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Abstract: In this paper we attempt to establish certain interesting transforma-
tions involving theta hypergeometric functions. We make use of Bailey’s lemma
and summation of certain truncated theta hypergeometric functions to get our re-
sults. These results are the most general ones, leading to a class of transformations
of basic hypergeometric functions.
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1. Introduction, Notations and Definitions

In a path-breaking paper, Frankel and Turaev [1] introduced elliptic analogues
of very well-poised basic hypergeometric series. Elliptic hypergeometric series and
their extensions to theta hypergeometric series has become an increasingly active
area of research now these days. So for, many formulae for very well-poised ba-
sic hypergeometric series have already been extended to the elliptic setting. Some
formulae for multi-basic elliptic hypergeometric series appeared in the work of War-
naar [7]. In this paper, using certain identities we have established transformation
formulae for the theta hypergeometric series.
A modified Jacobi’s theta function with argument x and nome p is defined by,

θ(x; p) = [x; p]∞[p/x; p]∞ = [x, p/x; p]∞

Also,

θ(x1, x2, ..., xr; p) = θ(x1; p)θ(x2; p)...θ(xr; p)

and

[x; p]∞ =
∞∏
r=0

(1− xpr). (1.1)
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Following Gasper and Rahman [2; Chapter 11] theta shifted factorial is defined by,

[a; q, p]n = θ(a; p)θ(aq; p)...θ(aqn−1; p)

with
θ[a; q, p]0 = 1.

and

[a; q, p]−n =
(−)nqn(n+1)/2

an[q/a; q, p]n
.

Also,
[a1, a2, ..., ar; q, p]n = [a1; q, p]n[a2; q, p]n...[ar; q, p]n (1.2)

where a1, a2, ..., ar 6= 0.
Following Spiridonov [5], we define an r+1Er, a theta hypergeometric series with
base q and nome p by,

r+1Er

[
a1, a2, ..., ar+1; q, p; z
b1, b2, ..., br

]
=
∞∑
n=0

[a1, a2, ..., ar+1; q, p]nz
n

[q, b1, b2, ..., br; q, p]n
(1.3)

where a’s and b’s are never zero. If z and a’s and b’s are independent of p then

Limp→0 r+1Er

[
a1, a2, ..., ar+1; q, p; z
b1, b2, ..., br

]

= r+1Er

[
a1, a2, ..., ar+1; q, 0; z
b1, b2, ..., br

]
= r+1Φr

[
a1, a2, ..., ar+1; q; z
b1, b2, ..., br

]
For 0 < |p|, |q| < 1 and any Re[0,∞] there is a non terminating r+1Er series

with radius of convergence R. In general we call a series (unilateral or bilateral)∑
cn an elliptic hypergeometric series if g(n) =

cn+1

cn
is an elliptic function of n

with n considered as a complex variable i.e. g(x) is doubly periodic meromorphic
function of the complex variable x. From (1.3) we have,

cn =
[a1, a2, ..., ar+1; q, p]nz

n

[q, b1, b2, ..., br; q, p]n
; cn+1 =

[a1, a2, ..., ar+1; q, p]n+1z
n+1

[q, b1, b2, ..., br; q, p]n+1

and hence

g(n) =
cn+1

cn
=

θ(a1q
n, a2q

n, ..., ar+1q
n; p)z

θ(qn+1, b1qn, b2qn, ..., brqn; p)
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we have

g(x) =
θ(a1q

x, a2q
x, ..., ar+1q

x; p)z

θ(qx+1, b1qx, b2qx, ..., brqx; p)

is a meromorphic function of x. If a1.a2....ar+1 = (b1b2...br)q, then g(x) is an elliptic
function of x, a doubly periodic meromorphic function.

The elliptic hypergeometric function r+1Er is called a well-poised if qa1 = a2b1 =
a3b2 = ... = ar+1br in which case the balancing condition b1b2...brq = a1a2...ar+1

reduces to
(a1q)

r+1 = (a1a2...ar+1)
2

Also,

θ(aq2n; p)

θ(a; p)
=

[q
√
a,−q

√
a, q
√
a/p,−q√ap; q, p]n

[
√
a,−
√
a,
√
ap,−

√
a/p; q, p]n

(−q)−n

which is the elliptic analogue of

1− aq2n

1− a
=

[q
√
a,−q

√
a; q]n

[
√
a,−
√
a; q]n

.

