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Abstract:

The main object of this paper is to obtain four linear generating relations for generalized
Hermite polynomials of Dickinson-Warsi and two hypergeometric transformations for Gauss’s
ordinary hypergeometric function, using Barr’s identity and Carlitz’s generating relations.
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1- Introduction and Preliminaries :

It is well known that the Hermite polynomials Hy(z) can be entirely reduced to the associated

Laguerre polynomials LELG) (z) with the parameters a = i% by means of the formulas[7,p.216(Q.1);

9,p.106(5.6.1)]

Hon(z) = (=1)"22" (n)! L (22) (1.1)

Honr () = (=120 ()1 2 L2 (22) (1.2)
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This relationship of Hermite to Laguerre polynomials is generalized by Dickinson
and Warsi [4,p.258(10),p.259(12); scc also 6, p. 352(4.1, 4.2)] in the form

1 (z) = (=1)"22" (n)! L@ (22) (1.3)
and
Hé:)-y-l(x) — (_1)n22n+1 (n)' T LSH_I)(I'Q) (1.4>

In 1960, Carlitz [2,pp.221-222(8,10); see also 8,p.420(20,21); 5,p.58] gave the following
two generating relations

S M (a) n __ _ N\—l—a-m —xt (a) T

nZO o Ln+m(fb’)t =(1-1) erp T— Ly T (1.5)
> I
> —(Z,Jr :,)'LELZ) (2)t" = (1 + t)%exp|—2t| LD [x(1 + t)] (1.6)
n=0 ' '

Throughout in present paper, we use the following standard notations:
N:={1,2,3,...}, No:={0,1,2,3,...} = NU{0} and Z7 := {-1,-2,-3,...} =Z, \{0}.
Here, as usual, Z denotes the set of integers, R denotes the set of real numbers, Rt
denotes the set of positive real numbers and C denotes the set of complex numbers.

The Pochhammer symbol (or the shifted factorial) (), (A,v € C) is defined, in

terms of the familiar Gamma function, by

T +v) 1 (v =0; A € C\{0})

Ny = ———+=
) AA+1D) ... (A+n—-1) (r=neN;Ae()

it being understood conventionally that (0)p = 1 and assumed tacitly that the Gamma

quoticnt exists.

In 1969, Barr [1,p.591(1)]gave the following hypergeometric series identity



Linear Generating Relations and Hypergeometric Transformations 27

(an); (aa)  (aa)+l,
AFp zZ\ =o4lbp11 ’ be) (b2) . AA=B=1 2y
. +1.
(bB>7 %7T37 B2 )
A
H (am) (aa)+1 (aa)+2.
m=1 2 2 ' (A—B-1)_2
— oL 4 1.7
Z =5 2A1'2B+1 5 (o)Al ()42 z (1.7)
H(bn) 25 5 DR
n=1

where, for convergence, A < B and |z| < o0, or A = B + 1 and |z| < 1, it being
assumed that b, #0,—1,-2,-3,—4,... V ne{l,2,3,...,B} and (aa) represents

the sequence of parameters given by ai,as,as,...,a4.

It is to be noted that linear generating relations (2.1),(2.2),(2.3),(2.4) for even and odd
generalized Hermite polynomials of Dickinson-Warsi and two hypergeometric

transformations (2.5),(2.6) donot seem to have been recorded earlier.

2- Main Linear Generating Relations and Hypergeometric Transformations :

Any values of parameters and variables leading to the results given in this section which

do not make sense, are tacitly excluded.

e A7 (1= 4t)@ D) .
S @) = S T a2 ) [/ T a0 | (2.)
n=0
ZHQLZLLH )= = 22(1 — 41) D eaplta ™ [o/T— 1) | (2.2)
oc n —(a+m+32) )
(a) o (1+4t) 20 dxt (a-1) x
;HMM )= = o o | g | ot | T (2:3)

tn 422t

- a 1 —(a+m—+2 a+1 z
ZHQ(n)wLanLl(m)H = 2z (1 +4)" ) e [m] HyotY

(1 + 42)
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. 3550 daZy
2 1 p 2
1. (1+4y)
E7‘L_+1; 2 E7ﬂ7 2
=(1+y)% R | * 72 (SE+ 332—1)2/ oF | 77 (él?— $2—1)Z/
2 2
a_+17m2’ 2 ﬂ7a_+27 2
+y(1+y)"’a22F1 2002 <x+ x2—1> y| 2oF1 2002 (m— x2—1> Yy (2.5)
3
2 2
{)Fl %7 0’517 4.2?21/
; 5 . (1+y)?
4y (s V1) | 2t g2 :
= 5 o Fy ) (z— xQ—l) yl| 2F (x—i— 132—1) Yy
2 2
(1+y)a(a:— xQ—l) asl g 9 g afl. 9
+ 5 o ($—|— xg—l)y o (ac— $2—1)y
z 1 3 .
2 ’ P )
(2.6)
2 1
Provided that Y < -
(1+y)? 4

3- Proofs of Linear Generating Relations and Hypergeometric Transformations :

Counsider the series

d a—n m
S=3 HQ(HH,L,(\/E)H (3.1)
n=0
Using the result(1.3), we get
meo2m - a—n —40)"
S1 = (—1)"22" N " (m + n)! Lan)(m)( n!) (3.2)

n=0

Now using the result (1.6) in (3.2), we get

S1 = (—1)"22"m)(1 — At)*exp[Azt] LD [x(1 — 4t)] (3.3)
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Now applying (1.4) and replacing = by x”, we get the generating relation (2.1).

If we apply same technique for the series

t’ﬂ
Z H2n+2m+l ) n! (34)
we get the generating relation (2.2).
Now consider the another series
tn
Z HQ(Z)—i-Qm ,n' (35)

Using the results (1.3) and (1.5) in equation(3.5), we get

dat x
So— (-1 mo2m, (1 | gg)—L—a—m L(u,)
= (Ll ) ey | 2 ) |

Now using the result (1.4) and replacing « by 22, we get the generating relation (2.3).

Similarly we obtain the generating relation (2.4) from the following series

a "
54 - ZH2(7L+2TI’L+1 )_ (36)

n!

Now consider the following identity

N = I R e P (N RV P

1+y?

2 —a —a —a
Writing [1 — 1 jfyZ} , {1 —(z+ Va2 - 1)y} and [1 —(z— Va2 - l)y} in hyper
Y

—geometric notations, using Barr’s identity (1.7), replacing y by i,/y, equating real and
imaginary parts and making suitable adjustment of parameters, we get the hypergeo

—metric transformations (2.5) and (2.6). For similar method, readers are advised to refer
the paper [3].
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