that plays an
important role to provide a platform for the development of the interesting and
useful results. In this paper, we have established certain transformation formulae
for basic hypergeometric series.

As usual, for a and q complex numbers with |g| < 1, define

[a;qlo =1, [a;q]ln = (1 —a)(1 —aq)(l —aq?)...(1 —aqg™ "), for n € N.

a1, as, as, ..., ar; qln = [a1; qln[az; qln--.[ar; ¢l

and
0

[a; qloo = [[(1 = ag").

r=0
An . ®, basic hypergeometric series is define by

A1, A9y ooy Ayl G5 2 - a1, as, ..., ar; qln 2" n, n(n—1)/271+s—"
rq)s = B '
bl,bg,...,bs :| Z [q,bl,bg,...,bs;Q]n |:( ) 1 }

n=0
In 2010, J.M. laughlin and P. Zimmar [| established the following theorem.
If a,(a, k) and (3,(a, k) are sequences satisfying the relation

n

_ N Wadn kg
@L(a’k)_; 4 orlag; gy 7P (1.1)
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Then

WE

(1 —kg®)[p1, p2; dln ( aq
(1 —k)[kq/p1,kq/p2; qln \ p1p2

_ [ka, ka/prp2, aq/p1,aq/ps; dl
(kq/p1, kq/p2, aq/p1p2; aq; ¢l

XZ p17p27 ( aq ) O[n(CL7 k?)

= GQ/PlaGQ/P%] p1p2

)n B, k)

Il
o

n

If we take k=aq in (1.1) and (1.2) it takes the following form,

If .
=Y a(a,q),
r=0

Then

i a1, pa: gl ( aq )nﬁn(aﬂ)

£~ (1 - aq) an/phaq /P2 dln \ p1p2

_ (A —aq/p1)(1 — ag/ps)
(1 —aq)(1 —aq/p1p2)

XZ 1,234 (aq) an(a, q).

0 GQ/PhaCI/PQ, qln \ p1P2

(1.2)

(1.3)

(1.4)

we shall make use of (1.3) and (1.4) in order to establish our main transformation

formulae.
Bailey transformation is stated as, If

n
= E QrUp—rUptr
r=0

and
00
= E 57"+nurv7‘+2n
r=0

Then under suitable convergence conditions

n=0 n=0

(1.5)

(1.6)
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If we take u, = v, = 1,9, = 2" then above transformation is stated as, If

= ZO‘T (1.8)

and

=T

i a,z" = (1-—2) i Bnz" (1.10)
n=0 n=0

we shall also use (1.8), (1.9) and (1.10) in order to establish certain transformation
and summation formulae for g- series.
In the Saalschiitz’s summation formula

a,b,q7 " q:q [c/a, c/b;q]n
— o an 1.11
: 2[c,abq1—“/c ] e, cJab; (L11)

[Slater 2;App. IV (IV.4) |

Then

If we take c=abq then we get,

a,b; q; q } lag, bq; 4l
P — L A 1.12
. { abq . la,abg; qly (1.12)
where .
a,b;q;q } la, b; q)q"
O SN Ak 1.13
o { abq w = lasabg: gl (1.13)

is a truncated basic hypergeometric series.
In the Jackson’s summation theorem
2 n+1
a,qv/a, —qv/a, b, ¢,d, bd ———q "4 q
s D7
aq aq aq bedg™™

R T T

a

_ Jag, aq/ be, aq/ bd, aq/cd; qln

_ 1.14
lag/b, aq/c,aq/d, aq/bcd; qly, (1.14)

If we take b=a/cd then we find
a,qv/a, —qv/a,a/cd, c,d;q;q | lag,dq, cq,aq/cd; gl (1.15)

Va, —/a, cdq, aq/e, aq/d . ledg,ag/c,aq/d, ¢;qln
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In the summation formula

n+1
6(1)5 a, \/57_\/aa b> ¢, q—n;q; aqb—c — {CL%CLQ/bC; Q]n (116)
Vva, —/a,aq/b,aq/c, ag" " lag/b,aq/c;q],,
[Slater 2;App. IV (IV.) |
if we put ¢ = a¢™*! then we find,
| Va,—va,aq/b o g, aq/b; qlnb” '