This is the very well-poised part of r+1Wr series.
Following Spiridonov [5], the very well-poised theta hypergeometric series is defined
by

r+1Vr[a1; a6, a7, ..., ar+1; q, p; z] =
∞∑
n=0

θ(aq2n; p)[a1, a6, a7, ..., ar+1; q, p]n(zq)n

θ(a; p)[a1q/a6, ..., a1q/ar+1; q, p]n

= r+1Er

[
a1, q
√
a1,−q

√
a1, q

√
a1/p,−q

√
a1p, a6, ..., ar+1; q, p;−z

q,
√
a1,−

√
a1,
√
a1p,−

√
a1/p, a1q/a6, ..., a1q/ar+1

]
(1.7)

If the argument z in r+1Vr is 1, then we suppress 1 and denote it by

r+1Vr[a1, a6, a7, ..., ar+1; q, p] (1.8)

Following Gasper and Schlosser [3], we define bi-basic and bi-nome theta hyperge-
ometric series by,

r+s+1Er+s

[
a1, a2, ..., ar+1;A1, A2, ..., As; (q, p); (Q,P ); z
b1, b2, ..., bs;B1, B2, ..., Bs

]

=
∞∑
n=0

[a1, a2, ..., ar+1; q, p]n[A1, A2, ..., As; q, P ]nz
n

[q, b1, b2, ..., br; q; p]n[B1, B2, ..., Bs;Q,P ]n
, (1.9)
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where max (|z|, |p|, |q|, |P |, |Q|) < 1.
We shall make use of following summation formulae in our analysis,

10V9
[
a, b, c, d, e, q−n; q, p

]
=

[aq, aq/bc, aq/bd, aq/cd; q, p]n
[aq/b, aq/c, aq/d, aq/bcd; q, p]n

(1.10)

[2; (11.2.25), p.307]
provided bcde = a2qn+1.
If we take e = aqn+1 in the above, we get

8V7[a; b, c, a/bc; q, p]n =
[aq, aq/bc, bq, cq; q, p]n
[q, aq/b, aq/c, bcd; q, p]n

(1.11)

where 8V7 [a; b, a/bc; q, p]n is a truncated theta hypergeometric function defined by

8V7[a; b, c, a/bc; q, p]r =
r∑

n=0

θ(aq2n; p)[a, b, c, a/bc; q, p]n(zq)n

θ(a; p)[q, aq/b, aq/c, abcq; q, p]n
. (1.12)

Also we have

10V9[ap; b, c, apq/d, ep, q
−n; q; p2] =

[apq, apq/bc, d/b, d/c; q, p2]n
[apq/b, apq/c, d, d/bc; q, p2]n

(1.13)

[2; (11.4.11), p.323]
provided bce = adqn, |p| < 1.
Setting e = aqn+1 in (1.13) we have

8V7[ap; b, c, ap/bc; q; p
2]n =

[apq, apq/bc, bq, cq; q, p2]n
[apq/b, apq/c, q, bcq; q, p2]n

(1.14)

Again, we have

n∑
k=0

θ{ad(rst/q)k, (b/d)(r/q)k, (c/d)(s/q)k, (ad/bc)(t/q)k; p}
θ(ad, b/d, c/d, ad/bc; p)

×

× [a; rst/q2, p]k[b; r, p]k[c; s, p]k[ad2/bc; t, p]kq
k

[dq; q, p]k[adst/bq; st/q, p]k[adrt/cq; rt/q, p]k[bcrs/dq; rs/q, p]k

=
θ(a, b, c, ad2/bc; p)[arst/q2; rst/q2, p]n[br; r, p]n[cs; s, p]n

dθ(ad, b/d, c/d, ad/bc; p)[dq; q, p]n[adst/bq; st/q, p]n[adrt/cq; rt/q, p]n
×

× [ad2t/bc; t, p]n
[bcrs/dq; rs/q, p]n

− θ(d, ad/b, ad/c, bc/d; p)

dθ(ad, b/d, c/d, ad/bc; p)
(1.15)
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[2; (11.6.9), p.327]
As d→ 1, the above transformation leads to,

n∑
k=0

θ{a(rst/q)k, b(r/q)k, c(s/q)k, (a/bc)(t/q)k; p}
θ(a, b, c, a/bc; p)

