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1. Introduction
For real or complex a, q < 1, the q-shifted factorial is defined by

(a, q)n =

{
0 if n = 0;
(1− a)(1− aq)(1− aq2) . . . , (1− aqn−1) if n ∈ N. (1.1)

The generalized basic hypergeometric series (cf. Gasper and Rahman[1]) is defined
by

rφs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs

 =
∞∑
n=0

(a1, a2, . . . , ar)n
(q, b1, b2, . . . , bs)n

[(−1)nqn(n−1)/2]1+s−rzn, (1.2)

where r and s are positive integers, q 6= 0 when r > s + 1, the numerator
parameters a1; . . . ; ar and the denominator parameters b1; . . . ; bs being complex
quantities provided that bj 6= q−m;m = 0; 1; . . . ; j = 1; 2; . . . ; s: If 0 < |q| < 1, the
above series converges absolutely for all x if r ≤ s and for |x| < 1 if r = s+ 1. This
series also converges absolutely if |q| > 1 and |z| < |b1b2 . . . bs|/|a1a2 . . . ar|.
The abnormal type of generalized basic hypergeometric series rφs(.) is defined as

rφs

[
a1, a2, . . . , ar; q, z
b1, b2, . . . , bs; q

λ

]
=
∞∑
n=0

(a1, a2, . . . , ar; q)n
(b1, b2, . . . , bs; q)n

znqλn(n+1)/2, (1.3)
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where λ > 0 and |q| < 1.

Jain[3] defined the generalized basic hypergeometric function of two variables as:

ΦA:B′;B′′

C:D′;D′′

[
(a) : (b′); (b′′); q, x, y
(c) : (c′); (c′′); i, j, k

]

=
∞∑

m,n=0

ΠA
t=1(at; q)m+nΠB′

t=1(b
′
t; q)mΠB′′

t=1(b
′′
t ; q)n

ΠC
t=1(ct; q)m+nΠD′

t=1(d
′
t; q)mΠD′′

t=1(d
′′
t ; q)n

×x
nynqim(m−1)/2+in(n−1)/2+kmn

(q; q)m(q; q)n
, (1.4)

where |x| < 1, |y| < 1, 0 < |q| < 1, for special values of i, j, k and A,B′, B′′,
C,D′, D′′ are non negative integers and (a) denotes the sequence of A parameters
a1, a2, . . . , aA. When i = j = k = 0, the first member of above equation is written
as

ΦA:B′;B′′

C:D′;D′′

 (a) : (b′); (b′′);
q, x, y

(c) : (c′); (c′′);


Agrawal[1] introduced the fractional q-derivative operator of order β in terms of
q-integral as:

Dβ
z,qf(z) =

1

Γq(−β)

∫ z

0

(z − tq)−β−1f(t) d(t; q). (1.5)

Using the q-integral [3, (1.11.3), p.19), the above operator can written as:

Dβ
z,qf(z) =

z−β(1− q)
Γq(−β)

∞∑
k=0

qk(1− qk+1)−β−1f(zqk). (1.6)

For f(z) = zα−1 the above equation can be written as:

Dβ
z,q{zα−1} =

Γq(α)

Γq(α− β)
zα−β−1, Re α > 0, ∀β (1.7)

For arbitrary α, the q-binomial coefficient [3, I.42, p.235] is defined by

[
α
n

]
q

=
(q−α; q)n
(q; q)n

(−qα)n q
−

 n
2


(1.8)
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Yadav, Purohit and Vyas [4,(20), p.128] shown that a series can be expressed as a
sum of fractional q-derivative operator namely

∞∑
n=0

(αqβ; q)n
(α; q)n

Anz
n =

∞∑
n=0

[
α
n

]
q

qn
2+nα−n z

n(1− q)n

(α; q)n
Dn
z,q{f(z)}, (1.9)

where Re(αqβ) > 0, the arbitrary sequence of real and complex number is bounded
in the domain |z| < 1.
Let us define a basic regular function f(z) in terms of power series with a sequence
{An} of arbitrary coefficients,

f(z) =
∞∑
n=0

Anz
n (1.10)