2. Transformation Formulae
In this section we shall establish transformation formulae for g-series.
: la,b;q],q" :
(1) If we take a,.(a,q) = ———— in (1.3) then using (1.11) we get,
9, abg; g,

lag, bq; qln

Oulaq) = [q, abq;

(2.1)

Putting these values of «,(a, q) and 3,(a,q) in (1.14) we get,

aq
aq,q./aq, —q/aq, p1, p2, bq; q; P

s an aq2 102
RV aq, RV aq, ) ) abq
P P2

2

1— 1— a, p1, P2, b; ¢; ——
— ( ag/pl)( CLQ/pQ) 4@3 a a p1p2 , (22)
(1 _aq)(l _GQ/ppo) —q’—q’a/bq
P1 P2
which is a transformation of a nearly well-poised series of second kind.
For b=1, (2.2) gives the summation formula,

—_ (L—ag®™)pr poialn (1 —ag/p))(1 = ag/ps) (2.3)
(1 —aq)lag®/pr,aq*/p2;qln (1 —aq)(1 —aq/pip2) ‘

n=0

la,a/cd, c,d;q],(1 —ag*)q"

ii) Again, choosing a,(a,q) =
(i) Ae 8 00 =y g, aqfe,aq s gl (1 - a)

(1.15) we get,

in (1.3) and using

Ba(a,q) = lag, cq, dq, agq/cd; g,
T g, ag/c; aq/d, edg; ),

(2.4)



On certain transformation formulae for q-hypergeometric series 97

Putting these values of «,(a,q) and (3,(a,q) in (1.4) we get,

aq
aqg, q\/ aqg, _Q\/ aq, p1, P2, cq, dQ7 GQ/Cd7 q; @

S(I)'F a 2 2
q- aq” aq aq
\/a y GQ7_7_7_7_7qu
pr p2 ¢ d
_ (L —aq/p)(1 — ag/p>)
(1 —agq)(1 —aq/p1p2)
aq?
4, qva, —q\/a, p1, p2, ¢, d,a/cd; ¢; ——
8(1)7 \/_ \/_ aq aq aq aq p P1pP2 . (25)
y VG —, —, —, —, caq
pr p2 ¢ d

. la,qv/a, —qv/a, b, 1
(iii) Choosing a,-(a,q) = 4 . —a.aq/bgl b in (1.3) then using (1.17) we get,

_ [aq,bg; qln

Putting these values of «,(a, q) and 3,(a, q) in (1.4) we have,

aq
aq, g /aq, —q./aq, p1, p2, bq; q; 1pab

6Ps a
¢ ag® agq
Vg, —/ag, ==, =L =
L1 P2
_ (I —aq/p)(1 — ag/ps)
(1 —aq)(1 —aq/p1p2)
aq
a, qv/a, —qv/a, py, p2, b; i
¢Ps PPz | (2.6)

Vi —a, X aq aq abq
pr’
3. Transformation formulae for truncated basic hypergeometric series
In this section we shall deduce certain transformation formulae for truncated g-
series by making use known transformations. The results established in this section

will be used in next section.
(i) Sear’s 4®3 transformation formulae is

e beg ™" "
a,b,aq"l‘;q;q 2 de 4@
o n = Z— X
s d’e’—abcq abcg'™"
de €, 4

de
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[ a,d/b,d/c,q"; q;q ]
(3.1)

bc
[Gasper and Rahman; (2.10.4) p. 49]
If we take e = ¢~ in (3.1) we get,

beq
o a,b,¢;q;q “ =4 o a,d/b,d/c,q7";q;q
_ n —n 2
3%2 d, abeg abeq s d, aq, dq (3:2)
d no |44 be
d n
(ii) Let us consider the following transformation
a2qn+2
q, Q\/E7 _Q\/Ea ba ¢, da €, qin7 q;
sP7 aq aq aq aq 1+nbcale
\/aa _\/aa ?7 ?7 Ea ?7 aq
_ lag, Aq/e;qln
[Aq; aq/e; qln
aqn-i-l
X, gV A, —qV A, Mbja, Aefa, Md/a, e, ¢ q;
X 507 JX /3 4 ad ag NN ‘ ’ (3.3)
A=V —, —, —, — A"
Y ) b ) C Y d Y 6 Y q
where A = a?q/bcd. [Gasper and Rahman; (2.10.3) p. 49|