×

× [a; rst/q2, p]k[b; r, p]k[c; s, p]k[a/bc; t, p]kq
k

[q; q, p]k[ast/bq; st/q, p]k[art/cq; rt/q, p]k[bcrs/q; rs/q, p]k

=
[arst/q2; rst/q2, p]n[br; r, p]n[cs; s, p]n[at/bc; t, p]n

[q; q, p]n[ast/bq; st/q, p]n[art/cq; rt/q, p]n[bcrs/q; rs/q, p]n
(1.16)

In order to establish the transformation formulae we shall make use of following
identities.
In 1944, Bailey stated following theorem which is known as Bailey’s transform,
If

βn =
n∑

r=0

αrun−rvn+r (1.17)

and

γn =
∞∑
r=n

δrun−rvn+r =
∞∑
r=0

δr+nurvr+2n (1.18)

then under suitable condition of convergence,

∞∑
n=0

αnγn =
∞∑
n=0

βnδn (1.19)

[4; (2.4.1;2.4.2 and 2.4.3), p.58,59]
where αr, βr, ur and vr are any rational functions of r alone.
If we choose ur = vr = 1 and δr = zr in (1.17) and (1.18) then Bailey’s transform
takes the form,
If

βn =
n∑

r=0

αr (1.20)

and

γn =
∞∑
r=0

zr+n (1.21)
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then,
∞∑
n=0

αnz
n = (1− z)

∞∑
n=0

βnz
n (1.22)

provided the series on both sides are convergent
We shall also make use of the following known series transformations,

n∑
k=0

λk

n−k∑
j=0

Aj =
n∑

k=0

Ak

n−k∑
j=0

λj (1.23)

[2; (11.6.18), p.329]
(λr and Ar being two arbitrary sequences)
and

n∑
m=0

δm

m∑
r=o

αr =
n∑

k=0

αk

n∑
m=0

δm −
n−1∑
r=0

αr+1

r∑
m=0

δm (1.24)

[6; (2), p.1539]
(αr and δr being two arbitrary sequences)
2. Main Results

In this section we shall establish transformation formulae for theta hypergeo-
metric series.
(i) If we choose,

αr =
θ(aq2r; p)[a, b, c, a/bc; q, p]rq

r

θ(a; p)[q, aq/b, aq/c, bcq; q, p]r

in (1.20) and use (1.11) we get

βn =
[aq, aq/bc, bq, cq; q, p]n
[q, aq/b, aq/c, bcq; q, p]n

substituting this values of αn and βn in (1.22) we get

8V7[a; b, c, a/bc; q, p; z] = (1− z) 4E3

[
aq, aq/bc, bq, cq; q, p; z
aq/b, aq/c, bcq

]
, (2.1)

where either b or c is of the form q−n

(ii) Next, setting

αr =
θ(apq2r; p2)[ab, b, c, ap/bc; q, p2]rq

r

θ(ap; p2)[q, apq/b, apq/c, bcq; q, p2]r
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in (1.20) and applying (1.14), we get

βn =
[apq, apq/bc, bq, cq; q, p2]n
[q, apq/b, apq/c, bcq; q, p2]n

with the above values of αn and βn in (1.22), we get

8V7[ap; b, c, ap/bc; q, p
2; z] = (1− z) 4E3

[
apq, apq/bc, bq, cq; q, p2; z
apq/b, apq/c, bcq

]
, (2.2)

where either b or c is of the form q−n

Replacing a by a/p in the above, we get

8V7[a; b, c, a/bc; q, p2; z] = (1− z) 4E3

[
aq, aq/bc, bq, cq; q, p2; z
aq/b, aq/c, bcq

]
. (2.3)

