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Abstract: In this paper we attempt to establish certain interesting transforma-
tions involving theta hypergeometric functions. We make use of Bailey’s lemma
and summation of certain truncated theta hypergeometric functions to get our re-
sults. These results are the most general ones, leading to a class of transformations
of basic hypergeometric functions.
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1. Introduction, Notations and Definitions

In a path-breaking paper, Frankel and Turaev [1] introduced elliptic analogues
of very well-poised basic hypergeometric series. Elliptic hypergeometric series and
their extensions to theta hypergeometric series has become an increasingly active
area of research now these days. So for, many formulae for very well-poised ba-
sic hypergeometric series have already been extended to the elliptic setting. Some
formulae for multi-basic elliptic hypergeometric series appeared in the work of War-
naar [7]. In this paper, using certain identities we have established transformation
formulae for the theta hypergeometric series.
A modified Jacobi’s theta function with argument x and nome p is defined by,

0(z;p) = [; Ploo[P/T; Ploe = [T, /73 D)oo

Also,
9($1,$2> -~-75Ur;p) = 9(171;19)9(352;29)---9(%;?)

and
o

[ plo = [ J(1 = 2p"). (1.1)

r=0
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Following Gasper and Rahman [2; Chapter 11] theta shifted factorial is defined by,

[a; ¢, pln = 0(a; p)b(ag; p)...0(aq""; p)
with
0la; q,plo = 1.
and ( ) (1))
_ nqn n

a;q,pl-n = ——F—.

| ] a”q/a; q,pln
Also,

la1, as, ..., ar; q, pln = [a1; q, plnlaz; ¢, pla---[ar; g, Pl (1.2)

where aq, as, ..., a, # 0.
Following Spiridonov [5], we define an ,,;FE,, a theta hypergeometric series with
base q and nome p by,

ay,Q2,...,r41,4,P; 2 & [a17a2a“'7a7“+1;q7p]nzn
E, - 1.3
+ |: b17b27“'7br :| nZZO [q7b17b27”'7b7‘;Q7p]n ( )

where a’s and b’s are never zero. If z and a’s and b’s are independent of p then

. a1,02,...,Ar41,4,P; 2
LZmp—)O 7‘+1E’I’ b b b
1,Y25 .45 Up

o alua’27"'7aT+1;Q70;Z
B T-‘rlET’ |: b17b27‘“abr :|
blab27 "'7br

For 0 < |p|,|¢| < 1 and any Re[0, oc] there is a non terminating ,; F, series
with radius of convergence R. In general we call a series (unilateral or bilateral)

o ) a1,02,...,0r41,4; 2
— r+1¥r

Cnt1 . - .
> ¢, an elliptic hypergeometric series if g(n) = 2+ s an elliptic function of n
c

with n considered as a complex variable i.e. g(x) is doubly periodic meromorphic
function of the complex variable x. From (1.3) we have,

e [alaa27"'7ar+l;Q7p]nzn. Cral = [a17a27"'aar+1;Q7p]n+lzn+1
" [q:blab27"'7b7‘;q7p]n ’ " [Q7b17b27"'7br;q’p]n+1
and hence
o(n) = Cne1  O(ar1q”, a2q”, ..., ari 14" D)2

Cn B e(anrla blqn7 b2qn7 (RS brqnap)
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we have
(2) = 0(a1q”, azq”, ..., ar114%; )2
I 0(q™+1, b1g%, bag®, ..., brg®; p)
is a meromorphic function of x. If aj.ay....a, 11 = (b1bs...b,)q, then g(x) is an elliptic
function of x, a doubly periodic meromorphic function.
The elliptic hypergeometric function ,. 1 F, is called a well-poised if ga; = asb; =
azbs = ... = a,,1b, in which case the balancing condition b1by...b,.q = ayas...a, 11
reduces to

(G1Q)r+1 = (a1a2---ar+1)2

Also,

Q(CLan;p) _ [Q\/av _Q\/a7 Q\/Wa _Q\/a_; Q7p]n (_
(9(&;]9) [\/57_\/57 \/CL_,— a/p;Q7p]n

which is the elliptic analogue of

1—ag®™  [gva,—q/a;q),

l—a  [Va,—aql,

This is the very well-poised part of 1 W, series.
Following Spiridonov [5], the very well-poised theta hypergeometric series is defined
by

q)"

= e(aqzn;p)[alva67a7a "'7a7"+1;Q7p]n(zq)n
r ‘/'r’ y A6, A7y ey Qrg15, 4, P, =
raVrlanidosat, s arii 612 = D 0(a; p)larq/as, ..., a1q/ar11; ¢, pla

n=0

_ B | @9V —a/an g a1/P, —q\/@1D, A6, s Ar115 ¢, P; —2 (1.7)
" " q, \/a'_b_\/a_h \/al y TV al/p7a1Q/a67"'7a1q/ar+1