Putting e = ag"™ in (3.3) we find,

q,qv/a, —qC\L/qﬁ,s(}cgq;q;%
VeV g
_ lag, ag/X; g (M @)"
4, Ag; qln
X, gV, =gV, Ab/a, Aefa, Ad/a,e,q™;q; 1

\/X_\/X% % % /\q—n )\qn+1 )
) 7b7c7d7 e Y

65

n

X g0y

where A = a?q/bcd.
(iii) Let us consider the Watson'’s transformation,

a2qn+2

bede

q, Q\/_7 —Q\/a, ba C, da €, q—n’ q;

e 4 0q ag ag o,
\/_7 \/a7b767d767aq

8<I>7
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_ lag,aq/de;ln o {q”,d,e,aq/baq;q } (3.5)
lag/d, aq/e; q]n aq/b,aq/c,deq™"/a '
Putting e = a¢"™ in (3.5) we find,
q,q\/_—q\/_bcdeq,bd
6Ps aq aq aq
Va, —/a, — 7 §
lag, dg; g, . d,aq""", aq/bc; q; q
=——=—= ,®; 3.6
0 aa/ds g % | aq/bage.ds (3:6)
4. Double series transformation formulae

In this section we shall establish certain transformation of double series by using
the results of section 3

bciqlrg" . :
(i) If we take a,(a,q) = [q,[ccll: a’bcc,qq/]d(;]q]r in (1.3) then using (3.2) we find,

Bu(a.q) laq, beq/d; ), By { ,a,d/b,d/c;q;q }

4.1
g, abeq/d; gl d, ag, dg ™" /be (4.1)
Putting these values of «,(a, q) and 3,(a, q) in (1.4) we get
i 1—aq2"“)[m,p2; qlnlag, beg/d; g, ( aq )”X
(1 — aq)laq®/p1,aq?/p2; qlnlq, abeq/d; gl \ p1p2
o. | € ad/bdlegq
13 d, aq, dg"be
b, ag’
_ — a,0,¢ p1,pP2,4; ——
— (1 aq/p1)<1 G/Q/pQ) 5Dy ! 2 ppo (42)
(1 — aq)(1 — ag/pip) g, aq aq
d " pi’p
Taking d=c in (4.2) we have
a
aq, q-/aq, —q\/a_q, P15 P25 bq; q; ——
6q)5 2 a/qz P1P2
\/a_7 Vv adg, 7_ (lb
P2
b oo OO
_ (].—CLQ/pl)(l—CEQ/pQ) a, 0, p1, P2; 4,

P1P2 4.3
(1—aq)(1 —aq/pips) *° abg, ﬂ’ @q (43)
P1 P2
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which is precisely (2.2)
Taking d=bc in (4.2) we get,

= (1 —ag**! (01, p2; ) a,b,c;q;q
E 5 5 3Py
1—aq { aq® aq } be, aq .
—_— —_— q

n=0 9 9 I
P1 P2
b L
1— 1 — a,o,c, p1,P2;4;
_ (I —aq/p1)(1 — ag/p>) B, 0 ag PP (4.4)
(1 —aq)(1 —aq/p1p2) be, aq, —, —
p1 P2

la,b, c;qlrq"
lq,d, abeq/d; g,

laq, beq/d; ql,, ,a,d/b,d/c;q;q
lq, abeq/d; qln d aq, dg" /bc

Putting these values in (1.10) we get,

a,b, ¢ q; 2q
d,abcq/d

in (1.8) then using (3.2) we have

(ii) Again, if we take a,.(a,q) =

ﬁn(a7 Q) =

Z lag, beq/d; g, 2" B q ", a,d/b,d/c;q;q (4.5)
=0 CL abCQ/d q d7 aqg, dq_n/bc ‘ ‘

If we take d=bc in (4.5) then we get,

a,b, ¢ q; 2q S a,b,c;q;q
32 [ be, aq } (1-=2 Zo [ aq, be . (4.6)

A number of similar results can also be established.
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