The fractional q-derivative of generalized basic hypergeometric function due to
Yadav and Purohit [4] is given by

Dn
z,q

rΦs

 a1, a2, . . . , ar
; q, z

b1, b2, . . . , bs


=

(1− q)−n(a1, a2, . . . , ar; q)n
(b1, b2, . . . , bs)n

rΦs

 a1q
n, a2q

n, . . . , arq
n

; q, z
b1q

n, b2q
n, . . . , bsq

n

 . (1.11)

I will also use the following Transformation formula in our proof:

4Φ3

 a, b,
√
ab,−

√
ab

; q, z
ab,
√
abq,−

√
abq

 = 2φ1

 a, b
; q2, z

abq


2φ1

 a, b
; q2, qz

abq


(1.12)

2. Main Results

2φ1

 a, b
; q2, z

abq


2φ1

 a, b
; q2, qz

abq


=
∑
n≥0

(
β
n

)
q

qn(n+α−1)
zn(1− q)n(a, b,

√
ab,−

√
ab; q)n

(ab,
√
abq,−

√
abq, αqβ; q)n

×
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5φ4

 aqn, bqn,
√
abqn,−

√
abqn, αqn

; q, z

abqn,
√
abqn+1/2,−

√
abqn+1/2, αqn+β

 (2.1)

2φ1

 a2, a2q
; q2, z

a4


2φ1

 a2, a2q
; q2, z

a4


=
∑
n≥0

(
β
n

)
q

qn(n+α−1)
zn(1− q)n(ab,−ab, ab√q,−ab√q; q)n

(a2b2,−a2,−b2q, αqβ; q)n
×

5φ4

 aqn, bqn,
√
abqn,−

√
abqn, αqn

; q, z

abqn,
√
abqn+1/2,−

√
abqn+1/2, αqn+β

 (2.2)

3. Proof of (2.1) :
Let us choose an arbitrary sequence {An} given by:

An =
(a, b,

√
ab,−

√
ab, α; q)n

(ab,
√
abq,−

√
abq, αqβ; q)n

Using the above equation in (1.9)and then using the equation (1.10), we get the
following: ∑

n≥0

(a, b,
√
ab,−

√
ab; q)n

(ab,
√
abq,−

√
abq, q; q)n

zn

=
∑
n≥0

(
β
n

)
q

qn(n+α−1)
zn(1− q)n

(α; q)n
×

Dn
z,q

{∑
n≥0

(a, b,
√
ab,−

√
ab, α; q)nz

n

(ab,
√
abq,−

√
abq, αqβ; q)n

}

=
∑
n≥0

(
β
n

)
n

qn(n+α−1)
zn(1− q)n

(α; q)n
×

Dn
z,q

5φ4

 a, b,
√
ab,−

√
ab, α

; q, z
ab,
√
abq,−

√
abq, αqβ


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Now applying fractional q-derivative of generalized hypergeometric series due to
Yadav, Purohit and Vyas [7, (20), p.128], we get:

4Φ3

 a, b,
√
ab,−

√
ab

; q, z
ab,
√
abq,−

√
abq


=
∑
n≥0

(
β
n

)
q

qn(n+α−1)
(z(1− q))n(α, a, b,

√
ab,−

√
ab)n

(ab,
√
abq,−

√
abq, αqβ; q)n

×

5φ4

 aqn, bqn,
√
abqn,−

√
abqn, αqn

; q, z
abqn,

√
abqqn,−

√
abqqn, αqβ+n


This completes the proof of the above result (2.1) using transformation formula(1.12)
on the left hand side .

Proof of(2.2): Let us choose an arbitrary sequence {An} given by:

An =
(ab,−ab, ab√q,−ab√q, α; q)n

(a2b2,−a2,−b2q, αqβ, q; q)n

Using the above equation in (1.9)and then using the equation (1.10) and after doing
some calculation we get the above result(2.2).
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