If the argument z in ,.1V, is 1, then we suppress 1 and denote it by

T+1‘/:f'[a17a67a7a"'7a7’+l;Q7p] (18)

Following Gasper and Schlosser [3], we define bi-basic and bi-nome theta hyperge-
ometric series by,

E a17a27”'7a7"+1;A17A27"'7As;(qvp);<Q7P>;Z
st s b17b27"'7b5;B1;B27"'7BS

(1.9)

_ i [alaa2a "'7a7"+1;Q7p]n[A17A27 "'7A8;Q7P]nzn
= 1q,b1,ba, ... 0p3 G5 pln[ By, Ba, ..., Bs; Q, Py
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where max (|z[, |p[, [ql, |P[,|Q[) < 1.
We shall make use of following summation formulae in our analysis,

lag, aq/bc, aq/bd, aq/cd; q, pl, (1.10)
laq/b, aq/c, aq/d, aq/bed; q,

[2; (11.2.25), p.307]

10‘/9 |:CL, b7 ¢, d7 €, q_na Q7p] -

provided bede = a?q™t!.
If we take e = ag"™! in the above, we get

be, bq, cq:;
_ lag, aq/bc,bq, cq; q, pln (111)

8‘/7[0’7 ,C,a/ CyQap] [q,CLQ/b,CLQ/C7de; qyp]n

where V7 [a;b,a/bc; ¢, p], is a truncated theta hypergeometric function defined by

Z eaq " p)la, b, c,a/be; q, pla(z Q)n (1.12)

b, b
sVrlas b, ¢, a/be; q, pl, (a;p)[q, aq/b, aq/c, abeq; q, ply

Also we have

lapg, apq/be, d/b,d/c; q, p*],
lapq /b, apq/c,d, d/be; q, p?,,

[2; (11.4.11), p.323]

10Valap; b, ¢, apq/d, ep,q"; ¢; p°] = (1.13)

provided bece = adq™, |p| < 1.
Setting e = ag"*! in (1.13) we have

_ lapg, apg/be, bq, cg; 4, p]n
lapq/b, apq/c, q,beq; ¢, p*n

sValap; b, ¢, ap/be; ¢ p°) (1.14)

Again, we have

zn: 0{ad(rst/q)", (b/d)(r/q)", (c/d)(s/Q)", (ad/b)(t/a)*; P}
O(ad,b/d,c/d,ad/bc;p)

k=0

" [a; rst/q?, ple[b; v, plelc; s, plklad® /be; t, plig”

[dg; q, pliladst /bg; st/ q, pliladrt/cq; vt/ q, plilbers/da; s/ q, plk
0(a,b,c,ad?/be; p)|arst /g% rst]/q%, pla[br; T, plales; s, pln
db(ad,b/d,c/d,ad/bc; p)dg; q, plnladst /bg; st/q, pluladrt/cq; rt/q, pln
y lad®t/be;t,pl,  0(d,ad/b,ad/c,be/d; p)
[bers/dg;rs/q,pl.,  dO(ad,b/d,c/d,ad/bc; p)

(1.15)
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[2; (11.6.9), p.327]
As d — 1, the above transformation leads to,

i 0{a(rst/q)* b(r/q)", c(s/q)*, (a/bc)(t/q)"; p} "
—~ 0(a,b,c,a/be;p)
" [a; rst/q*, ple[b; v, plilc; s, plrla/be; t, pleg®

[4; 4, plk[ast /bq; st/q, plilart/cq; rt/q, pli[bers/q; s/ q, plx

~arst/q* st/ plalbrsr, plales; s, plulat /b t, ply (1.16)

[4; ¢, plnlast/bq; st/q, plulart/cq;rt/q, plu[bers/q;rs/q, pln

In order to establish the transformation formulae we shall make use of following
identities.