Again, (2.2) with a replaced by a/q yields

8V7[ap/q; b, c, ap/bcq; q, p
2; z] = (1− z) 4E3

[
ap, ap/bc, bq, cq; q, p2; z
ap/b, ap/c, bcq

]
. (2.4)

(iii) Further, if we set

αk =
θ{ad(rst/q)k, (b/d)(r/q)k, (c/d)(s/q)k, (ad/bc)(t/q)k; p}

θ(ad, b/d, c/d, ad/bc; p)
×

× [a; rst/q2, p]k[b; r, p]k[c; s, p]k[ad2/bc; t, p]kq
k

[dq; q, p]k[adst/bq; st/q, p]k[adrt/cq; rt/q, p]k[bcrs/dq; rs/q, p]k

in (1.20) and use (1.15), we get

βn =
θ(a, b, c, ad2/bc; p)[arst/q2; rst/q2, p]n[br; r, p]n[cs; s, p]n

dθ(ad, b/d, c/d, ad/bc; p)[dq; q, p]n[adst/bq; st/q, p]n[adrt/cq; rt/q, p]n
×

× [ad2t/bc; t, p]n
[bcrs/dq; rs/q, p]n

− θ(d, ad/b, ad/c, bc/d; p)

dθ(ad, b/d, c/d, ad/bc; p)

Substituting the above values in (1.22), we get

∞∑
n=0

θ{ad(rst/q)n, (b/d)(r/q)n, (c/d)(s/q)n, (ad/bc)(t/q)n; p}
θ(ad, b/d, c/d, ad/bc; p)

×
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× [a; rst/q2, p]n[b; r, p]n[c; s, p]n[ad2/bc; t, p]nqz
n

[dq; q, p]n[adst/bq; st/q, p]n[adrt/cq; rt/q, p]n[bcrs/dq; rs/q, p]n

= (1− z)
θ(a, b, c, ad2/bc; p)

dθ(ad, b/d, c/d, ad/bc; p)

∞∑
n=0

[arst/q2; rst/q2, p]n[br; r, p]n[cs; s, p]n
[dq; q, p]n[adst/bq; st/q, p]n[adrt/cq; rt/q, p]n

× [ad2t/bc; t, p]n
[bcrs/dq; rs/q, p]n

− θ(d, ad/b, ad/c, bc/d; p)

dθ(ad, b/d, c/d, ad/bc; p)
, (2.5)

where either b or c is of the form q−n

Now, setting d=1 in (2.5), we get

∞∑
n=0

θ{a(rst/q)n, b(r/q)n, c(s/q)n, (a/bc)(t/q)n; p}
θ(a, b, c, a/bc; p)

×

× [a; rst/q2, p]n[b; r, p]n[c; s, p]n[a/bc; t, p]nqz
n

[q; q, p]n[ast/bq; st/q, p]n[art/cq; rt/q, p]n[bcrs/q; rs/q, p]n

= (1− z)
∞∑
n=0

[arst/q2; rst/q2, p]n[br; r, p]n[cs; s, p]n
[q; q, p]n[ast/bq; st/q, p]n[art/cq; rt/q, p]n

× [at/bc; t, p]n
[bcrs/q; rs/q, p]n

(2.6)

With r=s=t=q in (2.5), we get

∞∑
n=0

θ(aq2n; p)[a; q, p]n[b; q, p]n[c; q, p]n[a/bc; q, p]n(zq)n

θ(a; p)[q; q, p]n[aq/b; q, p]n[aq/c; q, p]n[bcq; q, p]n

= (1− z)
∞∑
n=0

[aq, bq, cq, aq/bc; q, p]nz
n

[q, aq/b, aq/c, bcq; q, p]n
(2.7)

which is precisely (2.1) Next setting

αr =
θ(aq2r; p)[a, b, c, a/bc; q, p]rq

r

θ(a; p)[q, aq/b, aq/c, bcq; q, p]r

and

δr =
θ(αp1q

2r
1 ; p21)[αp1, β, γ, αp1/βγ; q1, p

2
1]rq

r
1

θ(αp1; p21)[q1, αp1q1/β, αp1q1/γ, βγq1; q1, p
2
1]r
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in (1.24) and using (1.11) and (1.14), we get

