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1. Introduction, Notations and Definitions

Somashekara and Fathima [2], in order to establish certain continued fraction
representation for the ratio of two oW,, established certain functional relations
satisfied by oWy, with the help of certain simple identities. In this paper we dis-
cuss how these identities can be utilized to establish interesting transformations
involving basic hypergeometric functions which may prove useful in the study of
transformation theory of g-series.

[ ql, = [a], = { g —a)(1—aq)(1 —ag?)...(1 —ag™™); Zi%
[Q,Q]m_g(l ") o= amlg/a; qln

Following the above notation,we define

A1,09, ..., Ar; (5 2 = a17a27---7ar;Q]nzn
P, 1.1
|: bl,bg,..., :| Z q,bl,bz,...,bs] ’ ( )

n=0

max. (|q|,|z| < 1). where

[ag, as, ..., ar; qln = la1; qlalaz; qln---[ar; q]n-

Also, we define the basic bilateral hypergeometric function

A1, A2, .oy Qp G5 2 = [a17a2, ---ﬂrﬂﬂnzn
+V, = 1.2
|: b17b27~--7b7‘ :| Z [b17b27"'7br]n ( )

n=—oo
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where, for convergence |b1bs...b./a1as...a,| < z < 1.
We shall make use of the following transformations and summations,

a,b;q; 2 l[az,d/a,c/b,dq/abz; q]e a,abz/d;q;d/a
oWy = v
¢, d [z,d,q/b, cd/abz; qlo az,c

(1.3)

[Gasper-Rahman 1; (5.20 (i) p. 137)]

a,b;q;z } _laz, bz, cq/abz, dq/abz; q]

v v abz/c,abz/d; q; cd/abz
2 C,d [Q/a7Q/b7C7daQ]oo 2

az,bz
(1.4)
[Gasper-Rahman 1; (5.20 (ii) p. 137)]

(1.5)

" { a, b; q; —aq/ab} log/ab; qloclag?/a?, aq? /07, 2, aq, g/ o ¢Pls
272 | ag/a,aq/b [ag/a, aq/b, q/a,q/b, —aq/ab; qls

[Gasper-Rahman 1; App. II (I1.30) p. 239]
a,b;q;z | [bazqle z,¢/bq;b
| |- s 16

|Gasper-Rahman 1; App. III (II1.1)]

a,byqg;z | [e/b,bz; 4l abz/c,b; q; c/b
2(1)1{ ]_ P (1.7)

[Gasper-Rahman 1; App. III (I11.2)]

5, { a,biq; 2 } _ [abZ/C; e g { c/a,c/b; q;abz/c } (1.8)
[2; 4]0 c

|Gasper-Rahman 1; App. III (II1.3)]

{ a,b,d; ¢, ¢* /abd ] _ _lg.¢*/ab,q*/ad, ¢*/bd; gl

UL e d?/b @) | (a2 a, ¢ /b, q?/d, ¢/ abd; )

[Gasper-Rahman 1; App. II (I1.30) p. 239

{ a,b, d;q;qz/abd] _ _lg.¢*/ab,¢*/ad, ¢ /bd; q)

UL a b/ d | (a2 b, 62/ d, ¢ abd; )

[Gasper-Rahman 1; 5.18(ii) p. 137]

(1.9)

(1.10)

2. Main Results
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In this section we shall establish our transformation formulae. To do so let us
consider the following simple identity,
a(l—c¢) (a—c) c(1—aqg™)

cidn  [caidn g dln (2.1)

[a; qln[b; qln2"

Multiplying both sides of (2.1) by @ d
1d]n

and then summing over n from
—00 to oo, we get

VR by q; by q;
0(1—0)2‘112{?qu]:(G—C)2‘I’2[a qz]*‘c(l—@)z‘l’z{zgdqz}
(2.2)