In 1944, Bailey stated following theorem which is known as Bailey’s transform,

If

ﬁn = Z Oy Up—rUntr (117)
r=0
and
Tn = Z 6run—rvn+r = Z 5r+nurvr+2n (118)
r=n r=0

then under suitable condition of convergence,

n=0 n=0

[4; (2.4.1;2.4.2 and 2.4.3), p.58,59]
where «,., 8, u, and v, are any rational functions of r alone.
If we choose u, = v, = 1 and 0, = 2" in (1.17) and (1.18) then Bailey’s transform

takes the form,
If

Bn = Zn: a, (1.20)
r=0

and
oo

Yo=Y 2" (1.21)

r=0
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then,
dant=(1-2))  Bu2" (1.22)
n=0 n=0

provided the series on both sides are convergent
We shall also make use of the following known series transformations,

n n—k n n—k
SN A=A N (1.23)
k=0 j=0 k=0 j=0

[2; (11.6.18), p.329]

(A, and A, being two arbitrary sequences)

and
n m n n n—1 r
YIUI LD ST LA SH SLANNIEY
m=0 r=o k=0 =0 r=0 m=0

[6; (2), p.1539]

(c- and 6, being two arbitrary sequences)
2. Main Results

In this section we shall establish transformation formulae for theta hypergeo-
metric series.
(i) If we choose,
0(ag®;p)la,b, c, a/be; ¢, ploq"
0(a; p)lg, aq/b, aq/c,beg; q, ply
in (1.20) and use (1.11) we get

Qy =

lag, aq/be, by, cq; q,pln

571 ==
[q,aq/b, aq/c, beg; q, pln

substituting this values of «, and 5, in (1.22) we get

. o] — (1 — aq, aq/bc, bq, cq; q,p; 2
sVzla; b, c,a/be; q,p;z) = (1 — 2) 4F3 aq /b, ag/c, beg , (2.1)

where either b or c is of the form ¢—"
(ii) Next, setting

~ O(apg®;p?)[ab, b, ¢, ap/be; q, ), q"
0(ap; p?)lq, apq/b, apq/c, beg; q, p?,
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in (1.20) and applying (1.14), we get

_ lapg, apq/be, by, cq; q, p*ln

lq, apq/b,apq/c, beq; ¢, p?]n

with the above values of a,, and 5, in (1.22), we get

apq, apq/be, bq, cq; q, 0% 2 }
)

Vilap; b, ¢, ap/be; q,p?; 2] = (1 — 2) 4B
sVrlap plbeigpiz] =1 =2)4 3[apq/b,apq/c,bcq

where either b or ¢ is of the form ¢="
Replacing a by a/p in the above, we get

. L2 aq, aq/be, bq, cq; q,p% 2
8‘/7[aa ba C, a/bca q,p aZ] - (1 Z) 4E3 |: CLQ/b, CLQ/C, bcq .

Again, (2.2) with a replaced by a/q yields

. 2.
sVzlap/q; b, ¢, ap/beq; g, p*; 2] = (1 — 2) 4Fs [ ap, ap/be, ba, c4; 4, p*; 2 } :

ap/b, ap/c, beq

(iii) Further, if we set

o = Mad(rst/@)*, (b/d)(r/q)", (c/d)(s/9)", (ad/be)(t/a)*; P}
g 0(ad, b/d, c/d, ad/be; p)

la;rst/q?, plelb; 7, plilc; s, plilad? /b t, plig®
[dg; q, plx|adst/bg; st/q, pliladrt/cq;rt/q, pllbers/dq; s/ q, plk
in (1.20) and use (1.15), we get

9(a,b, c,ad?/be; p)larst/q*;rst/q?, plalbr; T, plalcs; s, pln

Bn_

o lad®t/be;t,pln  0(d,ad/b,ad/c, be/d; p)
[bers/dgq;rs/q,pln  dO(ad,b/d, c/d,ad/bc; p)

Substituting the above values in (1.22), we get

i Olad(rst/q)", (b/d)(r/q)", (c/d)(s/@)", (ad/bc)(t/@)"; P}
0(ad,b/d,c/d,ad/bc;p)

n=0

~ df(ad,b/d, c/d, ad/bc; p)[dg; q, pln[adst /bg; st/ q, pluadrt/cq; Tt/ q, p]n

35

(2.2)

(2.3)

(2.4)
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la;rst/q?, plabs T, plnlc; s, plalad? /be; t, plagz"
dq; q, plnladst /bq; st/q, pln|adrt/cq; vt/ q, pla[bers/dg; rs/q, pln

T

0(a, b, c,ad?/be; p) > larst /g% st /g%, pla[br; T, plalcs; s, pln
ad, b/d, c/d, ad/bc; p) “= [dq; q, p].[adst/bg; st/q, pl.[adrt/cq; rt/q, pln

lad®t/be;t, pl,  0(d,ad/b,ad/c,bc/d; p) (2.5)
lbers/dq;rs/q,pl,  db(ad,b/d,c/d,ad/bc;p)’ '
where either b or ¢ is of the form ¢="
Now, setting d=1 in (2.5), we get