12E11

[
αp1, q1

√
αp1,−q1

√
αp1, q1

√
α/p1, q1

√
αp31, β, γ, αp1/βγ;

√
αp1,−

√
αp1,

√
αp31,−

√
α/p1, αp1q1/β, αp1q1/γ, βγq1;

aq, bq, cq, aq/bc; (q1, p
2
1), (q, p);−1

; q, aq/b, aq/c, bcq

]
n

=

=
[aq, bq, cq, aq/bc; q, p]n[αp1q1, αp1q1/βγ, βq1, γq1; q1, p

2
1]n

[q, aq/b, aq/c, bcq; q, p]n[αp1q1/β, αq1p1/γ, βγq1, q1; q1, p21]n

× θ(aq2, b, c, a/bc; p)

θ(q, aq/b, aq/c, bcq; p)
×

12E11

[
αp1q1, αp1q1/βγ, βq1, γq1;
αp1q1/β, αp1q1/γ, βγq1;

; aq2, q2
√
a,−q2

√
a, q2

√
a/p, q2

√
ap, bq, cq, aq/bc; (q1, p

2
1), (q, p);−1

; q2, q
√
a,−q

√
a, q
√
ap,−q

√
a/p, aq2/b, aq2/c, bcq2

]
n−1

(2.8)

which a transformation involving truncated series.
Lastly, setting

αr =
θ(aq2r; p)[a, b, c, a/bc; q, p]rq

r

θ(a; p)[q, aq/b, aq/c, bcq; q, p]r

and

δk =
θ{α(rst/q1)

k, β(r/q1)
k, γ(s/q1)

k, (α/βγ)(t/q1)
k; p}

θ(α, β, γ, α/βγ; p)

× [α; rst/q21, p1]k[β; r, p1]k[γ; s, p1]k[α/βγ; t, p1]kq
k
1

[q1; q1, p1]k[αst/βq1; st/q1, p1]k[art/γq1; rt/q1, p1]k[βγrs/q1; sr/q1, p1]k

in (1.24) and using (1.11) and (1.16), we get

n∑
m=0

θ{α(rst/q1)
m, β(r/q1)

m, γ(s/q1)
m, (α/βγ)(t/q1)

m; p}
θ(α, β, γ, α/βγ; p)

× [α; rst/q21, p1]m[β; r, p1]m[γ; s, p1]m[α/βγ; t, p1]mq
m
1

[q1; q1, p1]m[αst/βq1; st/q1, p1]m[αrt/γq1; rt/q1, p1]m[βγrs/q1; sr/q1, p1]m

× [aq, bq, cq, aq/bc; q, p]m
[q, aq/b, aq/c, bcq; q, p]m

=
[aq, bq, cq, aq/bc; q, p]n[αrst/q21, p1]n[βr; r, p1]n[γs; s, p1]n

[q, aq/b, aq/c, bcq; q, p]n[q1; q1, p1]n[αst/βq1; st/q1, p1]n[αrt/γq1; rt/q1, p1]n
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[αt/βγ; t, p1]n
[βγrs/q1; sr/q1, p1]n

− qθ(aq2, b, c, a/bc; p)

θ(q, aq/b, aq/c, bcq; p)
×

n−1∑
k=0

θ(aq2k+2; p)[aq, bq, cq, aq/bc; q, p]k[αrst/q21; rst/q21, p1]k
θ(aq2; p)[q2, aq2/b, aq2/c, bcq2; q, p]k[q1; q1, p1]k

×

× [βr; r, p1]k[γs; s, p1]k[αt/βγ; t, p1]kq
k

[αst/βq1; st/q1, p1]k[αrt/γq1; rt/q1, p1]k[βγrs/q1; sr/q1, p1]k
(2.9)

It is evident that we can establish several other interesting transformations
involving theta functions.
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