We shall make use of (2.2) in order to establish transformation formulae.
Transforming each o Ws on the right side of (2.2)with the help of (1.3),we get

a,b;q; z l[az,d/a,cq/b,dq/abz; q]s a,abz/d;q;d/a
1— i} y U Yy — o \\ ’ )
a(1—c) 2Ty l c,d } (a=c) [z,d,q/b, cdq/abz; qloo az,cq

lazq, d/aq, cq/b, d/abz; ] aq, abzq/d; q;d/aq
[z,d,q/b,cd/abz; ¢l azq,cq

Now, taking ¢ = ag/a,d = aq/b and z = —ag/ab in (2.3) and summing the ¥,
on the left of (2.3) with the help of (1.5), we get

+c(1 —a) (23)

lag/ab, —aq/b, —q/b; gl a, —b; q;aq/ab
(@ = /) o b o 2| _ag/b,aq’/a
— (1(1 _ aq/ab) [oqu/(IQ, qu2/b27 q27 aq, Q/av qQ]OO
[ag/a, q/a; gl
_aq(l —a)[-ag’/b,afab, —1/bigles [ aq,—bg; q;a/ab (2.4)
a[—aq/ab; qlse 272 ag?/a, aq? /b '

Now, transforming the first oW on the right of (2.2) with the help of (1.3) and
the second oWy with the help of (1.4), we get

a,b;q; 2 laz, d/a, cq/b, dg/abz; gl a,abz/d; ¢;d/a
R Y N 2N i
a(l—c) 2 ¥y { c.d } (a=c) [2,d,q/b, cdg/abz; g az,cq

l[azq, bz, cq/abz, d/abz; q] s T abz/c,abzq/d; q; cd/abz

1_
el —a) [1/a,q/b,cq,d;qle  ° | azq bz

| e
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Now ,taking ¢ = aq/a,d = aq/b and z = ag/ab in (2.5) and summing the 5¥y on
its left with the help of (1.5), we get the following transformation

B [—aq/b, aq/ab, —q/b; g a, —b; q; q/ab
(a—aq/a) [—agq/ab, —aq?/ab; q] 2 —aq/ab, ag®/a
_alag?/a?, ag? /0%, @7, 0q, 4/ o; ¢
[ag?/a, —ag/ab, q/a; qle
[_aq2/b7 —CYC]/G, _Q/aa _1/67 Q]oo
+ag(l —1/a
1=V 0o 1 /a, aq? s dl
—a, —bq; ¢; —aq/ab
b | ot 20

Again transforming each oW, functions on the right of (2.2) with the help of

(1.4),we get
;4
a(l —c) ﬂh{idq z}
—(a—0) laz, bz, cq?/abz, dq/abz; ¢l v abz/cq,abz/d; q; cdq/abz
B [q/a,q/b, cq,d; qlso 2 az,bz
lazq, bz, cq/abz, d/abz; ¢l abz /e, abzq/d; q; cd/abz
2 W (2.7)

[1/a,q/b, cq,d; gl azq,bz

Now, taking ¢ = aq/a,d = aq/b and z = ag/ab in (2.7) and summing the oWy
on its left with the help of (1.5),we get

+c(1 —a)

a(l — qu/az)[—aq/a, —aq/b, _q2/a, —q/b; qlo [ :Zéq/’aj@s;/_bmf/ab ]

_ alag/ab; gloclag?/a?, aq? /b, ¢*, aq, 4/ ¢
[—aq/ab; gl

)b — e 1 /h —a, —bg; ¢; —aq/ab
+aq[—aq” /b, —aq/a, —q/a, —1/b; qlo 2\112[_aq2/b7_aq/a } (2.8)

Multiplying both sides of the identity (2.1) by [a, b; ¢],,2"/[g; ¢]», and summing over

n from 0 to oo, we get
(1(1—6) 2@1 |: Z7bQQ;Z :|

by q; ,bq; q;
:<a—C)2(I)1|:Zq qz]+c(1—a)2®1{zg qqz] (2.9)
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Transforming each of the series on the right of (2.9)with the help of (1.8), we
get

a1 — ¢) 4B, { Z,b; q; 2 } —(a—o labz/cq; 4] . [ cq/a,cq/b; q; abz/cq }

[25 dl cq
—a labz/c; gl c/a,cq/b; q; abz/c
et = Er [ cq } (2.10)