= (=2 g

— Halrst/q)",b(r/q)", c(s/q)", (a/b)(t/q)"; v}
HZ:O 0(a,b,c,a/be;p) x

y [a; st /q?, pln[b; 7, plnlc; s, plula/be; t, plngz"
[4; ¢, plnlast/bg; st/q, plalart/cq; vt/ q, plu[bers/q;rs/q, pln

—(1-2) i larst/q? 5t/ q%, plalbrs T, plales; s, pln
“— [q; q,plulast/bq; st/q, plnlart/cq;rt/q. pln

lat /be; t, pl,,

2.6
[bers/q;7s/q, pln (2.6)
With r=s=t=q in (2.5), we get
i 0(ag®; ) a; ¢, plnlb; ¢, Plulc; ¢ Plula/be; ¢, pla(20)"
— 0(a;p)la; 4, plnlag/b; ¢, plnlag/c; 4, plulbeg; g, pln
— lag, bq, cq, aq/bc; q, pln2"
=(1-2 2.7

( )nz:; [9,aq/b, aq/c, beg; q, pln 27

which is precisely (2.1) Next setting

_ 0(ag*;p)la,b,c.a/be;q,pleq"
0(a;p)lq, aq/b, aq/c, beg; q,plr

and
5 Olapatspd)laps, 5,7, api /B 41, piledh
" 0(aps pd)an, apia/ By apiai /7, Byass i v




On Certain Transformations Involving Theta Hypergeometric Functions 37

in (1.24) and using (1.11) and (1.14), we get

wEi ap1, 414/ 0P1, —q14/CP1, 1 a/p17QI\/ap?75777apl/ﬂ7;
VP11, =/ QP15 \/ ap:f, -V 04/]917 Oépﬂh/ﬂ, Oép1Q1/% Byaqu;

aq, bQ7 cq, CLC]/bC, (Q17p%)7 (q7p)7 -1
;q,aq/b,aq/c, beg
[CLQ7 bQJ cq, CLQ/bC’ qap]n[QPIQL aplQl/ﬁ% /Bq17 741, th%]n
lq,aq/b, aq/c,beq; ¢, plalapiai /B, cqipr /7, Byar, @ a1, Diln
0(aq®,b,c,a/bc; p)
0(q,aq/b, aq/c,beg;p)
ap1qi, 04]91(]1/5% Bar, vqu;
04P1Q1/57 OéplCh/% Byai;
saq®, ¢*va, —*Va, ¢*/a/p, ¢*\/ap, bq, cq, aq/be; (g1, p3), (¢, p); —1 (2.8)
L q2, gv/a, —qv/a, q\/ap, —q\/a/p, aq® /b, ag? /¢, beg?
which a transformation involving truncated series.
Lastly, setting

n

12E11

_ 0(ag”;p)la,b,c,a/bc;q,plq
(a;p)lq, aq/b, aq/c, beg; q, pl,

5, — 0{alrst/q)*, B(r/q)",v(s/q)", () By)(t/q1)"; p}
0(c, 8,7,/ Bv;p)
o, st /i, paJklB; ry palklys s, palele/ Byt p et
[q1; qv, prli[aest/ Baus st/ qu, prlilart/yqu; vt/ qu, pok[Byrs/qus sT/qu, pile
in (1.24) and using (1.11) and (1.16), we get

zn: 0{a(rst/q)™, B(r/q)™, v(s/a)™ (a/BY)(t/q)™; v}
O(c, 3,7,/ By; p)

and

m=0
[ st/ a7, prlm B35 7, D1l 5, D1l [/ By £, P1l g
(@15 a1, prlmlast/ Bau; st/ qu, prlmlart/yaus vt/ qu, pilm[Byrs/au; s/ qu, pilm
lag, bq, cq, ag/bc; ¢, plin
[g,aq/b, aq/c, beg; ¢, plm
laq, bg, cq, aq/be; q, plalarst/qi, pialBr; 7, pilalys; s, piln
¢ aq/b, aq/c,beg; ¢, plalars i, pilalast/ Bais st/ qu, pilalort/yau; vt/ g1, palw

X
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[at/Byitpiln q0(aq?,b,c,a/bc;p)
[Byrs/qu;sr/qi,piln 0(q,aq/b,aq/c, beg; p)
n—1 9 2k+2

Z )[aq, bq, cq, aq/be; g, pllarst/qis rst/qf, pilk
— 0(ag®p)le? ag®/b, aq?/c,beq?; 4, plilqr; 41, palw

[Br; 7, p1lklys; s, pulelat/ By; t, pa)kd®
last/Bar; st/ ar, palilort/yau; rt/qu, pik[Byrs /v sr/an, pilk

(2.9)

It is evident that we can establish several other interesting transformations
involving theta functions.
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