Taking b = gn and z = ¢ in (2.10) and summing the ,®; on the left of it with
the help of a known result (cf .Gasper-Rahman [1; App.II(IL.6]), we get

14+n. ,. —-n . n+1
(a = c)lag™/c; qlos 2P1 { cafacq g aq " /e } _ lg.c/aiglna
“q [¢q; qln—1

. cla,cqg " g aqt ™" /e
et N AL 211)

Transforming each o®; on the right of (2.9) with the help of (1.7), we get

Cl(l—c) 2(1)1 |: Zjb,q,zj| - (CL—C)M 2(1)1 |: abz/CQ7baqaCQ/b:|

[cq, 25 qlos bz
[cq/b,bz; Gl abz/c,b;q;cq/b
‘I‘C(l —a W 2(1)1 b (212)

Now, setting a = ¢~ and z = ¢ in (2.12) and summing the ,®; on its left, we
get

" bg~"/c,b;q;cq/b » 16/b, 4, cq; 4l
1— ® —(1—c)b
(L =er’) o [ bq (=0 ¢, bg, cq/b; q)oo

b 1-—n b . b
+e(1— ") zcbl{bg fe.biacaf ] (2.13)
a,b;q; z

¢ } on the right of (2.9) with the help of (1.8) and

Now, transforming ,®, [

aq,b;q; z

2P [ cq

} with the help of (1.7), we get
a,b;q; z [abz/cq; q)o cq/a, cq/b; q; abz/cq
1— P »y Uy Yy _ . d > y 4,
o=t [ c } S R

el — a) [cq/b,bz; qloo B, [ abz/c,b; q; cq/b } (2.14)

[cq, 23 ¢l bz
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Taking a = ¢~" and z = q in (2.14) and summing ,®; on its left, we get

cq't", cq/b;q;bg ™" /e } _ Vg3 d)ec[e/bs aln

(1 —cq™)bg™"/c; qloo 2P1 {

cq [cq; qln—1
[bg, cq/b; gl [ bg' ™" e, by q; cq /b }
+c(1 - ¢")——————— 2® o 2.15
S R " by (2.15)
o . la,b,d; q],2" .
Multiplying both sides of (2.1) by W and summing it over n from
—00 to 0o, we get R
a,bdig;z | _ a,b,d; q; z
R Pl B R O P
B aq,b,d;q; z
+C(]. CL) 31113 |: cq,e,f :| (216)

Taking ¢ = ¢*/a,e = q/b, f = q/d and z = q/abd in (2.16) and summing the
3W3 on its left with the help of a known result (cf. Gasper-Rahman [1; App.IL.IT
31]), we get

—ula a,b,d;q;q/abd | —ala [, q/ab, q/ad, q/bd; q]
(a=a/ >3‘1’3{q2/a,q/b,q/d }‘q“ Yy Jaafba]d, ¢/ abd; gl

aq, b, d; q; q/abd
¢*/a,q/b,q/d

Finally, taking ¢ = ¢*/a,e = ¢*/b, f = ¢*/d and z = ¢*/abd in (2.16) and sum-
ming the 3U3 on its left by a known result (cf.Gasper-Rahman [1; 5.18(ii),p.137],
we get

a,b, d;q;qz/abd} a1 — ¢ fa) 2 ¢*/ab, ¢*/ad, ¢ /bd; ¢
¢’/a,q*/b,q*/d [4%/a, 4* /b, ¢*/d, ¢* abd; ¢

a(l — q2/a2) 3Ws

aq, b, d; g; ¢ fabd
¢*/a.q*/b,q*/d
Similarly, several other transformations can also be established.

The transformations investigated here may be of use in the study of mock theta
functions.

+¢°(1—1/a) 303 [ (2.18)
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